Farsigtedess ad Cautiasness
iNn Caalltion Fomatiat™

A nall aulban V incantV ametebosd
LABORES (URA 36, QIRS), FAIRS, IRES addCORE,
Unvaseatoligecdcel il U nhvarssiecatholigue del anain

Fance B elgum.

Jauexy 14, 2003

A bstract

W eadgottte lugesstaaxsistartsetde.ned by Chwe[J. of Ean. T heory 63 (199 4),
299 -235 1o predctvwhidh coalitian structures are passibly stebke in games with pcsi-
thesilbes. | eakointrodue are. nanatt, the lrgsstautios asisentset For
agames with pasitive sillbers, many aalition strudcures may belog o the Ergsst
arsistentset T he gand coalitian, whidh is the e¢ datt coalition structure alnays
belogs 1o the lrgsst aasisEaTt set ad is the unigue ae 1o belog 1 the lgst
cautias arsistentset
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1 Intoductian

I any sodal econamic and political activities are aonductied by graps araccalitias ofin
dviduak. Fareampk asumption takes plbecewithin hausaholds arfemi ies; productian
is caried autby ... ims whidh are lkxge aalitias ofonners of diceratt fotars of praduc
tion; workers are aganizad In trace unias arprofessianal assodatians; public goacs are
produced within a amplex aalition structiure of fedaral stale and bl jurisdicias;
political ke is aaducted through politial parties and interest gaups; and indivduaks
belog © netnorks ofFformal and informal sodal cubs.

T he famation ofcoalitias hes been amajartpicin game theary; and hes been stud
ied mainly using the franenork ofcoperative games in cocalitical form (ssed unanad
D reze 1974). U nbboriunately extemalties anag aalitias canot be arsidered within
sudh framenork (seeB lodn, 199 7). A saaxrseguence the Tomatian ofcoalitias hes bean
desaibed in the reaatyears a6 nancomerative simulizneaus or saquatial games, vhidn
are usLally solhed uising thell esh eguilibrium aonogpotarae ofits re.nanaits. T hemaost
disturbing Eature of simulizneass calition fomatian games is that the agaits anotbe
fasigiied in the saee thatindividual deviatians annotbe aountered by subsaquantde
viatias (seeH artand Kuirz, 198 3). In adarto remedy this weakness saquantial ccaliian
Tomation ganes have bean prapased (see B lbdh 199 6. | evertheless these secuential
games are qui'e sersitive 1o the exact ccalition omatian procsss and rely anthe conmie
mertassumptian. 0 Nae sane agaits have agresd to Tam a coalition they are conmitied
1O rEmain in that calitan. T hey an nather ae the aalition nor progpcee o dnange
the coalition atsubsequat steoss.

Caaltian fTomatian games in ecectiMty Tam as in Chae (199 4) spedfy what eedh
aaltion can do ifad when itTams. T his ripresantation of games alllons s 10 study
aaamic and sodal adtivities Wwhere the rulks of the gane are rather anaphas orthe
procedurss are rarely pinned doan (eg  in sequatial bargaining ar acaliian fomatian
withaut a rigd protoool), ad Tarwhidh dessical gane theary auld ked 1o a solutian
whidh relies heavily an an asbitraxily dasen procedure ar uke: For games in ecectivilty
1om where caalitias can fam throuch binding ornan bindingagreameantts and actias are
public Chne (199 4) hes prgpased an interesting solutian anapt, the lrgsstasisent
s=t T his soltian aonagptpredicts whidh ccalitias structures are passibly stebkeand coud
anae. Chwes gopraadh hes anumberaofnice atures. Firstly, itdoss notrely anavery
detal Ed desariptian ofthe aaalitian fomatian proasss as nancogperative sequentiall games
do. | oammithattassumptian is impcsed. Secadly, itincopaates the frsigitedness
oftre calitias. A aaltion asiders the possibi ity that, axe itads another ccalitian
might reect. athird aoalitian miditin tum reect, and so anwithaut imit



H aneer; the lrgsstaadistEatsstsre ers fian anumberofdranbads sane ofthem
parted autby Chwe himself Forinstanas the xgsstarsistaitsetmay Bl osatisky the
requiremantofindividual raticalty, A n individual thatis gven the dxaae betineen 00
mowes, whare ae yiels with certainty a higher payor then the other; might dooe the
move keding 1o the bnerpayor accoding to the lxgsst axsistantset T his is perhgps
sonenhat kss disturbing thenitseams at. istsigit, since the lxgsstaasistatsstams o
be awesk anapt, aanogpttat ruks astwith an.dence butis notsogood atpidding
aut T he lxgsst arsistat set may abo Eil 1o satisfy the reoulement of autiasness.
H ence we inbradue a re.nemait;, alled the lrgesstcautious ansiseentset

T wo direrait notias of a calitiaal deviatian armoe éGan be faud in the game
theaetc Feralure. Stictdeviatiar a gap ofplhers ara aaitan an daviate only
ifeadh ofits mambears can be macke better . W ek daviatiar a gap ofplhers or
a aalitian cean daviate anly ifat bsst ae of its mambars is better @ wWhi e all other
members are at bsstas well 0. | week daviatian armowe reguiress anly ae plher o
be better @ as kog as all ather members of the gaup are notwarse o2, Wheress under
astrict deviation armowe all deviating players mustbe betier . W e shalll distinguish
betnen the indi rectstrictdaminance relation and the indi recovwesk daminence relatian in
the de. nition oftte lxgsst(cautios) aasstatset T heindirectstrict(wesk) daninence
rehtion ptures the Bt that frsigtied coalitias aasider the ed aoalition structure
that tharmog(s) may bed 10 ad that anly strict (Week) deviatias armoves will be
engeoedl.

W e..nd that tre lrgsst (cautias) arsistentsetis sastive o the exact de.nitian of
the indirect dominence reltion. In gaaral thare is no relatiaship betneen e lrgsst
(cautias) arsistentsetbasad an the indirectstrictdominence and the Exgsst (cautias)
axsisiatsstbasad an the indirectwesk dominence. T he lrgsst axsistent setis never
enptyvwheneverthe sstofaalition structurss is .. nie. U niortunatiely, the lrgsstcautias
axsstEatsstmigitbe enpty in some situatians.

H onever; we show that the lrgsst cautias aasista Tt set re.nes aasiderably the
gt asistait st in calitian fomation ganes salisfing the prgperties of pasitive
soilbars, necative assodatian, individual free riding incentives and e dency of e grard
aaltion. P aitive spilbars riesstrict the analysis 1O ganes whare the famation ofa acall-
tion by other plyars inaessss the payor ofapbyer: | egative assodatian impcses that;
in any coaltion structure. smalll caalitias have higer per mamberpayoss then big aoalk-
tias. Individual fiee rding incentives assume that a player becones betier o kaing
any aalitiocn obeakre 4 necoxamicsituatiaon satisfing these properties is acartel Tor
matian game uder Caumotaompetition. P ublic goods coalitias satisfy these properties



udersaone adiias.

W e show that many acoalition structures may belog 1o the lrgsst aaEstEaTtsetin
aaltion omatian games satisKing the Tourprgperties imposed an thepayoss. T hegad
aaltian alnays belongs 1o the lxgsstaasistaitset T he stand alone coalition structure
(Where alll pyears are singetars) is never stebke uderthe lxgsst aasistaitsetbased an
the indirectwesk doninance relation. H onever; the lrgsst cautios arsistentsetsingess
autthe gand acalitian, whidh is the e¢ dantcalition structure.

T he pgper hes been aganized as Olbns. 1N Sectiaon 2 we introduce sane nolatians,
primitives and de.nitias of indirect dominene. W e presanit the solution aonagpts of
Chae (994, and we propae a ke nanaTt;, the lrgsstcautias arsistaitset InSecian
3 we e the aboe mentianed aoapts o pradict whidh aaalition structres are stebke
in coaltion Tomatiaon with paitive spillbers. In Sectian 4 we anallyze and daeracterize
the stebke autones in the caarel Tomation game. W e abo intradue a angsstion aor
manitaring astand we disass the roke ofmanitaring assts in the determinatiaon of lrgest
assEitsets. Fnally Section 5 andudes.

