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1 Introduction

M anysocial, economicandpoliticalactivitiesareconductedbygroupsorcoalitionsofin-
dividuals. Forexample, consumptiontakesplacewithinhouseholdsorfamilies;production
iscarriedoutby…rmswhicharelargecoalitionsofownersofdi¤erentfactorsofproduc-
tion;workersareorganizedintradeunionsorprofessionalassociations;publicgoodsare
producedwithinacomplexcoalition structureoffederal, state, andlocaljurisdictions;
politicallife is conducted through politicalparties and interestgroups;and individuals
belongtonetworksofformalandinformalsocialclubs.

T heformationofcoalitionshasbeenamajortopicingametheory, andhasbeenstud-
iedmainlyusingtheframeworkofcooperativegamesincoalitionalform(seeA umannand
D rèze, 19 7 4). U nfortunately, externalities amongcoalitionscannotbeconsideredwithin
suchframework(seeB loch, 19 9 7 ). A saconsequence, theformationofcoalitionshasbeen
describedintherecentyearsasnoncooperativesimultaneousorsequentialgames, which
areusuallysolvedusingtheN ashequilibriumconceptoroneofitsre…nements. T hemost
disturbingfeatureofsimultaneouscoalitionformationgamesisthattheagentscannotbe
farsightedinthesensethatindividualdeviationscannotbecounteredbysubsequentde-
viations(seeH artandKurz, 19 83). Inordertoremedythisweaknesssequentialcoalition
formationgames havebeen proposed (see B loch, 19 9 6). N evertheless, these sequential
gamesarequitesensitivetotheexactcoalitionformationprocessandrelyonthecommit-
mentassumption. O ncesomeagentshaveagreedtoformacoalitiontheyarecommitted
toremain inthatcoalition. T heycanneitherleavethecoalitionnorproposetochange
thecoalitionatsubsequentstages.

Coalition formationgames in e¤ectivity form as in Chwe (19 9 4) specifywhateach
coalitioncandoifandwhen itforms. T his representationofgames allows us tostudy
economicandsocialactivitieswheretherules ofthegameareratheramorphous orthe
procedures arerarelypinneddown(e.g. insequentialbargainingorcoalitionformation
withoutarigidprotocol), andforwhichclassicalgametheorycouldleadtoasolution
whichrelies heavilyonanarbitrarilychosenprocedureorrule. Forgames ine¤ectivity
formwherecoalitionscanformthroughbindingornon-bindingagreementsandactionsare
public, Chwe(19 9 4) has proposedan interestingsolutionconcept, thelargestconsistent
set. T hissolutionconceptpredictswhichcoalitionsstructuresarepossiblystableandcould
emerge. Chwe’sapproachhasanumberofnicefeatures. Firstly, itdoesnotrelyonavery
detaileddescriptionofthecoalitionformationprocessasnoncooperativesequentialgames
do. N ocommitmentassumptionis imposed. Secondly, itincorporatesthefarsightedness
ofthecoalitions. A coalitionconsidersthepossibilitythat, onceitacts, anothercoalition
mightreact, athirdcoalitionmightinturnreact, andsoonwithoutlimit.
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H owever, thelargestconsistentsetsu¤ersfromanumberofdrawbacks, someofthem
pointedoutbyChwehimself. Forinstance, thelargestconsistentsetmayfailtosatisfythe
requirementofindividualrationality. A nindividualthatisgiventhechoicebetweentwo
moves, whereoneyieldswithcertaintyahigherpayo¤ thantheother, mightchoosethe
moveleadingtothelowerpayo¤ accordingtothelargestconsistentset. T his is perhaps
somewhatlessdisturbingthanitseemsat…rstsight, sincethelargestconsistentsetaimsto
beaweakconcept, aconceptthatrulesoutwithcon…dence, butisnotsogoodatpicking
out. T helargestconsistentsetmayalsofailtosatisfytherequirementofcautiousness.
H ence, weintroduceare…nement, calledthelargestcautiousconsistentset.

Twodi¤erentnotions ofacoalitionaldeviationormovecan befound in thegame-
theoreticliterature. Strictdeviation: agroup ofplayers oracoalitioncandeviateonly
ifeachofits members can bemadebettero¤. W eakdeviation: agroup ofplayers or
acoalition candeviateonly ifatleastoneofits members is bettero¤ whileallother
members areatleastaswello¤. A weakdeviationormoverequires onlyoneplayerto
bebettero¤ aslongasallothermembersofthegroup arenotworseo¤, whereasunder
astrictdeviationormove, alldeviatingplayersmustbebettero¤. W eshalldistinguish
betweentheindirectstrictdominancerelationandtheindirectweakdominancerelationin
thede…nitionofthelargest(cautious)consistentset. T heindirectstrict(weak)dominance
relationcaptures thefactthatfarsightedcoalitions considertheendcoalition structure
thattheirmove(s) mayleadto, andthatonlystrict(weak) deviations ormoveswillbe
engaged.

W e…ndthatthelargest(cautious) consistentsetissensitivetotheexactde…nitionof
theindirectdominancerelation. Ingeneralthereis norelationship betweenthelargest
(cautious)consistentsetbasedontheindirectstrictdominanceandthelargest(cautious)
consistentsetbasedontheindirectweakdominance. T helargestconsistentsetisnever
emptywheneverthesetofcoalitionstructuresis…nite. U nfortunately, thelargestcautious
consistentsetmightbeemptyinsomesituations.

H owever, we showthatthe largestcautious consistentsetre…nes considerably the
largestconsistentsetin coalition formation games satisfyingthe properties ofpositive
spillovers, negativeassociation, individualfree-ridingincentivesande¢ciencyofthegrand
coalition. Positivespilloversrestricttheanalysistogameswheretheformationofacoali-
tionbyotherplayers increasesthepayo¤ ofaplayer. N egativeassociationimposesthat,
inanycoalitionstructure, smallcoalitionshavehigherper-memberpayo¤sthanbigcoali-
tions. Individualfree-ridingincentives assumethataplayerbecomes bettero¤ leaving
anycoalitiontobealone. A neconomicsituationsatisfyingthesepropertiesisacartelfor-
mationgameunderCournotcompetition. Publicgoodscoalitionssatisfytheseproperties
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undersomeconditions.
W eshowthatmanycoalition structures maybelongtothelargestconsistentsetin

coalitionformationgamessatisfyingthefourpropertiesimposedonthepayo¤s. T hegrand
coalitionalwaysbelongstothelargestconsistentset. T hestand-alonecoalitionstructure
(whereallplayersaresingletons) isneverstableunderthelargestconsistentsetbasedon
theindirectweakdominancerelation. H owever, thelargestcautiousconsistentsetsingles
outthegrandcoalition, whichisthee¢cientcoalitionstructure.

T hepaperhasbeenorganizedas follows. InSection2 weintroducesomenotations,
primitives and de…nitions ofindirectdominance. W e presentthe solution concepts of
Chwe(19 9 4), andweproposeare…nement, thelargestcautiousconsistentset. InSection
3weusetheabovementionedconcepts topredictwhichcoalition structures arestable
incoalitionformationwithpositivespillovers. In Section4weanalyzeandcharacterize
the stableoutcomes in thecartelformation game. W e also introduceacongestion or
monitoringcostandwediscusstheroleofmonitoringcostsinthedeterminationoflargest
consistentsets. Finally, Section5 concludes.

2 FarsightedCoalitionalStability

T heplayersareformingcoalitionsandinsideeachcoalitionformedthememberssharethe
coalitiongainsfromcooperation. L etP bethe…nitesetofcoalitionstructures. A coalition
structureP =fS1;S 2 ;:::;Sm g isapartitionoftheplayersetN =f1 ;2;:::;ng, Si\Sj=;
fori 6= j and

S m
i= 1 Si = N . L etjSijbe the cardinality ofcoalition Si. G ains from

cooperationaredescribedbyavaluation V whichmapsthesetofcoalitionstructures P
intovectorsofpayo¤sinRn. T hecomponentVi(P )denotesthepayo¤ obtainedbyplayer
i ifthecoalitionstructureP isformed.

H owthecoalitionformationproceeds?W hatcoalitionscandoifandwhentheyform
is speci…edbyf! SgSµN ;S6= ; , wheref! Sg, S µN , isane¤ectivenessrelation onP. For
anyP ;P 02P, P ! S P 0meansthatifthecoalitionstructureP isthestatus-quo, coalition
S canmakethecoalitionstructureP 0thenewstatus-quo. A fterS deviatestoP 0from P ,
coalitionS 0mightmovetoP 00whereP 0! S0P 00, etc. A llactionsarepublic. Ifastatus-
quoP is reachedandnocoalitiondecides tomovefrom P , then P is astablecoalition
structure. A coalitionformationgameine¤ectivityform G is(N ;P;V;f! SgSµN ;S6= ; ).

2.1 IndirectStrictorW eakD ominance

A sKonishi etal. (19 9 9 ) mention, thegame-theoreticliteratureusestwodi¤erentnotions
ofacoalitionaldeviationormove.
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²StrictD eviation: A group ofplayers oracoalitioncandeviateonly ifeachofits
memberscanbemadebettero¤;and

²W eakD eviation: A groupofplayersoracoalitioncandeviateonlyifatleastoneof
itsmembers isbettero¤ whileallothermembersareatleastaswello¤.

A weakdeviationormoverequires onlyoneplayertobebettero¤ as longas allother
members ofthegroup arenotworseo¤, whereas underastrictdeviationormove, all
deviatingplayers mustbe bettero¤. H ence, weshalldistinguish between the indirect
strictdominancerelationandtheindirectweakdominancerelation.

T heindirectstrictdominancerelationcapturesthefactthatfarsightedcoalitionscon-
siderthe end coalition structurethattheirmove(s) may lead to, and thatonly strict
deviationsormoveswillbeengaged. A coalitionstructureP 0indirectlystrictlydominates
P ifP 0canreplace P inasequenceofmoves, suchthatateachmovealldeviators are
bettero¤ attheendcoalitionstructureP 0comparedtothestatus-quotheyface. Formally,
indirectstrictdominanceisde…nedasfollows.

D e…nition1 A coalition structure P is indirectlystrictlydominatedbyP 0, orP ¿ P 0,
ifthere exists asequence P 0;P 1;:::;P m (where P 0 = P and P m = P 0)andasequence
S 0;S1;:::;Sm ¡1 suchthatP j! SjP

j+ 1, Vi(P 0)> Vi(P j)foralli2 Sj, forj=0 ;1 ;::;m¡
1 .

D irectstrictdominance is obtained by settingm = 1 in D e…nition 1. A coalition
structureP isdirectlystrictlydominated byP 0, orP < P 0, ifthereexistsacoalition S

suchthatP ! S P 0andVi(P 0)> Vi(P )foralli2 S . O bviously, ifP < P 0, thenP ¿ P 0.
T hede…nitionoftheindirectstrictdominancerelation¿ is traditional: itiscustomary
torequirethatacoalitionwilldeviateormoveonlyifallofitsmembersaremadebetter
o¤ attheendcoalitionstructure, sincechangingthestatus-quoiscostly, andplayershave
tobecompensatedfordoingso.

B utsometimessomeplayersmaybeindi¤erentbetweenthestatus-quotheyfaceanda
possibleendcoalitionstructure, whileothersarebettero¤ atthisendcoalitionstructure.
T hen, itshouldnotbetoodi¢cultfortheplayerswhoarebettero¤ atthisendcoalition
structuretoconvincetheindi¤erentplayerstojointhemtomovetowardsthisendcoalition
structure. T heindirectweakdominancerelationcapturesthis idea. A coalitionstructure
P 0indirectlyweaklydominatesP ifP 0canreplaceP inasequenceofmoves, suchthatat
eachmovealldeviatorsareatleastaswello¤ attheendcoalitionstructureP 0compared
tothestatus-quotheyface, andatleastonedeviatorisbettero¤ atP 0. Formally, indirect
weakdominanceisde…nedasfollows.
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D e…nition2 A coalition structure P is indirectlyweaklydominatedbyP 0, orP ¿ P 0,
ifthere exists asequence P 0;P 1;:::;P m (where P 0 = P and P m = P 0)andasequence
S 0;S1;:::;Sm ¡1 such thatP j ! Sj P j+ 1, Vi(P 0)¸ Vi(P j)foralli 2 Sj, and Vi(P 0)>

Vi(P j)forsome i2 Sj, forj=0 ;1 ;::;m¡1 .

D irectweakdominance is obtained by settingm = 1 in D e…nition 2. A coalition
structureP is directlyweaklydominatedbyP 0, orP < P 0, ifthereexistsacoalition S

suchthatP ! S P 0, Vi(P 0)¸ Vi(P )foralli 2 S and Vi(P 0)> Vi(P )forsome i 2 S .
O bviously, ifP < P 0thenP ¿ P 0. A lso, ifP is indirectlystrictlydominatedbyP 0, then
P is indirectlyweaklydominatedbyP 0. O fcoursethereverseisnottrue. Tosummarize,
wehave

P < P 0) P < P 0) P ¿ P 0

P < P 0) P ¿ P 0) P ¿ P 0

2.2 TheL argestConsistentSet

B asedonthe indirectstrictdominancerelation, thelargestconsistentsetduetoChwe
(19 9 4) is de…nedas follows. A setY µP is consistentifP 2 Y ifandonly if8 P 0;S

suchthatP ! S P 0, 9 P 002 Y , whereP 0= P 00orP 0¿ P 00, suchthatwedonothave
Vi(P )< Vi(P 00)foralli 2 S . T helargestconsistentsetL C S (G;¿)is theconsistent
setsuchthatifY µP is consistentthenY µ L C S(G;¿). A lthoughtherecanbemany
consistentsets, Chwe(19 9 4) hasshownthatthereuniquelyexistsalargestconsistentset
L C S (G;¿), whichcontains allothers. T helargestconsistentsetL C S (G;¿)canalso
bede…nedinaniterativewayas inChwe(19 9 4).