2 Farsichied Coalitical Stebility

T he plyers are Toming caalitias and inside eech aaalitian Tamed the mambears share the
aaltion gairs fram aperation. L etP bethe..nite setofcalition structres. A aoaliian
sttuctureP =151;S2;::55S,, 0 is apartition oftreplyersetN =1 ;2;::5g, S; \S; = ;
ri6jad [,;S;, =N. Letp;jbe the cadirality of calitian S;. ¢ ars fran
aperation are desaibed by avalbatian V- whidh mgps the set of ccaliian structures P
into\ectors ofpayars iNR™. T he campaantV; @ ) daoies the payor dotained by plyer
i ifthe coalition structure P is formed.

H avthe calition Taomation proeacks? W hatt acaliias can doifand when they Tom
issped.edby | 595y 5.9 WEXR R 50, S N, is an erectiveness reltion anP. For
awyP P’ 2P, P! ¢ P’ meas thatifthe calition stuctueP is thestatus qug coalitian
S anmake te calition structiureP ' tterewstats qua A fierS deviates toP ' fiam P,
aaltian S’ migitmoe P ” whereP’! o P’ etc A Nactias ae public |fastats
quoP is reedad and no aalition deddes o moe fran P, #en P is astebE aalitian
structure. 4 coalition Tomation game in erectiMty oM G is @ PV R 5oy o292

21 IrndirecceSticcorW eelkD amimnenae

A sKaighi etal (1999) mentian, the game thearetic Ierature usss thwo dicerattnotias
ofa caltaal deviation ormoe



2strickD evatian A goyp of phers ara aalition an daviate anly ifeedh ofits
members Gan be made better o ; ad

=2\l eekD eviatiat 4 gap ofpbhers a-acalitan an deviate anly ifat sstae of
its manbears is bettera» wWhi e all othermembers are at ksstas Well 0.

A week daviation armowe requiress anly ae plyer 1o be better o as bong a6 all other
members of the gap ae nctworse v, Whetress under a strict deviatian armowe all
deviating plyars must be better . H enas we shall distingLish betneen the indirect
strictdominence reltian ad the indirectweak dominence relatian.

T heindirectstrictdaominance relation pturss the Bt thatfrsigted aaalitias an
sider the ad aalition structure that their moe(s) may ked T ad that anly strict
daviatias amosess willbeaegeoed. A coalition structure P/ indirectly strictly dominaties
P ifP’ e reple P in asagquene ofmoses, sudh that at eech mowe all deviators are
betterar atthe ed coalition structureP ' aompared tothestatus quothey e Famally
indirectstrictdaminance is de..ned as llons.

De.ntianl A axalition sttucke P is indirectly strictly dominated by P/, arP ¢ P/,
iftere edsk asaquen@e PP ;P ™ eleP? =P andP ™ =P/)and a sequene
$03S1;:5Sm-1 suchtetP i1 g PITL V;@')> V;@/Dforalli 25, forj =0;1;:m
1.

D irect strict doninenae is dotained by ssttingm =1 inDe.nitian 1. A acoalitian
structure P is directly strictly dominased by P/, arP < P/, ifthere exdsts a aalitian S
suhtatP ! P’ 'adV;@’')> V,@ D)Txalli2S. 0bviasly ifP < P/, tenP ¢ P’.
T he de. nitian of the indirect strict dominence reltian ¢, is traditiaal itis astomary
1o requi e thata calitian will deviate armove anlly ifall ofits mambears are made better
o atthe ad coaltion strucdure since daengng the status guois astly, ad plkayers hae
1O be anpensated Tordding sa

B utsametimes same plyers may be indicarerntbetnean thestatLs o tey Breada
pcssibe end aaalition structure Whi e others are better o at this end coalition structure.
T heny itshauld notbe o di¢ aultfor the plyers who are better o atthis end acalitian
strucure oaMne treindicaaitpbhers o jan them tomoe tonards this end ccalitian
structre. T he indirectweak dominence relation apturess thisideas A coalitian structiure
P indirectly weekdy dominatesP ifP ' can ipplaeP in assguence ofmoes sudh thatat
each mowe all deviators are at ksstas nell o atthe ed calition structure P ' ampared
totrestats qothey e adatksstaedevatarisbetieror atP '. Famally indirect
wesk daninenae is de..ned as Tollons.



D e.niian2 A calton stuctre P is indirectly wealdy dominated by P/, orP ¢, P/,
iftere exss asgpene PP ;iP™ ereP? =P adP™ =P ') and a saquence
$03815:5Sm—1 such®atPi | g PITL V,@D . V,@DToralli 2S;, adV,@')>
V,@Dforsamei2S;, forj=0;l;:5m jl.

D irect wesk dominenae is dotained by settilgm = | inDe.niian 2. A acoaliian
sttucture P is directly weskdy dominated by P/, arP < P/, ifthere edsts a aalitian S
suhtatP ! P/, V;CD_V,EDTralli2S adV,¢')> V,¢D)Trsanei 25S.
0 bviasly, ifP < P/ thenP ¢ P'. A Bg ifP isindirectly strictly dominated by P/, then
P is indirectly weskly dominated by P '. 0 faourse the reerseis nottiue. Tosummarize
we hae

P<P')P<P')P &P/
P<P')YPEP'D)YP P!

22 Threl agstCasistentSet

B asad an the indirect strict dominence reltian, the lrgsst arsistent set due to Chwe
Q94 isde.ned s Dllons. A setY P isaxsstaitifP 2Y ifad aly if8P';S
shthatP ! ¢ P/, 9P"2Y, weareP’' =P”" arP’ ¢ P, such thatwe do nothae
V;@PD< V;@"DTralli 2S. The agsstaasistaitsstl CS G ;¢ )is e assait
staudh tatifY P isasseattenyY il CSG;e ) A houch thare an be many
assEitsets Chae (199 4) hes shonn that there unigquely exdsts a lrigsst asistatset
LCS G;&) widnatars all aotters. The lvxgsstaasistaitsetl CS G ;¢ ) @an ako
be de.ned in an iterative vay a6 in Chne (199 4).

De.niion3letY? ~ P. Then, Y% (k=1;2;)is inductively ck.ned as Olbns:
P2Y !l g OY” ifandalyif8P';S suchtetP | P/, 9P” 2Y 1 where
P'=P"” orP’ ¢ P, suchtatwe conothave V; @ )< V; @ "D Toralli 25. T he lagst
CU\SiSEthsetLCS@;g,)isTkZlY’“

T hatis aaaltionstructureP 2 Y ¥~ is stebke (atstep K) and belogs ©Y *, ifall
passibk deviatias are detened. Casideradeviation ion P P /' by acaliianS . T here
mightbe rther devatias whichedup atP 7/, whereP’ ¢ P”. T hare migitnotbe any
Urtherdeviatias invwhidh caee tteend calitionstiuctiureP ”/ =P/, Inany asg thead
acaltion structureP 7 shaud itselfbestebke (atstep Kij 1), andsg shaukdbelogtoyY 1.
I¥sane manber of calitian S is wase @ aregual > atP” ampared o the aigral
caltion stucture P |, then the deviation is detened. SineP is ..nite thereedsts m 2 ||
suchthaty * =Y 1 orallk _ m, adY ™ is the lagstasisattsetl CS G;e ) IF



acaltion strudure is notin the lvgsst asistat et itanotbe stebe. T he lgsst
asisEitsetis the set ofall caltion structures Whidh an be passibly steble

W ede.reinasmibnnay the lxgstaasEstEaTtsetbassd an the indirectwesk dami-
rnencereltion. A setY P isaasistetifP 2Y ifadolyif8P ;S suchthatP | P/,
OP”"2Y,wereP’' =P" aP’ ¢ P”, sucthttatwe donothaeV;@ ) - V;@ " forall
i2S adV;@ )< V,;@"DTxrsanei2S. The lagsstasisteritsstl CS G ;¢)is e
axsisiatsstsud tatifY P isasistaittenyY Ll CS G ;6. ) T he proofofFChiae
(1994 & be esslly adgpted O show that there uniquely exdsts a lrgst aasistaTt sst
LCS G:&) The lagsstaxsistatsetl CS G ;2. ) @an abobe rece.ned in an iterative
way.