D e…nition3 L etY 0 ´ P. T hen, Y k (k= 1 ;2;:::)is inductively de…ned as follows:
P 2 Y k¡1 belongs toY k ifandonlyif8 P 0;S suchthatP ! S P 0, 9 P 002 Y k¡1, where
P 0=P 00orP 0¿ P 00, suchthatwedonothave Vi(P )< Vi(P 00)foralli2 S . T helargest
consistentsetL C S (G;¿)is

T
ķ 1 Y

k.

T hatis, acoalitionstructureP 2 Y k¡1 is stable(atstepk) andbelongstoY k, ifall
possibledeviationsaredeterred. Consideradeviationfrom P toP 0bycoalitionS . T here
mightbefurtherdeviationswhichendupatP 00, whereP 0¿ P 00. T heremightnotbeany
furtherdeviations, inwhichcasetheendcoalitionstructureP 00=P 0. Inanycase, theend
coalitionstructureP 00shoulditselfbestable(atstepk¡1 ), andso, shouldbelongtoY k¡1.
Ifsomememberofcoalition S is worseo¤ orequalo¤ atP 00comparedtotheoriginal
coalitionstructureP , thenthedeviationisdeterred. SinceP is …nite, thereexistsm2 N
suchthatY k= Y k+ 1 forallk¸m, andY m is thelargestconsistentsetL C S (G;¿). If
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acoalitionstructureisnotinthelargestconsistentset, itcannotbestable. T helargest
consistentsetisthesetofallcoalitionstructureswhichcanbepossiblystable.

W ede…neinasimilarwaythelargestconsistentsetbasedontheindirectweakdomi-
nancerelation. A setY µP isconsistentifP 2 Y ifandonlyif8P 0;S suchthatP ! S P 0,
9P 002 Y , whereP 0= P 00orP 0¿ P 00, suchthatwedonothaveVi(P )·Vi(P 00)forall
i 2 S and Vi(P )< Vi(P 00)forsomei 2 S . T helargestconsistentsetL C S (G;¿)is the
consistentsetsuchthatifY µP is consistentthenY µL C S (G;¿). T heproofofChwe
(19 9 4) canbeeasilyadaptedtoshowthatthereuniquelyexists alargestconsistentset
L C S (G;¿). T helargestconsistentsetL C S (G;¿)canalsoberede…nedinaniterative
way.

D e…nition4 L etY 0 ´ P. T hen, Y k (k= 1 ;2;:::)is inductively de…ned as follows:
P 2 Y k¡1 belongs toY k ifandonlyif8 P 0;S suchthatP ! S P 0, 9 P 002 Y k¡1, where
P 0 = P 00 or P 0¿ P 00; such thatwe donothave Vi(P )· Vi(P 00)forall i 2 S and
Vi(P )< Vi(P 00)forsome i2 S . T helargestconsistentsetL C S (G;¿)isT

ķ 1 Y
k.

T hatis, acoalitionstructureP 2 Y k¡1 is stable(atstepk) andbelongstoY k, ifall
possibledeviationsaredeterred. Consideradeviationfrom P toP 0bycoalitionS . T here
mightbefurtherdeviationswhichendupatP 00, whereP 0¿ P 00. T heremightnotbeany
furtherdeviations, inwhichcasetheendcoalition structureP 00= P 0. Inanycase, the
endcoalitionstructureP 00should itselfbestable(atstep k¡1 ), andso, shouldbelong
toY k¡1. Ifsomememberofcoalition S isworseo¤ orallmembersofS areequalo¤ at
P 00comparedtotheoriginalcoalitionstructureP , thenthedeviationis deterred. Since
P is …nite, thereexistsm2 N suchthatY k= Y k+ 1 forallk¸m, andY m is thelargest
consistentsetL C S (G;¿).

T hefollowingexampleshows thatthelargestconsistentsetis sensitivetotheexact
de…nition ofthe indirectdominancerelation. Figure 1 depicts athree-playercoalition
formation game in e¤ectivity form, where only three coalition structures are feasible:
f1 2;3g, f1 ;2;3gandf1 ;23g. T hepayo¤ vectorsassociatedwiththosethreepartitionsare
giveninFigure1 aswellasthepossiblemovesfrom eachpartition. Forinstance, player
1 canmovefrom f1 2;3gwherehegets 1 tof1 ;2;3g wherehegets 2. W ehavef1 2;3g <
f1 ;2;3g (hencef1 2;3g < f1 ;2;3g) andf1 ;2;3g < f1 ;23g. ItfollowsthatL C S (G;¿)=

ff1 ;2;3g;f1 ;23gg and L C S (G;¿)= ff1 2;3g;f1 ;23gg. In general, these twoindirect
dominancerelations(weakorstrict)mightyieldtwoverydi¤erentlargestconsistentsets.
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- -u u uf12 ;3g f1;2 ;3g f1;2 3g

(1;1;0 ) (2 ;0 ;0 ) (0 ;1;0 )f1g f2 ;3g

Figure1. T helargestconsistentsetissensitivetotheindirectdominancerelation.

2.3 TheL argestCautiousConsistentSet

Similarlytotherationalizabilityconcepts,1 thelargestconsistentsetdoesnotdetermine
whatwillhappenbutwhatcanpossiblyhappen. T hefollowingexampleshowsthatthe
largestconsistentsetisnotconsistentwithcautiousness. Figure2 depictsathree-player
coalitionformationgame ine¤ectivityform, wherethefeasiblecoalition structures are:
f1 23g, f1 ;23gandf1 ;2;3g. T hepayo¤ vectorsassociatedwiththosethreepartitionsare
giveninFigure2 aswellasthepossiblemovesfromeachpartition. Forinstance, player1
canmovefromf1 23gwherehegets 1 tof1 ;23g wherehegets2. W ehavef1 23g < f1 ;23g
and f1 ;23g < f1 ;23g. Itfollows that L C S (G;¿)= L C S (G;¿)= ff1 23g;f1 ;2;3gg.
B utplayer1 cannotendworseo¤ byengagingamovefrom f1 23g comparedtowhathe
gets inf1 23g.

- -u u uf12 3g f1;2 3g f1;2 ;3g

(1;0 ;0 ) (2 ;0 ;0 ) (1;2 ;1)f1g f2g

Figure2. T helargestconsistentsetisnotconsistentwithcautiousness.

Togivesharperpredictionsweproposetore…nethelargestconsistentset. A pplying
thespiritofsomere…nementsoftherationalizabilityconcepttothelargestconsistentset
leadstothefollowingde…nitionofthelargestcautious consistentsetderivedfrom either
theindirectstrictdominancerelationortheindirectweakdominancerelation. Formally,
thelargestcautiousconsistentsetL C C S (G;¿)basedontheindirectstrictdominanceis
de…nedinaniterativeway.

D e…nition5 L et Z 0 ´ P. T hen, Z k (k= 1 ;2;:::) is inductively de…nedas follows:
P 2P belongsto Z k ifandonlyif8P 0;S suchthatP ! S P 0, 9® =

¡
®
¡
P 1

¢
;:::;® (P m )

¢

satisfying
P m

j= 1 ®(P
j)= 1 , ®(P j)2(0 ;1 ), thatgives positiveweighttoeachP j2 Z k¡1,

whereP 0=P jorP 0 ¿ P j, suchthatwedonothave

Vi(P )<
X

Pj2Z k¡1
P0=PjorP0¿Pj

®(P j)¢Vi(P j)foralli2 S .

1SeeB ernheim (19 84), H eringsandVannetelbosch(19 9 9 ), Pearce(19 84).
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T helargestcautiousconsistentsetL C C S (G;¿)is
T
ķ 1 Z

k.

T heideabehindthelargestcautiousconsistentsetL C C S (G;¿)isthatonceacoali-
tionS deviatesfromP toP 0, thiscoalitionS shouldcontemplatethepossibilitytoendwith
positiveprobabilityatanycoalitionstructureP 00notruledout2 andsuchthatP 0= P 00

orP 0¿ P 00. H ence, acoalitionstructureP isneverstableifacoalition S canengagea
deviationfrom P toP 0anddoingsothereisnoriskthatsomecoalitionmemberswillend
worseo¤ orequalo¤.

T hede…nition, basedontheindirectweakdominance, ofthelargestcautiousconsistent
setL C C S (G;¿)isasfollows.

D e…nition6L et Z 0 ´ P. T hen, Z k (k= 1 ;2;:::)is inductively de…ned as follows:
P 2 Z k¡1 belongstoZ k ifandonlyif8P 0;S suchthatP ! S P 0, 9® =(®(P 1);:::;®(P m ))

satisfying
P m

j= 1 ®(P
j)= 1 , ®(P j)2(0 ;1 ), thatgives positiveweighttoeachP j2 Z k¡1,

whereP 0=P jorP 0¿ P j, suchthatwedonothave

Vi(P ) ·
X

Pj2Z k¡1
P
0
=PjorP

0¿ Pj

®(P j)¢Vi(P j)foralli2 S , and

Vi(P ) <
X

Pj2Z k¡1
P
0
=PjorP

0¿ Pj

®(P j)¢Vi(P j)forsome i2 S .

T helargestcautiousconsistentsetL C C S (G;¿)is
T
ķ 1 Z

k.

O nceacoalition S deviates from P toP 0, this coalition S should contemplatethe
possibilitytoendwith positiveprobabilityatanycoalition structure P 00notruledout
andsuchthatP 0= P 00orP 0¿ P 00. H ence, acoalitionstructureP is neverstableifa
coalitionS canengageadeviationfrom P toP 0anddoingsosomecoalitionmemberswill
bebettero¤ butthereisnoriskthatsomecoalitionmemberswillendworseo¤.

O bviously, thelargestcautiousconsistentsetisare…nementofthelargestconsistent
set.

Theorem1 L C C S (G;¿)µL C S (G;¿)and L C C S (G;¿)µL C S (G;¿).

Proof. Itsu¢cestoshowthatZ kµY k forallk. W eprovethisbyinductiononk. For
k= 0 , this is truesince Z 0 = Y 0 . N ow, letZ k¡1 µ Y k¡1 andletP 2 Z k. T hen itis
straightforwardthatP 2 Y k.

2O nthecontrary, inthelargestconsistentsetonceacoalitionSdeviatesfrom PtoP0, this coalition
Sonlycontemplates thepossibilitytoendwithprobabilityoneatacoalitionstructureP00notruledout
andsuchthatP0= P00orP0¿ P00.
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U nfortunately, thelargestcautiousconsistentsetL C C S (G;¿)orL C C S (G;¿)might
beemptyinsomesituations. IngeneralthereisnorelationshipbetweenL C C S (G;¿)and
L C C S (G;¿). IntheexampleofFigure1, wehave L C C S (G;¿)= ff1 ;2;3g;f1 ;23gg
and L C C S (G;¿)= ff1 2;3g;f1 ;23gg. N evertheless, wewillshowthatthelargestcau-
tious consistentsetre…nes considerablythelargestconsistentsetincoalitionformation
gameswithpositivespillovers(andthat, bothsets L C S (G;¿)andL C S (G;¿)coincide).

T he following example (see Figure 3) illustrates thatthe largestcautious consis-
tentsetL C C S (G;¿)orL C C S (G;¿)mightbeempty, whilethelargestconsistentset
L C S (G;¿)orL C S (G;¿)is not. Figure3 depicts athree-playercoalitionformation
game ine¤ectivityform. Thepayo¤ vectors associatedwiththepartitions aregiven in
Figure3 aswellas thepossiblemoves from eachpartition. Forinstance, thecoalition
ofplayers 2 and 3 canmove from f1 3;2g wheretheygetrespectively (1 ;1 )tof1 ;23g
wheretheyget(0 ;0 ). W ehavef1 23g < f1 2;3g, f1 ;2;3g < f1 3;2g, f1 ;23g < f1 2;3g,
f1 23g ¿ f1 3;2g, butalsof1 2;3g ¿ f1 3;2g and f1 3;2g ¿ f1 2;3g. Itfollows that
L C C S (G;¿)= L C C S (G;¿)=;butL C S (G;¿)= L C S (G;¿)=ff1 2;3g;f1 3;2gg.
Indeed, itis intuitivelyreasonablethatnooutcomecanbepossiblycautiouslystablein
thisexample. P layer1 orthecoalitionformedbyplayers2 and3 cannotendworseo¤ by
engagingamovefrom f1 2;3gandf1 3;2g, respectively.

- -

¾
?

6

u u u

u u

(0 ;0 ;0 )

f12 3g
f12 ;3g

(1;2 ;2 )

f1;2 ;3g
(0 ;0 ;0 )

f13;2g
(2 ;1;1)

f12 ;3g
(1;2 ;2 )

f1;2 3g
(0 ;0 ;0 )

f1g

f1;3g

f2 ;3g

f1;2g

f3g

Figure3. T helargestcautiousconsistentsetmightbeempty.