De.niicn4letY? ~ P. Then Y* (k=1;2;)is inductively ck.ned as Ibns:
P2Y+ ! g OYF ifadalif8P’';S suhtatP | gP/, 9P 2Y 1 were
P’ =P"” arP’ ¢, P”; such tetwe do nothanve V,@) - V;@DToralli 2 S ad
V;@ < V;@"DTorsamei 2S. T he ligsstaasisentsetl CS @;;L)isTkZIY k.

T hatis, acaltion stuctureP 2 Y 1 is stebke (atstep K ad belogs ©Y *, ifall
passibe deviatias are detenred. Casideradeviation fran P ©P ' by calitianS . T hare
mightbe rtherdevatias wnidhedup atP ”, whereP’ ¢, P”. T hare mightnotbe any
fUrther deviatias, in whidh e the ed caliion sttucture P 7 =P/, Inay s tte
ad calition stucture P 7 shaud itselfbe stebke (atstep k j 1), and s shaud belog
Y 1. Ifsane manber ofccalitian S is warse o arallmembers of S are equal @ ak
P” acompared 1o the aignal caalitian stucture P, then the deviatian is deterred. Sinee
Pis..ntg thareedse M2 suchthaty * =Y ! frallk _ m, adY ™ is the lrgsst
axsistiaitsetl CS G;:é )

T he Blbning examplke shons that the st arsistat setis sasitive 1 the eact
ce.nitan of the indirect daminence reltion. Figure 1 depicss a thiree plyer aaliian
Tomation game in ecectivity Tam, whare anly three coalitian structures are eslbke
12;3g, 1 ;2;3g adfi ;23g. T he payor vectors assodated with those thiree partiias are
gvan in Figure 1 as well s the passibe moves fram eedh partition. Forirstanae plyer
l acnmoefan fi2;3gwearehegets! ©OT ;2;3g warehegets 2. W ehaave 12;3g <
1 ;2;3g (haxef2;3g< f;2;3g) adfl;2;3g< 11;23g. Itbnsthatl CS G ;¢ )=
T ;2;39;1 ;23gg ad L CS G ;c.) = T 2;39;¥ ;23g0. In graal these o indirect
daminence reltias (Wesk arstrict) mightyied thovery dicarent lrxgstaasistiatsets.



[ J - @ - @
(1,1,0) {1} (2,0,0) {2,3} (0,1,0)

Figure 1. T he lxgsstaasisEtsetis sasitive 1o the indirectdominence reltion.

23 Threl agsstCautias CasistertSet

Similarly 1 the ratiaalizabi ity aonapts! the lrgsst aarsistat set does notdetermine
whatwi ll heppen butwhat can passibly heppen. T he Tolloning example shons that the
Bt aasstatsetis notaasistEetwith cautiosness. Figure 2 degpicts a three plyer
caltion fomation gane in ecectivity Torm, where the esible aoalition structures are

1239, 11 ;23g ad 11 ;2;3g. T he payor vectors assodated with those three partitias are
dvenin Figure 2 as well ss the passible moves from eadh partition. Forinstenas, player!

anmoefran fi 23gwharehegets! 1O ;23g wharehegets2. W ehaave i 23g< ;23¢9
ad i ;23g< 1;23g. Itollons thatl CS G;6.)=LCS G ;¢ )= 1 23g;¥ ;2;390.
Butpbher! amotaed worse o by engeging a mowe fram i 23g compared towvwhat he
oets in 11 23g.

{123} {1,23} {1,2,3}
[ J - @ - @
(1,0,0) {1} (2,0,0) {2} (1,2,1)

Figure 2. T he lxgsstaasistatsetis notarsisEettwith Gutiosness.

T o g\e sapearpredicias we propce 1o re.ne the lrgsstaxsistiattsst A pphing
the spirrtofsane re. nemants ofthe raticnalizabi Ity cancpt o the lxgsst asistatset
keds 1O the TOlloning de.nitian of tre lrgesst autioss arsisentset derived from dther
the indirect strict dominence relatian orthe indirectwesk dominence relation. Famally
te lxgsstcautias asistattsetl CCS G ;¢ ) based an theindirectstrictdoninance is
ce.ned in an iterative way.

De.niion5 Letl® ~ P. Then 1% (k=1;2;3) is inductively ce.ned as Ibns;
P 2P elngp©! * ifandaonlyif8P/;S suchtakP | gP’/, 90 = i® iP1¢;:::;®em)¢
salislizir\gpg.”:1®ej)=1, P72 ;1) tatgwes positve wadditbeachP/ 27 -1
wereP’ =PJ arP’ ¢ P7, such tatwe do nothave

X . .
V; @ )< @ DWW, @ Doralli2s.
Pigzk-1
P'=PJ or P'<PJ
1SeeB emham (1984), H erings and V annetebasch (1999), P earae (1984).
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-
T he ligsstautios arsisentsetl CCS G;é)is 4o 1 *

T heideabehind the xgsst cautios axsistaitsetl CCS G ;¢ )is thataxe aaal-
NS deviatessframP toP /, thiscoalitianS shauld aemp te the possibi ity toendwith
pcsitive praosbi ity at any aalition structure P 7 notruled cu€ and such thaktP / =P/
aP’ ¢ P". Hexe acalton stucture P is never stebk ifacaltan S anegege a
daviation firon P P ' and ddngsothere is no risk thatsame acalitian membars willed
worsee o arequal oo

T hede. nitian, basad on the indirectwesk dominance ofthe lrgsstcautia s aEstEaTt
setl CCS G ;é.)is as s,

De.niion6letl® ~ P. Then 1 * (k= 1;2;2)is inductively ce.ned as Ibns:
P27kt Igab@bz F ifandonlyif8P ;S suchtetP | sP/, 90 = Q@@ X0 @ ™)
safisfing ;.”:1®Gj)=1, RCD2 ;1) tatd\es paiive wadditbeachP 7 27 k-1
wereP’ =PJ arP’ ¢, P7, such taetwe do nothane

X . .
V,@) - O@ D, @ Horalli2S, and
Pigzk-1
P =pi g(rP/ < pi
Vi@ ) < @ HDW,; @’/ HTrsanei 2S.
pPigzk-1

P'=pi orP < Pi

-
T he ligsstautios arsisentsetl CCS G;2)is 4o 1 *

0 ne acalitian S deviates fran P O P/, this caltan S shaud atemplte the
pcssibility © end with pasitive prdoebi ity at any acoalition structure P 7 not rulked aut
adsuhthatP’ =P”" arP’ ¢, P”. H axxe aacalition stuctre P is never stebk ifa
aaltianS anaegegeadeviationfion P toP ' and dangsosane coalitian members will
be better-a butthere is no risk thatsaone coalitian membars will end worse oo,

0 bvasly the lxgsst cautia s aasisEaTtsetis a re.nemattofthe lrgsst aansistant
set

Theorem 1 LCCS G;&MUL CS G;&)adL CCS G;cIL CS G:éd)

P roof. Itsut ass toshovtrat? * Y * forallk W e prose this by indudion an k For
k=10, thisistrtiesineel *  =Y% Non Bt ! Y ! ad EEtP 271 F. Thenitis
straichtomad thatP 2Y . 1

20 n the aiary; in the lAgsst arsistatsst axe a aslition S daviatkes fian P to P/, this aalitian
S anly aatempltes the passibi ity t© end with praosbi ity ae at a ccalition structure P not rulked aut
adsuhtatP’ = P’ orP' < P".