O neconditiononthegameG in e¤ectivityform whichguarantees thatthelargest
cautious consistentsetis nonempty is thatthecoalition formation game in e¤ectivity
form isacyclic.

D e…nition7 A coalition formation game in e¤ectivity form G is acyclic ifthe e¤ec-
tiveness relation, f! SgSµN , is suchthattheredoes notexista sequence P 0 ;P 1;:::;P m

(whereP 0 =P andP m =P ) andasequenceS 0 ;S1;:::;Sm ¡1 suchthatP j! SjP
j+ 1, for

j=0 ;1 ;::;m¡1 .
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Theorem2 Ifthecoalitionformationgameine¤ectivityform G isacyclic, thenthesets
L C C S (G;¿)and L C C S (G;¿)arenonempty.

Proof. SinceP is…niteandG isacyclic, thereexistsP 2P suchthattheredoesnotexist
P 02 P and S µN suchthatP ! S P 0. Inotherwords P is anendcoalitionstructure
fromwhichnomoveispossible. H ence, P belongstoL C C S (G;¿)and L C C S (G;¿).

3 CoalitionFormationwithPositiveSpillovers

3.1 ConditionsonthePayo¤s

G ains areassumedtobepositive, Vi(P )> 0 foralli 2 N , forallP 2 P. W eassume
symmetricoridenticalplayers andequalsharingofthecoalitiongains amongcoalition
members.3 T hatis, inanycoalition SibelongingtoP , Vj(P )= Vl(P )forallj;l2 Si,
i=1 ;:::;m. So, letV (Si;P )denotethepayo¤ obtainedbyanyplayerbelongingtoSi in
thecoalitionstructureP . W efocusoncoalitionformationgamessatisfyingthefollowing
conditionsontheper-memberpayo¤s.

(P.1) Positive Spillovers. V (Si;P nfS1;S 2 g[ fS1 [ S 2 g)> V (Si;P )forallplayers be-
longingtoSi, Si6=S1;S 2 .

Condition (P.1) restricts ouranalysis togames with positive spillovers, where the
formationofacoalitionbyotherplayers increasesthepayo¤ ofaplayer.

(P.2) N egativeA ssociation. V (Si;P )< V (Sj;P )ifandonlyifjSij> jSjj.

Condition(P.2) imposesthat, inanycoalitionstructure, smallcoalitionshavehigher
per-memberpayo¤sthanbigcoalitions.

(P.3) IndividualFree-R iding. V (fjg;P nfSig[ fSinfjg;fjgg)> V (Si;P )forallj2 Si,
Si2 P .

Condition(P.3) isrelatedtotheexistenceofindividualfree-ridingincentives. T hatis,
ifaplayerleavesanycoalitiontobealone, thenheisbettero¤.

(P.4) E¢ciency. @ P = fS1;S 2 ;:::;Sm g 2 P suchthatP 6= fN g and
P m

i= 1 V (Si;P )¢
jSij̧ V (N )¢jN j.

3R ayandVohra(19 9 9 ) haveprovidedajusti…cation fortheassumptionofequalsharingrule. Inan
in…nite-horizonmodelofcoalitionformationamongsymmetricplayerswithendogenousbargaining, they
haveshownthatinanyequilibrium withoutdelaythereisequalsharing. SeealsoB loch(19 9 6).
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Finally, condition(P.4) assumesthatthegrandcoalitionistheonlye¢cientcoalition
structurewithrespecttopayo¤s, whereV (N )denotesthepayo¤ ofanyplayerbelonging
tothegrandcoalitionfN g.

A neconomicsituationsatisfyingthesefourconditionsisacartelformationgamewith
Cournotcompetitionas inB loch(19 9 7 ) andY i (19 9 7 ). L etp(q)=a¡qbetheinverse
demand(qis the industryoutput). T heindustryconsistsofjN jidentical…rms. Inside
eachcartel, weassumeequalsharingofthebene…tsobtainedfromthecartel’sproduction.
O nce stableagreements on cartelformation havebeen reached, weobserveaCournot
competitionamongthecartels. T hepayo¤ foreach…rmineachpossiblecoalitionstructure
iswellde…ned. Firm i’scostfunctionisgivenbyd¢qi, whereqi is …rm i’soutputandd

(a> d) is thecommonconstantmarginalcost. A s aresult, theper-memberpayo¤ ina
cartelofsizejSjis, forall…rmsbelongingtoS ,

V (S;P )=
(a¡d)2

jSj¢(jP j+ 1)2
, (1)

wherejP jisthenumberofcartelswithinP .

L emma1 O utputcartelsinaCournotoligopolywiththeinversedemandfunctionp(q)=
a¡qandthecostfunctiond(qi)=d¢qisatisfy(P .1)-(P .4):

Y i (19 9 7 ) assertedthatconditions (P.1) and(P.2) aresatis…ed. Itis straightforward
toshowthat(P.3) and(P.4) arealsosatis…ed.

A secondeconomicapplicationofgameswithpositivespillovers areeconomieswith
pure publicgoods. T hemodelwe study is inspired from B loch (19 9 7 ) and Y i (19 9 7 )
whereinwe introducecongestion. T heeconomyconsists ofjN jagents. A tcostdi(qi),
agent i can provideqi units ofthe publicgood. L etq=

P
iqi bethe totalamount

ofpublicgood. T heutilityeachagentobtains from thepublicgooddepends positively
onthetotalamountofpublicgoodprovided, butnegativelyonthenumberofcoalition
partners: U i(q)=(jSj)¡® ¢qforalli 2 S , whereparameter® > 0 measuresthedegree
ofcongestion. Eachagentownsatechnologytoproducethepublicgood, andthecostof
producingtheamountqiofthepublicgoodisgivenbydi(qi)= 1

2 (qi)
2 . Sinceindividual

costfunctionsareconvexandexhibitdecreasingreturnstoscale, itischeapertoproduce
anamountqofpublicgoodsusingalltechnologiesthanusingasingletechnology. Instage
onethecoalitionformationtakesplace. Insideeachcoalition, weassumeequalsharingof
theproduction. O ncestableagreementsoncoalitionformationhavebeenreached, each
coalitionofagentsactsnoncooperatively. O nthecontrary, insideeverycoalition, agents
actcooperativelyandthelevelofpublicgoodischosentomaximizethesumofutilitiesof
thecoalitionmembers. T hatis, foranycoalitionstructureP =fS1;S 2 ;:::;Sm g, thelevel
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ofpublicgoodqichosenbythecoalitionSisolves

max
qi
jSij¢

2
4(jSij)¡®

0
@qi+

X

j6= i
qj

1
A ¡1

2

µ
qi
jSij

¶2
3
5

yieldingatotallevelofpublicgoodprovisionforthecoalitionSiequaltoqi=(jSij)2¡® ,
i=1 ;:::;m. T heper-memberpayo¤ inacoalitionofsizejSijisgivenby

V (Si;P )=(jSij)¡® ¢
mX

j= 1

(jSjj)2 ¡
1
2
(jSij)2¡2 ® , (2)

forallagentsbelongingtoSi, i=1 ;:::;m.
ContrarytothecartelformationgamewithCournotcompetition, itdependsonthe

numberofagents jN jand thedegree ofcongestion ® whetherpublicgoods coalitions
satisfyconditions (P 1)-(P 4). Forinstance, publicgoods coalitionswithutilityfunction
U i(q)=(jSj)¡:35¢qforalli 2 S andcostfunctiondi(qi)= 1

2 (qi)
2 satisfy(P.1)-(P.4)if

jN j2 [4;1 0 ]. N oticethat, forjN j< 4 thecondition(P.3) is violated, whileforjN j> 1 0

itis (P.4)whichisviolated.

3.2 TheE¤ectivenessR elation

R ememberthatwhatcoalitionscandoifandwhentheyformisspeci…edbyf! SgSµN ;S6= ; ,
wheref! Sg, S µN , is ane¤ectiveness relation onP. R estrictionsareimposedonthe
coalitionformationprocess inG throughthee¤ectivenessrelationf! Sgwhichisde…ned
asfollows: P ! S P 0 ifandonlyif(i) fSin(Si\S):Si2 P g=fS 0i2 P 0:S 0iµN nSg
and(ii) 9fS 01;:::;S 0lg µ P 0suchthat

S l
j= 1 S

0
j= S . Condition(i) simplymeans thatno

simultaneousdeviationsarepossible. Iftheplayers inS deviateleavingtheircoalition(s)
inP , thenon-deviatingplayersdonotmove. N evertheless, onceS hasmoved, theplayers
notinS canreacttothedeviationofS . Condition(ii)simplyallowsthedeviatingplayers
inS toformoneorseveralcoalitions inthenewstatus-quoP 0. N on-deviatingplayersdo
notbelongtothosenewcoalitions.

3.3 StableCoalitionStructures

B eforestatingtheresults, weintroducesomede…nitionsornotations. A coalitionstructure
P is symmetricifandonlyifjSij=jSjjforallSi;Sj2 P . W edenotebyP ¤=fN g the
grandcoalition(P ¤ isasymmetriccoalitionstructure)andbyP thestand-alonecoalition
structure: P =fS1;:::;SngwithjSij=1 forallSi2 P .

T hefollowingtwolemmaspartiallycharacterizethelargestconsistentsetforthecoali-
tionformationgameine¤ectivityform G underconditions (P.1)-(P.4). L emma2 states
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thatanycoalitionstructure, whereinsomecoalitionmemberswouldreceiveless than in
thestand-alonecoalitionstructure, isneverstable.

L emma2 U nder(P .1)-(P .4), ifthereexists S 2 P suchthatV (S;P )< V (S 0;P ), then
P =2 L C S (G;¿)andP =2 L C S (G;¿).

Proof. Condition(P.2) impliesthatinanycoalitionstructureP , V (Si;P )< V (Sj;P )if
andonlyifjSij> jSjj. ToproveL emma2, weproceedbysteps.

Step one. Firstly, weshowthatallcoalition structures P 2 P containingonlyone
coalition S with jSj> 1 and V (S;P )< V (S 0;P ), donotbelongto L C S (G;¿)and
L C S (G;¿). O bviously, P < P andthedeviationP ! S P cannotbedeterred. Indeed,
anydeviationfrom P ofplayersthatdidnotbelongtoS inP willimprove, by(P.1), the
payo¤ ofplayersthatwereinS (inP )andaresingletonsinP . T herefore, P =2 L C S (G;¿)

andP =2 L C S (G;¿).
Step two. Secondly, we showthatallcoalition structures P 2 P containingonly

twocoalitions S1;S 2 with jS1j¸jS 2j> 1 and V (S1;P )< V (S 0;P ), donotbelongto
L C S (G;¿)andL C S (G;¿). Condition(P.1) impliesthatthecoalitionS1 hasincentives
tosplitintosingletons. Indeed, V (S1;P 0)> V (S 0;P )and P < P 0whereP 0= P nS1 [
fjgj2S1. T hedeviationP ! S1 P

0cannotbedeterred. Indeed,
- ifV (S 2 ;P 0)< V (S 0;P ), then usingtheargumentationofstep one, thedeviation

P 0! S2 P isnotdeterredandP À P . T herefore, P =2 L C S (G;¿)andP =2 L C S (G;¿).
- ifV (S 2 ;P 0)> V (S 0;P ), wehavetoshowthatanydeviationfrom P 0ofplayers in

N nS1 willnevermakeplayers in S1 worseo¤ than in P . Twokinds ofdeviations are
possible. First, theplayers in S 2 form abiggercoalitionwithplayers notin S1. T hen,
bycondition(P.1), theplayers inS1 thatnowaresingletonsobtainapayo¤ evengreater
thaninP 0. Second, someplayer(s)leave(s) S 2 toformsingleton(s). T hen, theplayersthat
wereinS1 areworsethaninP 0but, by(P.1), theyarebettero¤ oratleastnotworseo¤
thanin P , andV (S1;P )< V (S 0;P ). T herefore, thereisnoothercoalitionstructureP 00

suchthatP 00À P 0andV (fjg;P 00)< V (S1;P )forsomej2 S1. H ence, P =2 L C S (G;¿)

andP =2 L C S (G;¿).
Step three. T hirdly, proceedingas above, wecan showthatallcoalition structures

P 2 P containingonly three coalitions S1;S 2 ;S3 with jS1j¸ jS 2 j¸ jS3j> 1 and
V (S1;P )< V (S 0;P ), donotbelongtoL C S (G;¿)and L C S (G;¿). A ndsoon.

T hegrandcoalitionstructurewhichis thee¢cientonealwaysbelongstothelargest
consistentset, andispossiblystable.

L emma3 U nder(P .1)-(P .4), P ¤2 L C S (G;¿)andP ¤2 L C S (G;¿).
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Proof. ToprovethatP ¤2 Y k (k¸1 )wehavetoshowthatforallP 6= P ¤wehaveP
¿ P ¤. T hatis, weshowthatP ¤ couldbestablesinceanydeviation P ¤ ! S P canbe
deterredbythethreatofendinginP ¤. T heproofisdoneintwosteps.

Step A . B y(P.2) and(P.4) theplayers belongingtothebiggestcoalition(insize) in
anyP 6=P ¤areworsethaninP ¤. A lso, allplayerspreferP ¤toP , andP ¤> P .