U niortunately; the lrxgsstcautiasaasistentsetl CCS G ;¢ )al CCS G ;&.)migtt
beanptyinsanesittatias. Inganeral thereis noreltiaship betneenl CCS G ;¢ )ad
LCCS G IntteeanpEofFigae l, wehaael CCS G ;¢ )= TH ;2;3g;1 ;2399
adL CCS G;¢e)=T12;3g;¥ ;23g0. | eerthekss, we will showv that the xgst au
tias assEitset re.ness asiderably the lagst asistatt sstin aalition fomatian
gmeswith paitive spillbvars (and that, bothsetsL CS G ;¢ )adl CS G ;2. )adndde).

T he TOlloning eanpk (sse Figure 3) illstratss that the lrgst cautias aasis
T|tsetl CCS G;e.)al CCS G ;&) miditbe enpty whike the xgsst arsistaitsst
LCS G;:;e)arlCS G;é)is not Figure 3 depicts a three player coalitian fomatian
game in ececlivity Tom. T he payor veckars assodated with the partitias are gven in
Figuare 3 as well as the passibke moves firam eedh partiion.  Forinstence the acalitian
ofphers 2 ad 3 aan moe fran 11 3;2g where they gt riespectinvely (1) O 1 ;23¢9
wheretey et (0) Wehaef123g< 12;3g ;2;3g< 13;29, #;23g< €2;3q,
239 ¢ 113329, butabo 112;3g ¢ f13;2g ad £3;2g ¢ 112;3g. ItDOlbns that
LCCS G;&)=LCCS G:2)=;butl CS G;2)=LCS G;e)=T2;3g;1 3;290.
Inded itis initively reescneble that no autcome Gan be passibly cautiasly stebke in
this eampk P her! athe calition fomed by plhers2 ad 3 anotadwose o by
engegngamoe fran 11 2;3g ad 11 3;2g, respectively.

(0,0,0) (1,2,2) (0,0,0)
° {12,3} @ ® {1,2,3}
{123} {3} {1}
{1,2} {1,3}
{2,3}
{1,23} @ ~ e {13,2}
(0,0,0) (2,1,1)

Haure 3. T he lagsstcautias aasEistEaTtsstmigitbe enpty/.

0 re aditicn an the game G in eeedtivity Torm vhidh guarantess that the lrgesst
cutias asEisEait sstis "oEmpty is that the coaliion Tomatian gane in ecectivty
fam is aoydic

De.nftian7 A aaltian fomation game in ecectivity Tom G is agdlic iIf te ecec
tveress reltian, f 595y, is such tat tere does notexdsta sagena P O3P 1P
(WrereP ° =P andP ™ =P ) andasapeneS¢;S1;:5Sm-1 suchtetP /| g P/ for
J=0l;zmjgl.



T heoram 2 ITtte acaliton fomation game in erectivity Torm G is ag/alic ten te ses
LCCS G;e.)adLl CCS G ;e )are nanempty.

P roofF. SineP is..nieadG isapdic thereedstsP 2 P sudh that thare does notedst
P'2PadS pN suchtatP ! g P/. Inothervwads P is an ed coalition structure
fian whidnnomoweispassible. Henae P bekbngs oL CCS G ;¢.)adLl CCS G;2 )l

3 Caaitian Fomation wth P csitine Spillbers
31 Caodtaso tteP aoes

6 drmsaeasaumed Obe paitneg V; C)> 0 Toralli 2N, TorallP 2 P. W e assume
symmetric ar idaitical plhyers and eqgual sharing of the aoalition geirs amang ccalitian
members3 T hatis, in any calitian S; belongng©P, V; @ )=V, ¢ DTorall j;12 S,

the calition stucture P . W e Toas an calitian Tamation gamnes satisking the olloning
andtias an the permember payoss.

(P .1) Pasitwe Spilbwers. V G;;P nfS1;S.g[ 51 [ S20)> V G;;P ) Tarall plhers be
bgrgiosz, S, 651;5,.

Cadtan (P.l) restrics aur analsis 1 ganes with pasitive spillbars where the
Tomation ofa coalitian by other playears inaessess the payor ofaplyer.

¢ 2) | aglive h ssadation. V Q3P )< V G;iP Difad aifp. 3> B,d

Caditian P 2) impcsss that; in any acoalition structiure small ccalitias hae hider
per membearpayoss then big acalitias.

.3 IndvidialFreeR iding V @ig ;P nB,g[ B, nfig;fgg)> V G,;P dErallj 25,
S, 2P

Caditian (P .3) is relied 1o the existance ofindividual free iding inaentives. T hatis
ifapbher bass ay aaiion o be aloe then heis better oo

P
P 4D E¢dexy. @P =15:;52;:55,0 2P sudhtatP 6 gad 2,V Gi;PDCE
P VEDW]

SRay ad Vdwa (1999) hae provded a just..catian for the assumptian of ecual sharing uke. Inan
in..nite harizan mocdel of coalitan Tormatian amang symmetric plyers with endogenaus bargaining they
hae shonn thatin any equi ibrium withaut delay there is equal sharing See aboB lodh (199 6.
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Finally coditian (P .4) assumes that the gand caalitian is the anly e¢ dentacaliian
structure with respect o payoss WwhareV (| ) denoies the payor ofany plyerbelonging
o the gad calitian N g.

A neconamicstuatian satisking these Touranditias is a carel Tamation gemewith
Caumotampetiicnas inBbdh (L997) and Y i (L997). Letp@—=a j gbe tte inverse
danad (qis te industry autpu®). T he industry aasists of | j identical .ims. Inside
each carel e assume egual sharing of the bere. s dotained fram the cartel’s praduction.
0 ne stebke agreamats an cartel Tomatian have been reeded, we dosere a Caumot
anpetiicnamagtearek. T hepayor Toreedh.. im ineadh passibe coaliian structure
iswell de.ned. Fim i’s astiindian is gven by ddgg, where g is ../im i’s autputand d
(a> d is e aanman astantmargnal ast A s a result the permember payar ina
arel ofsize f jis, Torall../ims belogng oS,

@idy
BIWP i+ 1Y
where P jis the rumber ofcarteb wthinP .

V. GiPD= @

L emmal 0 uputarek in a Caumotoligioly with te inverse cemand Tunction p@=
a j gad te astincion dQ)=dd satisty €@ .1) @ 4x

Yi (1997) assered that caditias (P.1) ad (P .2) are satis. ed. |tis stagitornad
toshavtat (P .3) ad P 4) ae abosatis..ed.

A saaod econamic gpplicatian of games with paeitive spillbers are econamies with
pure public goods. T he madel we stdy is ingpired from B lodh (1997) ad Yi (1997)
wherdn we introdue aangesstian. T he econany aa=ists of f jaogats. A tastd @)
agti Gan provce g units of e publicgood. Letg= |, q be the total anant
ofpublic good. T he uti ity eech agat dotairs fran the public good depends pasitinvely
o the otal anant of public good provided, but necatively an the number of ccaliian
patas U,@Q=¢D“dorali 2 S, whare parameter® > (| messures the degee
of aogsstiaon. Each gt onns ated ol 10 praduce the publicgood, and the astof
produdng the amauntq ofthe publicgoad is gven by d @)= §(qf. Since individual
astiindias are anvex and eibitdeaessing retunms o sk itis degper o produce
an amauntgofpublicgoods using all tednologes then usingasinge ted oy, Instege
ae the acaliion omation Eles plae. 1nside eedh aaliian, we assume egual sharing of
the productian. 0 nae stebke agreamats an aaliian fomatian have been reedned eedn
aaltion of agats acts naaogaratively. 0 N the aatiaxyy iNside every aalitian, agnits
actaperatinvely ad the el afpublicgoad is dhosen to maximize the sum ofuti fities of
the caliich mambers. T hatis Toray calition stucureP =15,;S,;::25S,,0, the el
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ofpublicgoad g dasen by the ccalitian S; sobes
2 0 1
_ o X 17 g
maxp jEE.D“2q+ gA i 5
i
J#1

yiebing a total kel of public good provision orthe acaliion S; equal oq = G, D 7,

X
VERI=ED ¢ @D iy G, @

j=1

Catraxy 1O the cartel Tamatian game with Caumot competitian, itdegpaends an the
rumber of agats | j and the degree of aongesstian @ whether public goods aalitias
satisfy acoditias (P 1) P 4). Forinstanas public goods aoalitias with uti ity fonctian
U; @= @D * ®@bralli 25 and astindiond @) =1 @Y satisk/ € 1) @ Dif
NJ2[4;10] I otice that, Tor ) J< 4 the aondition (P .3) is viokted vwhiEfor N j> 10
itis (P 4) whidh is viokted.