Step B . Takethesequenceofmoveswhereateachmoveoneplayerbelongingtothe
biggestcoalition(inthecurrentcoalitionstructure)deviatestoformasingleton, untilthe
coalitionstructureP isreached. From P occursthedeviationP ! N P ¤.

T herefore, (A )-(B ) implythatP ¤À P forallP 6=P ¤.

Fromthesetwolemmas, weobtainasu¢cientconditionsuchthatthelargestconsistent
setsinglesoutthegrandcoalition.

Proposition1 U nder(P .1)-(P .4), ifeach non-symmetriccoalition structure P 2 P is
suchthatthereexists S 2 P satisfyingV (S;P )< V (S 0;P ), then L C S (G;¿)=fP ¤g and
L C S (G;¿)=fP ¤g.

Proof. L emma2 tells us thatcoalition structures P 2 P, where9 S 2 P such that
V (S;P )< V (S 0;P ), donotbelongto L C S (G;¿)and L C S (G;¿). So, Y 1 µPnfP 2
P :9S 2 P forwhich V (S;P ) < V (S 0;P )g. T he conditions (P.2) and (P.4) imply
thatallsymmetriccoalitionstructures P (6= P ¤) aresuchthatV (Si;P )= V (Sj;P )and
V (N )> V (Si;P )forallSi;Sj2 P (itimpliesthatP ¤> P forallP (6=P ¤) symmetric).
So, thedeviationP ! N P ¤ (whereP symmetric) cannotbedeterredsince@P 0suchthat
P 0À P ¤andP 02 Y 1. T herefore, L C S (G;¿)= L C S (G;¿)=fP ¤g.

W e nowshowthatthe stand-alonecoalition structure, i.e. the coalition structure
consistingonlyofsingletons, isneverstableunderthelargestconsistentsetbasedonthe
indirectweakdominancerelation.

Proposition2 U nder(P .1)-(P .4), P =2 L C S (G;¿).

Proof. From D e…nition4andL emma2, wehavethatY 0 ´P andY 1 =fP 2P :8P 0;S
suchthatP ! S P 0, 9P 002 Y 0 , whereP 0= P 00orP 0¿ P 00, wedonothaveVi(¢;P )·
Vi(¢;P 00)foralli 2 S and Vi(¢;P )< Vi(¢;P 00)forsome i 2 Sg µPnfP 2 P :9 S 2 P

forwhichV (S;P )< V (S 0;P )g. N extweshowthatP =2 Y 2 =fP 2 P :8P 0;S suchthat
P ! S P 0, 9P 002 Y 1, whereP 0= P 00orP 0¿ P 00, wedonothaveVi(¢;P )·Vi(¢;P 00)for
alli2 S andVi(¢;P )< Vi(¢;P 00)forsomei2 Sg. A nycoalitionstructureP 2 Y 1 is such
that8S 2 P : V (S;P )¸V (S 0;P ). B y(P.2) and(P.4), thecoalitionstructureP ¤=fN g
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is e¢cientand V (N )> V (S 0;P )foralli2 N . T herefore, P =2 Y 2 becausethedeviation
P ! N P ¤cannotbedeterred. Indeed, forallP 002 Y 1, whereP ¤= P 00orP ¤¿ P 00, we
haveVi(¢;P )·Vi(¢;P 00)foralli2 N andVi(¢;P )< Vi(¢;P 00)forsomei2 N , by(P.1).

H owever, this results does nothold when we considerthe de…nition ofthe largest
consistentsetbasedontheindirectstrictdominancerelation. T hestand-alonecoalition
structure, P , maybelongtoL C S (G;¿).
Example1. jN j=4.

Partitions Payo¤s
f4g (8;8;8;8)

f3;1 g (4;4;4;1 2)

f2;2g (5;5;5;5)

f2;1 ;1 g (3;3;8;8)

f1 ;1 ;1 ;1g (4;4;4;4)

ConsiderExample 1 with fourplayers. T hroughoutallthe examples, we make a
slightabuseofnotation. Forinstance, f3;1 g shouldnotbeinterpretedasasinglecoali-
tionstructurebutas thefourcoalitionstructures, composedbytwocoalitions ofsize3
and 1, thatcan be formed by fourplayers. Example 1 shows howtheuseofthe in-
directstrictorweakdominancematters. Firstly, wecharacterize L C S(G;¿). In the
…rstround ofthe iterative procedure tocompute L C S(G;¿), we eliminate thecoali-
tionstructuresf2;1 ;1g andf1 ;1 ;1 ;1 g. Indeed, thedeviationsf2;1 ;1 g ! f1 ;1 ;1 ;1 gand
f1 ;1 ;1 ;1 g ! f4garenotdeterred. Inthesecondround, wecannoteliminateothercoali-
tion structures sinceany possible deviations from f4g orf3;1 g orf2;2g aredeterred.
T hen, L C S(G;¿)= ff4g;f3;1g;f2;2gg. Secondly, wecharacterize L C S(G;¿). W e
canonlyeliminatethecoalition structuref2;1 ;1 g. T hedeviation f1 ;1 ;1 ;1g ! f4g is
deterredbythemovefrom f4g tof3;1 g. T hedeviationf1 ;1 ;1 ;1 g ! f2;2g is deterred
bythesequenceofmoves from f2;2g tof2;1 ;1 g tof1 ;1 ;1 ;1 g tof4g tof3;1 g. T hen,
L C S(G;¿)=ff4g;f3;1g;f2;2g;f1 ;1 ;1 ;1 gg.

3.4 CautiouslyStableCoalitionStructures

Inmosteconomicsituationssatisfyingtheconditions(P.1)-(P.4), manycoalitionstructures
belongtothelargestconsistentset. Indeed, thelargestconsistentsetaimstobeaweak
conceptwhichrulesoutwithcon…dence. O nthecontrary, thelargestcautiousconsistent
setaims tobebetteratpickingout. T helargestcautiousconsistentsetsinglesoutthe
grandcoalition.