32 The Eedcivaess R elAtian

R ememberthabwhataalitias candoifandvwhen they fom issped..edby ® - s9sc v 549
wheare ff ¢g, S 1N, is an erectiveness reltion an P. R estrictias are impased an the
aaltion fomalion proess in G through the ecedtiveness reltian £ g whidhis de.ned
slbns P! 5P/ ifadalyif(@) 5, NnG;\S):=S;, 2Pg=HK, 2P’ =S N nSg
and (i) 95 {;::3S;g uP/ suchthet ™ |, S} =S. Caditian (i) simply meers thatno
simulieneas deviatias are passibEe. ITthe plbasinS devate Eaving tha raalitia(s)
inP , the naon deviating playars donotmoe. || evarttelss, axeS hes moed the plyers
notinS can reecttothe deviatian of S . Caditian (i) Simply allons the deviating plyers
inS tofom ae asewral aaltias in the newstatus quoP /. | ardeviating playars do
notbelog o those nevaaliias.

3.3 St=bk Coalitiaon S auctures

B eforestating the resulls, weintraduce somede. niias armotatias. A coalitian structure
P is synmetricifand aly it p,j=p; jtarals;;S; 2P . W edaoe byP * =1 g the
gad aalition (P * is asymmetric coalition structure) and by P the stand alone ccalitian
strucure P =5 ;::;5,gwith B, j=1 ©rallS; 2P .

T he lloning tho lBnmas partially daracterize the xgsstaosistantset orthe aoal-
tion fomation game in ecectivity Tom G under aditias (P.1)-(P 4. L enma?2 stakes
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that any calition structure Wherdin sane aalitian membears wauld receive ss than in
the stand aloe calition structLre, is neversteble

Lemma?2 Under @ .1) @ 4) iftereexdssS 2P suh etV G;P )< V G/;P) ten
P2LCS G:;e.)adP 2L CS G

P roof Caxditian (P.2) implies thatin any coalition structureP , V G;;P )< V G; ;P )if
adawifp;J> p;J Toproel anma?2, we proased by steps.

SE€p ar. Firstdy we shovtatall caltion structures P 2 P antaining aly ae
aalitan S with j> 1 adV G;P D)< VG';P) donotbebg©Ll CS G;¢))ad
LCS G;c.) Obviasly P < P adthedevationP ! P canotbe detenred. Indssd
any daviation fran P ofplyars thatdid notbelog S inP willimprog by (P .1), the
payx ofplyers thatwereinS (inP ) adaresingetasinP . Thaefig P 21 CS G;é.)
adP 2L CS G;:é)

SE€p o, Seaxdly we show that all calition structures P 2 P antaining anly
o aalitias S1;S; with B _ F2J> 1 adV G1;P )< V G’;P ) donotbelog o
LCS G;:;c)adl CS G ;&) Caditan (P.1) implies thatthe caliian S; hes incatives
o pitinbsingetos. Indesd V G1;P)> V G/;P)adP < P/ whereP’ =P nS; [
19;cs,- ThedevatianP ! 5 P’ canotbe deterred. Indesd

- ifV G2;P )< V @';P ) then wsing the aagumatatian of step ag the deviatian
P/l 5, P isnotdetenmredadP AP.Thaefrg P 2L CS G; ;e )adP 2L CS G

- ifV G2;P D> V G';P ) we hae o shov that any deviation fion P/ ofplyers in
N r5; will ,reermake plers inS; woase o2 teninP . Two kinds of deviatias are
passibke. First the plears in S, Tom a bigger coalition with plyars notin S;. T hen
by aditan P .1), tepbasinS; thatnowvare singetas dotain apayor even greater
theninP’. Secod saneplban(s) bEag(s) S; tofom singketan(s). T hen thepbyars that
wvereinS; aewase teninP ’ but by (P .1), they are better o orat ksst notworse oo
theninP, andV G1;P )< V G';P ) T herefrg theare is no ather acalition structure P 7/
suhtetP” AP’ adV @g;P )< V G1;P )Frsanej2S;. Hene P 2L CS G;é.)
adP 2L CS G;:&)

S¥p twvee. T hirdly proocsading as aboe wWe can shawv that all coalition structures
P 2 P aoaning anly three coalitias S1;S,;53 wWth B . BoJ - P> | ad
VGi;P)< VE';P) donotbelog®l CS G;e.)adl CS G2 ) A ndsoa. B

T he gand caalitian structure whidh is the e dattae alnays belongs o the lrgesst
axsistaitset ad is passibly stebe

Lemma3Under@.1D@ HP*2LCS G;edadP* 2L CS G2
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Prook ToproetatP * 2YF (k_ 1DwehaetoshovthattrallP 6P * we haeP
S P*. Thatis we shovthatP * aul be stebE since any deviationP* ! ¢ P aanbe
detenad by the tyeat oFadinginP *. T he proofis dane in tno steps.

SEph .By (F.2) ad (P 4 the phers belogng o the biggesst aaliion (in size) in
awyP 6P* aewasstteninP *. A kg allplers preerP * P, axdP* > P .

S¥p B . Take the saquae aFmoves where at eed moe ae plherbelongng o the
biggestaalitian (in the aunentaoaliion structue) deviates 1o fam asingketon, until the
acaltion structure P is reedned. oM P ocaurs the deviatianP | P *.

Thaetre (A )-B) implytetP * AP TrallP 6P *. 1

Ao thesetho Bnmas, we dotain asud dantandition sudh thattthe Exgsstaonsistant
setsingkss aut the gand coalition.

P rpasitian 1l Under @ .1) @ .4) ifeedh nonsymmetric acalition struciure P 2 P is
such tettere exdss S 2P satiskingV G;P )< VG/;P) tenl CS G;¢& )= *gad
LCS G:ed=1MP"g.

Proof | enma? &l us that caliton stuciuress P 2 P, where 9S 2 P sudh et
VG;P)< VE';P) dornotbelbg®©l CS G;e)adl CS G:e.) SaY! puPnP 2
P:% 2P rwhdhV G;P)< VE';P ). The adtias (P.2) ad (P.4) imply
that all synmetric coalition structures P (6 P *) are such etV G, ;P D)=V G, ;P Dad
VAEDI>VE;:P)rallS;;S; 2P (timpliestatP * > P forallP (6P *) synmetriQ.
Sq ttedaviatianP ! y P* (WhareP symmetricd) annotbe deterred since @P ' sudh that
P'AP*adP’'2Y!. Thaelre L CS G;)=LCS G;c)=P*g. N

W e now show that the stad aloe aalition structure i.e  the aalition striucture
axsisting anly ofsingkettrs, is niever steble udertre lrgsst aasistatsetbesed an the
indi rectweak dominance reltion.

P ropasition2 Uncer @ 1D E@ AP 2L CS G

P roof Fran D e.niicn4 andl enma2, wvehaetatY? " PadY ! =1 2P :&';S

sudhthatP | gP/, P"2Y0 wareP’ =P" arP’ ¢, P, wedonothaeV;(@P) -
V;@PDEralli 25 adV;@P )< V;@ "D forsanei 2Sg PP 2P -9S 2P

orvwhidnV G;P )< V G/;P . | extweshovthatP 2Y2 =% 2P :8';S sudh that
Pl gP/,P"2Y! wwereP’ =P”" arP’ ¢, P, vedornothaeV,;(@P ) - V;@P "D fr
alli2S andV;(@P )< V,(@P ")Trsanei 25g. A ny calitianstructureP 2Y ! issudh
thatS 2P: VG;P)_V EG';PYBy(P.2) ad P 4, tre calitionstructureP * =M g
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isetdetadV @ D> V G/;P)Tralli 2N . Thaefrg P 2Y 2 becase the deviation
P! xvP* canotbedetenad. Indeed TorallP” 2Y !, whareP* =P” arP* ¢, P, we
haeV; @) -V,@ Dfralli2N adV;@P )< V;@ "Dfrsanei 2N , by (P.1).H

H onever; this results doss not hod when we aasider the de.nitian of the lrgesst
arsisat sstbassed on the indirect strictdominance reltion. T he stand alone coalitian
structure, P, maybelogtol CS G;¢e.)

Banpkl. ) j=4.
Partitias Pay»s
Tig @:8:8:8)
13519 @;4;4512)
12;29 G:5;555)
2;151g Q333858
151519 @:4:4:4)

Cadder Bampk 1 with fr plhers. T hraughaut all te eampks, we mae a
slidght abuse of notation. Farinstenae 13 ;1 g shauld notbe intexpreted as a single acalk-
tion structure but s the Tour calition structures, ampasad by tho aalitias of size 3
ad 1, that can be Tomed by Tour plhars. Bampke 1 shons how the Lese of te in
direct strict ar wesk daninencee matiers. Firstly we daraderizel CS G ;) Inte
ISt raund of the iterative proedure o anpute L CS G ;¢.) we eiminate the aal-
tohstucures 2251 ;lgadfi;l;l;lg. Inded tedevatias 12;1;1g! fi;l;1;1gad
Ti;l;1;1g! g aenotdetenad. In the secod raund we amnoteliminate otheraoal-
tion sttudurss sine any passibke deviatias fran fig ar 13;1 g ar 2;2g are detened.
Then LCSG;e) = THg;1B;1g;R;299. Seaxdly we davactexizel CS G ) We
can anly eiminate the aalition stuctiure 2;1;1g. Thedevation fi;1;1;1g! Hgis
cetened by the moe from fig o B;1g. Thedevatian fi;1;1;1g! 12;2g is detened
by the saquenae oFmoses fram 2;2g o R2;1;lgwofi;l;l;lg o g ©1B;lg. Then
L CSG;e)="THg;B;1g;R;2g;1 ;15151 gg.

34 Cautiasly Stebke Coalition Structures

Inmacsteconanicstuatias satisfing theaditias (P 1) P 4), many caltion structures
belog O te xgsst arsisiEaitset Indssd the lxgsst asisiEtsetams 1 be awesk
anaeptvhidh ks autwith an.dae 0 nthe atrary, the lxgsst cautias ansistant
setams 1o be better at piddng aut T he lagsst cautioss arsistEa it sstsingkes aut the
oand acalton.

Prpasaiian3 Under@.1DE@ . D LCCS G;e.)=TF*gadL CCS G ;.. )=1 *q.
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P roof. Fran D e.niticn 6nehael ° =P.

SEp ae. Fanl enma?2 andD e. nitian 6 itis stragitiomard thatthe setofaaliian
strucures ? 2P :9S 2P sudhthatV G ;P )< V G/;P )y dossnotbelogto! 1. 0 nthe
atay wveansethatP * 27 1. Casider .. ristany pasibk deviation of any acalitian
S tany calition struciure P aataining anly acalitias S withV G;P)> V ¢/;P ) ad
suhtetP > P*. By (P.2) ad (P 4) te plhers belongng to the bigpest coalitian (in
size) inawyP 2 PniP*g aewose teninP *. FHan P, tEke the seopaxe oFmowes
whare ateadh mowe ae oftte plhers of the biggesst aalitian in size deviates tofom a
singeton, untilwe anive 1P . FAan P coours the deviation to some aceliian struciuire
P 'whidh is a pemutation of plars inP (thatis P j= P’'jad & 2P, thae edst a
caltonS’ 2P’ suh that f j= p'P, ad sudh that the initial plyerwho hes deviated
flon P is aaupying nowvinP ' the pasitian ofsane plyeri belogng to the coaliian S
that initially, hes moed flam P * ©OP . Thismears thetP ' A P ad at bsstae ofthe
inftial deviating plhyears ofccalitan S fian P * (pleri) iswase o inP/ aampared to
P*. Thaekae esry pcsibk deviation fram P * 1o saone coaliian structure P with alll
S 2P sudhthatV G;P)> V G’;P) is detened because there alnays exists a aalition
stucture P/, withP’ AP andsuch tetV (@P )< V @ ) Trsanepleri 2 S ad
P*1 ¢ P. Finally we have tO aasider ay passibe deviation of sane aaliian S fran
P* ©OP withP > P* adsuch tetforsaneS” 2P wehaeV G”;P )< VG';PD
Ifsudh a deviatian does edst itwill be deterred becauseP A P ad alli 2N geta
payx V@PI< V@ *) ThenP* 27 adl ! puPrf? 2P 9SS 2P sudh that
VG PI VE'P .

St&p wo. Take the aalition stuciure P ad any other acalition stuctureP 27 1
PriP 2P :9S 2P suchthatV G;P )< V G’;P ) axitaining sone aaltian S that
dotairsapayor V G ;P )=V G’;P ) 0 bviasl, P andP donotbelogto! 2 sincetorall
P/;S sudhthatP | P’ aP ! 4P/, theepedad payor dotained by sssigiing pasitive
prdocbiities 0 all caltian structuress P 27 1, withatbestP’ =P” arP’/ ¢ P, is
strictly preered ©V G ;P ) TrallphasinS, gventatP * AP/ frallP’ 2P ad
V (@P )< V @P *) U singthe same ressaning as in step ae ae canshovthatP * 27 2,
with? 2 PP g[ 2 2P :9S 2P suchtaetV G;P) -V G';P .

Sep tee. Take the calition structure(s) P 2 7 2 aotaining the aoaliian S thatt
dotairs the smalksstpayor. 0 bviashly, P does notbelog ©1 3 since TorallP /;S sudh
thatP ! 5 P/, the exqpected payor dotained by assiging pasitive prdocbi fitiss 1o all
acaltionstructresP 7 21 2, withP' =P” arP’ ¢ P, is strictly preferred ©©OV G ;P )
frallpheasinS, gventatP* AP’ forallP’ 2P, adV G;P )< V @ *)trall
i 2S (e daviating aaliian). 0 ne Gan use the same reesaning usad in step ane o show
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thatP * 21 2. A ndsoan uttilwe hae eiminated allP 2 PP *g (gven that; by (P 2)
ad (P .4), te plers belongng 1o the biggsst aaliion (insize) inawy P 2 PP *g are
woseteninP *).

N onv asideaP*. Aon Ll enma3 weknovtatforallP &P* P ¢ P*. Then
LCCS G;¢e. )= *gadlL CCS G;& )= *g sineeforallP’;S sudhthatP *! P/,
the eqpected payor dotained by assiging pasitive prdosbility O P * (the anly aalk-
tion structure not yet eiminated in the iterative procsdure desaibed eboe) and with
P’ ¢ P* iseqally preferred o the payor dotained inP * foralli 25 (the intial dew
ating coalitian) |

T his resultis due 1o the besic idea behind the xgsst cautios asistatsst It
itively ateach iteratian in the de. nition oftte lxgsst autia s arsistatset we ik aut
the caalition structure wherain same plyers reEe s arequal then what they caud
dotain in alll candidates to be stebke (i.e. all coalition structures not rulked autyed) sinee
these plhyas canoted wase o by engegngamoe
Bampk 2. P ublic gooks acalitiaswith N j=4 ad® = 35.

Partitias Pays

Tig ©382;682;682;682)
;lg QR;4°2;472;95)
;29 G15;595;595;595)
;g G48;348;55;55)
f;1;1;1g €5;35;35;35)

In the .15t raud of the iterative procedure 1 ampute the lrigesst arsistant sst
we eliminate the coalitiaon structurss 15151 ;1g ad 2;1;1g. Indeed the daviatias
f;l;1;1g! HAgadf;l;lg! fi;l;l;lg aentdeenad. In the seaod raud
we amnot eliminate other aalitian strudures sinee any passibke deviatias fran g or
B;lg arf2;2g ae deterrad. Far eampke te daviation 13;1g ! 12;1;lg by ae of
the playerwho dotains 472 as payor is detenad sinee there edsts a saquanae ofmowes
2;1;1g! Tg! ;g ending at13;l g sudh that at eedh moe the deviating plyars
preerthe ending coalition structure o the status quo they e ad the adgrnal deviating
pleris notbetier @ (he dotairs still 472 as payor). T herefore the Exgsst asistEanit
setisl CS G;:2.)=THg B;lg;12;290.

B ut3;lg and 2;2g donotbelong o the ligstcautias asistaitset Indesd the
devatian13;1g! 12;1 ;1 g by aedofthe plerwho dotairns 4:72 as payor is notdeternred
since all calition structures that indirectly domirnate 12;1 ;1g and not yet eiminated
are fig, 13;1g ad 12;2g. H ene the epected payor of the aignal deviating plbyer;
dotained by assigning pasitive prdocbilities to g, 13;1 g ad 12;2g, is geaterten4:72.
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0 ne13;1g is eiminated, the deviatiaon 12;2g! Tig is notdetened. T harefag 1319
and 12 ;2g do notbelong 1 the Fxgsst cautias axsistatsetwhidh singlss aut f4g.
4 Cartel Fomation with Q uentityy Campetitian

In the cartel Tamation gamewrth Caumotaompetitian, the lrgesstaasistaTtsstbasad an
theind recowesk dominanee relatiansingiss autior f j - 4 thegand accalitianP * =1 g.
Butas N jagons many aalition stucres may belkaog®ol CS G ;6.

Banpk 3. ) j=6, d=0, a=1.

Partitias Payors

169 QAL 7041 7;0417;0417;0417;0417)
HB;lg (222;1222;10222;1222;0222;111)
;29 Q2AB;12B;12AB;027B;9556;1556)
13;3g Q@37A;930;030;930;93740;0370)
;l;lg (@156;9156;0156;9156;0625;1625)
13;2;l9g @208;9208;0208;9312;9312;1625)
12;2;29 @312:0312;90312;0312;9312;0312)
;151510 (@133;9133;0133;0400;0400;0400)
2;2;151g @200;9200;0200;0200;0400;0400)
;15151519 @139;9139;02AB;92B;02A8;127B)
H;1:1505050g @204;0204;0204;0204;0204;0204)

In the .15t raud of the iterative procedure 1 ampute the ligesst arsistant sst
we eiminate the calition structures ;115151 g, 18515119, ;1;1g. The davatias
2;1;1;1;1g! ;11050509 Bill;0g! R|10505050g ®@5llg!r Rl lgae
notdetened. A bBg we eaneliminatie 12;2;1 ;1 g the daviation 2;2;1;1g! ;15151519
is notdetenad. In the secod raund we cekete e caliionstructure fi ;1515150 ;10 the
devatian fi;1;1;1;1;1g! 13;3g is notdetened. | o mae calitian structures Gan be
eliminated atthe nextrounds. Fareamplke the deviation fram 12;2;2g ©o16g is deterned
by the Turtherdeviation 15 ;1 g. T harekae Tiog, 165;1g, ;2g, 13;3g, 13;2;1 9, 2;2;299
is e xgsst aasistEatsetl CS G ;6.) T he sum of the payors assodated to ccalitian
structunes 16g, 1551 g, 12;2;2g ae 2502, 222, 1872, respectively.

W e nowtwm 1o the daradarization ofthe lxgsstaodstattsstor j j - 10.

P rapasiian 4 In te carel fomation game under Caurmotaompettian, L CS G ;¢.)=
fPrgorjj-4 adlCSG:c)=PnfiPg[ f# 2P :% 2P suchtatV G;P )<
VG';PXgfors - jj-10.
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T he proof of this pragpasitian éaan be Toud in the gopadix. Sane remarks can be
made. Firstly P * alnays belocss 1O the lvgsst asistantsetl CS G ;¢2.) (ss=L enma
3), whiEP neverbelongs ol CS G ;&) (sseP rpasitian 2). Secondly ©r10 _ j j_ 5,
all synmetric acoalition struciures, exptP , bekbg ©L CS G ;&) Firally, all nat
symmetric ccalition structures P sudh ekt @S 2P withV G;P )< V G’;P Dbelbgto
LCS G

W e anmpare nowv the autoomes dotained under e lagsst aasistent set (ad the
st cautias arssEattset) with those dotained uder a secuential game of ccaliian
Tomatiocnwith..>ed payor divisian prapassd byB kbdh (199 6. A .. xed protocdlis assumed
and the sequential geame procaecs as Tollons. P ber! prapcsss the Tormatian ofacoaliian
S1 whidh he belos. Eadh praspective plyer arsnars the prapasal in the ader .. >ed
by the protool. | Fane prospective player igects the prapasal then he makes a aounter
prapcsal o whidh he belogs.  [TFall progpective plyers aoapt, then e aallian S, is
famed. A I plheas in S; withdrawv fian the game and the game prossacs amag the
plyars bekbngngtoN NS, . T his seguential gane hes anin.nite harizan, butthe plhyers
do notdiscaunt the Tuture. T he plyears who do not reedh an ageameantin ..nite ime
raE\e apayor ofzaro Catrary 1O the Fxgsst axsistarit et this sequential gamne relies
an the aammitmentassumptian. 0 nce same playars have agreed o Tom a aaliion they
are anmitied  remain in that calition.

Casider the Tlloning ..nite procdure o fom aaltias. Fist pher! stat te
gameand doosss anintegers, inteinteral[l ;N jl Secod plers, + | dosssanin
EBers; in[l ;) jisi] Thid phers + s+ 1 cfocssaﬁirgager% iNfL;NJis isd
T he game goes on untill the seqpence G 555535 1) satis.es | s; = N § Forsymmetric
\alatians, ifthe .. nite procadure yields as subgame perfecteciiibrium a calitian struc
wre with the property thatt payoss are dearessing in the ader in whidh calitias are
Tamed then this coalitian strudcue is supparted by the (generically) unigue symmetric
statiaery perfect equilibriun (SSPE) of the sequential game (sse B lbdh 1996. This
resultmakes essy the daradiexizatian ofthe SSP E autcomne ofthe carel faomatian game.

L emmad B lbdh 199 § InB bdhs seguertial calition formatian game uncer Caumot
ampetiion, ay synmetric seticnary perfectequilibria GSP E) is darackerizd byP =
£5*;fig,,5, g Were B jis te .istireger Blbaing @n+ 3 i YD}, werey = 4n+ 5.
Ify isan ineer; prjan tleantetovales @n+ 3 jy)l and @n+ 5 jy)b.

Intut\ely in the ssguantial gane ..1ms aammit o stay aut of the carel until the
rumber of remaining ... ms equaks the minimal pro. ebke cartel size (this is the smalkest
aaltion size Torvwhidh a calitian member dotairs a higer payor then ifall aalitias
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aredngetos, adiseqal o B* p. Ao P ripasitian 4 and L enma 4, the reltiaship
betnean the lxgsstaasistatsetl CS G ;6. ) and SSP E lbons straigtiormmardly.

P rpasitian 5 In te carel fomation gane under Caumotampettion with j j - 10,
e aaliton struciures syppored by any synmetric stetianary perfect e flria GSP E)
of B Ioh’s saquenttial game alnays kelbng 1 te lagsstaxsisentsetl CS G 6.)

A ssume nowthateadch plyerbelogng toacalition S hae tosuppatamaitoring
or angsstian ast o )whidh is inaessing with the caalitian size and hes the lloning
fncticnal Bm# Faralls pN , cG)=c&p il Brpj> | adoS)=0 rp j=1,
withcA > (. Farc=0, the maitaing is said b be astless. Farc> (), the manitoring
is said o be astly. A s a result, the permember exqpecied payor in acartel ofdze §
becomes Tarall.. ims belongng to S,
V(S;P)=ﬁ%%icq@ilﬂ- (©)
Itshauld be noted thatt; oxceamanitaringaostis introduced, thevaliatian stillsatis . .esthe
properties of pasitive spillbbvars, necative assodatian and individual free iding. H onever;
the gad acoalitian may be ine¢ dat Bamplke 4 ilLstrates thata manitoring acst may
re.re the rgsst arsistatset and singke aut the grand coalition.

Bampk 4. j j=6, d=0, a=1, c=10433 andA = 5.

Partitias Payors

169 @320 ;9320 ;0320 ;9320 ;9320 ;0320 )
H;lg (@135;0135;0135;9135;0135;1110)
;29 @203;9203;0203;9203;9513;0513)
13;3g @309;9309;0309;9309;9309;0309)
;g @081;9081;0081;9081;9625;1625)
13;2;l9g Q147;9147;0147;9269;0269;1625)
12;2;29 (269:1269;10269;0269;10269;10269)
;11519 Q072;9072;0072;0400;0400;0400)
2;2;1;1g Q157;0157;0157;0157;0400;0400)
;111519 @096;9096;027A8;927B;02A8;127B)
f1:1505050g @24;0204;0204;0204;0204;0204)

A ppINg the iterative procedure 1 Banpk 4, we dotain that the lrgsst aasistat
stl CS G ;e.))whidhis Fisgg. T he sum ofthe payors assodated to aoalitian structure

4 anitoring or aangestion acsts may emerce because brger aalitias e higher aganizatianal asts,
armaral hazard prablems as in Espincsaand|l adho Stadier(2002) s study of cartel formatian in aCaurmot
oligpoly with teams.
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T6g is 192. W e dosene that the weliare (de.naed a6 the sum of the payors) is greater
then the ane assodated 1 same stebe aaltion strudtures When manitring is aosstiess.
T hatis astly manitoring mightre.rne the lxgstaasistattsetas well ss improing the
welEre

In Tabk 1, we rpart the coalitian structures supparted by SSPE, LCS G ;e.) ar
L CCS G ;¢.))inboth eampls oftre carel Tormation game. BExgptthe eariermattianad
reltiaships betinean these solution aonapts, these o eanples shov that there are no
other reltiaships®

SSPE | LCS@G;2) y | LCCSG:e)
\ 7
HB:lg;#;29:1:39;
Bampk3 | f5:199 9-1%.29:15:°0 fiogy
16g;13;2;19;12;2;2¢9
Banpk4 | fisgg | gy T1ogg

Tebk 1l: The lkagsstaasisEaTt et the lxgst autios arsisietsstad SSPE inthe
eanpks ofte cartel Tormation game.

5 Caxdsa

W e hae adpted the xgsst aasistaitsstdue © Chee (199 4) o predicevhidn ccalitian
strudLires are passibly stebke in aalitian Tamatian games with pasitive spilbars. W e
hae abointroducsd are.nematt; the lxgsstcautioss aasistaTtset Forgames satisking
the properties of pasitive spilloers, necative assodatian, individual free nding incartives
and e¢ dency of the grand aalitian, many acaalitian structures may belog 1o the lrgesst
assEaitst T he gad aaltian, whidh is the e¢ dant acalition structure, alhays be

s o tte ligstaasisEaTtsstad is the unigue ae 1o belog o the Exgsst cautias
axsistaitsst

R ebrencs

[174 umamn R. ad J. D reze 1974, ’Copearative i anes with Caaitian Structures”
Inematicnal Jaumal of ¢ ame T heory 3 217-237.

T here are no reltiaships betnean R ay and Vdwa’s (1999) e ibrium binding agreements (BB )
anceptand LCS(G, <) or LCCS(G,«). BBA do notsupport the et dent coalitian structure whie
LCS(G, <) does in mostedanples with astiess manitoning.
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A A ppedx

P roofFof P rapasiian 4.

Partl: } j - 4. Simpk conputatias shon thateadh nasymmetric coaliion struc
twreP 2P issudh tattaereedssS 2P withV G ;P )< V G/;P ) Fran P ripasitian 1,
wehael CSG; ;)= *gtarj j- 4.

Part2: 5 - ) J-10. Aonl enmas2 ad3adP rpaitian2, wehaet? 2P 6 2
P suhthatV G;P)< VG ;P W2LCSG;e.)P 2L CSG;e.)adP* 2L CSG:e)
respectively.

Topoetat® 2P :P 6P P*adVGP)_ VG ;P)TxralsS 2Pg ¥
L CS G ;) we hae to shovtat all passible deviatias fram P can be deterred. Two
kincs ofpassibE deviatias that bere. the deviating players have tobe asidered.

Firstly we aasider the splitiing deviatias P ! ¢ P/ sudhtat pP’'j> Pj The
adtan P .1) implies thattheplasinN r§ aewaseor inP /. Then, aaditias P .1)
ad (P .3) imply that further splitling deviatias ofplhers inN v can ccourand ked 1©
saneP” whereP” ! v P adV (@P )< V @P HTralli2N . Thaefog P’ ¢, P ad
tedaiationP ! P’ is deterred.

Seaodly we aosider te enlaigng deviatias P ! ¢ P/ sudh et P’ j< P jad
VE:;PDH>V @) Hfralli 2S. Then P/ > P. |l oice ttetby P.1)- P 4 ad te
pay> structure in the cartel formation game (Bpressian ) wehaeP’ > P ifad aly
ifP ' j< P jadboth calition stucturesP ad P’ are synmetric. T hen the coaliian' S
whidhmowes fram P P’ isS =N . T wocasss shauld be distinguishedt

P =Pr. Tade e deviationP* ! (, P" where pleri deviates o fom a
sngetnwthP” > P’ Itan beshonn ttatV (@ )< V(@P )Trsanei 2 S (te
inftial deviating ccalitian) andV (@P ) _ V G/;P DTrallS” 2P . T hen, the deviation
P! yP*isdetenred. Fon Bopressianl weget rS” 2P such et B"J= N ji l,

@idy @idy
IWMIildT @I+ 1Y
adtavhdissatis.edfx5 - j j-10. 1l asoer, wehaetoshavthat/ G ;P )<
V@ )Htrsanei 2S =N (the inftial deviating calitian). Sine P is synmetric we
haetoanpaeV G’ ;P "with the payor dotained in the synmetric coalition structLires.
6 venthat5 - N j - 10 the oy synmetric coalitian structures we auld have are sudn
tattharpayors willbe

VE"PI= =V @'PIie QD i7¢ D10 0,

@idy @idy @idy
2+ 1y’ ol M@y 1y
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adall tese aadiias aesatis.ed x5 - N j- 10. Henxe ttedeviatianP ! y P*is
detened (Wth P symmetric).

(i)P’ &P *(i.e allphasdevaefion P toanothersynmetric coalition structureP /,
WhP’ &P *). FranP’ aplyeri deviakes tofom asingketon. Thatis P! (;, P, Fram
P, take the sequae oFmowes wharg ateach mowe ae ofthe playars belkongng to e
biggestaaktian insize deviates © Torm asingeton untilwe amive 1P . Aam P aoaurs
the deviation of ccaliian N nfig © the calition stucture P with P/ =M nfig; figg
adsuchthatP ” AP’. A sbefrg itisimmedate tossethatV @ nfigg;P )< V @P )
Torsaomepbheri 2N (the inftal deviating calitian) wherever P is synmetric Sq the
deviationP ! y P/ (WithP adP’ synmetrig is detened.

T haefre tteenlrigng deviatiasP | ¢ P’ are deternred. B
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