Proposition3 U nder(P .1)-(P .4), L C C S (G;¿)=fP ¤g and L C C S (G;¿)=fP ¤g.
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Proof. From D e…nition6wehaveZ 0 =P.
Stepone. FromL emma2 andD e…nition6, itisstraightforwardthatthesetofcoalition

structuresfP 2P :9S 2P suchthatV (S;P )< V (S 0;P )gdoesnotbelongtoZ 1. O nthe
contrary, wecanseethatP ¤2 Z 1. Consider…rstanypossibledeviationofanycoalition
S toanycoalitionstructureP containingonlycoalitionsS withV (S;P )> V (S 0;P ), and
suchthatP > P ¤. B y(P.2) and(P.4) theplayersbelongingtothebiggestcoalition(in
size) in any P 2 PnfP ¤g areworsethan in P ¤. From P , takethesequenceofmoves
where, ateachmove, oneoftheplayersofthebiggestcoalitioninsizedeviatestoforma
singleton, untilwearrivetoP . From P occursthedeviationtosomecoalition structure
P 0whichis apermutationofplayers in P (thatis, jP j=jP 0jand8S 2 P , thereexistsa
coalitionS 02 P 0suchthatjSj=jS 0j), andsuchthattheinitialplayerwhohasdeviated
from P isoccupyingnowinP 0thepositionofsomeplayeri belongingtothecoalitionS

that, initially, hasmovedfrom P ¤toP . T hismeansthatP 0À P andatleastoneofthe
initialdeviatingplayersofcoalition S from P ¤ (playeri) isworseo¤ in P 0comparedto
P ¤. T herefore, everypossibledeviationfrom P ¤ tosomecoalitionstructureP withall
S 2 P suchthatV (S;P )> V (S 0;P ), is deterredbecausetherealwaysexistsacoalition
structureP 0, with P 0À P andsuchthatV (¢;P 0)< V (¢;P ¤)forsomeplayeri 2 S and
P ¤ ! S P . Finally, wehavetoconsideranypossibledeviationofsomecoalition S from
P ¤ toP with P > P ¤ andsuchthatforsome S 002 P wehave V (S 00;P )< V (S 0;P ).
Ifsuchadeviationdoes exist, itwillbedeterredbecause P À P andalli 2 N geta
payo¤ V (¢;P )< V (¢;P ¤). T hen, P ¤ 2 Z 1, and Z 1 µ PnfP 2 P :9 S 2 P suchthat
V (S;P )< V (S 0;P )g.

Steptwo. TakethecoalitionstructureP andanyothercoalitionstructureP 2 Z 1 µ
PnfP 2 P :9 S 2 P such thatV (S;P )< V (S 0;P )g containingsomecoalition S that
obtainsapayo¤ V (S;P )=V (S 0;P ). O bviously, P andP donotbelongtoZ 2 sinceforall
P 0;S suchthatP ! S P 0orP ! S P 0, theexpectedpayo¤ obtainedbyassigningpositive
probabilities toallcoalitionstructures P 002 Z 1, withatleastP 0= P 00orP 0¿ P 00, is
strictlypreferredtoV (S;P )forallplayers in S , giventhatP ¤À P 0forallP 02 P and
V (¢;P )< V (¢;P ¤). U singthesamereasoningas instepone, onecanshowthatP ¤2 Z 2 ,
with Z 2 µPnfP g[ fP 2 P :9S 2 P suchthatV (S;P )·V (S 0;P )g.

Step three. Takethecoalition structure(s) P 2 Z 2 containingthecoalition S that
obtains thesmallestpayo¤. O bviously, P doesnotbelongto Z 3 sinceforallP 0;S such
thatP ! S P 0, the expected payo¤ obtained byassigningpositive probabilities toall
coalitionstructures P 002 Z 2 , withP 0= P 00orP 0¿ P 00, is strictlypreferredtoV (S;P )

forallplayers in S , giventhatP ¤À P 0forallP 02 P, and V (S;P )< V (¢;P ¤)forall
i2 S (thedeviatingcoalition). O necanusethesamereasoningusedinsteponetoshow
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thatP ¤2 Z 3. A ndsoon, untilwehaveeliminatedallP 2PnfP ¤g (giventhat, by(P.2)
and(P.4), theplayersbelongingtothebiggestcoalition(insize) inanyP 2 PnfP ¤g are
worsethaninP ¤).

N ow, considerP ¤. From L emma3, weknowthatforallP 6= P ¤, P ¿ P ¤. T hen,
L C C S (G;¿)=fP ¤gand L C C S (G;¿)=fP ¤g, sinceforallP 0;S suchthatP ¤ ! S P 0,
the expected payo¤ obtained by assigning positive probability to P ¤ (the only coali-
tion structurenotyeteliminated in the iterative proceduredescribed above) andwith
P 0¿ P ¤, is equallypreferredtothepayo¤ obtainedinP ¤foralli2 S (theinitialdevi-
atingcoalition)

T his resultis duetothebasicideabehindthelargestcautious consistentset. Intu-
itively, ateachiterationinthede…nitionofthelargestcautiousconsistentset, weruleout
thecoalition structurewhereinsomeplayers receiveless orequalthanwhattheycould
obtaininallcandidatestobestable(i.e. allcoalitionstructuresnotruledoutyet) since
theseplayerscannotendworseo¤ byengagingamove.
Example2. PublicgoodscoalitionswithjN j=4 and® =:35.

Partitions Payo¤s
f4g (6:82;6:82;6:82;6:82)

f3;1 g (4:72;4:72;4:72;9:5)

f2;2g (5:0 5;5:0 5;5:0 5;5:0 5)

f2;1 ;1 g (3:48;3:48;5:5;5:5)

f1 ;1 ;1 ;1g (3:5;3:5;3:5;3:5)
In the …rstround ofthe iterative proceduretocomputethe largestconsistentset,

we eliminate the coalition structures f1 ;1 ;1 ;1g and f2;1 ;1 g. Indeed, the deviations
f1 ;1 ;1 ;1 g ! f4g and f2;1 ;1 g ! f1 ;1 ;1 ;1g are notdeterred. In the second round,
wecannoteliminateothercoalitionstructures sinceanypossibledeviations from f4g or
f3;1g orf2;2g aredeterred. Forexample, thedeviation f3;1 g ! f2;1 ;1 g byone of
theplayerwhoobtains 4:72 as payo¤ is deterredsincethereexists asequenceofmoves
f2;1 ;1 g ! f4g ! f3;1 g endingatf3;1 g suchthatateachmovethedeviatingplayers
prefertheendingcoalitionstructuretothestatus-quotheyfaceandtheoriginaldeviating
playerisnotbettero¤ (heobtains still4:72 aspayo¤). T herefore, thelargestconsistent
setis L C S(G;¿)=ff4g;f3;1 g;f2;2gg.

B utf3;1 gandf2;2gdonotbelongtothelargestcautiousconsistentset. Indeed, the
deviationf3;1 g ! f2;1 ;1 gbyoneoftheplayerwhoobtains4:72 aspayo¤ isnotdeterred
since allcoalition structures thatindirectly dominate f2;1 ;1g and notyeteliminated
aref4g, f3;1 g and f2;2g. H ence, theexpected payo¤ oftheoriginaldeviatingplayer,
obtainedbyassigningpositiveprobabilitiestof4g, f3;1 gandf2;2g, isgreaterthan4:72.
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O ncef3;1 g is eliminated, thedeviationf2;2g ! f4g is notdeterred. T herefore, f3;1 g
andf2;2gdonotbelongtothelargestcautiousconsistentsetwhichsinglesoutf4g.

4 CartelFormationwithQ uantityCompetition

InthecartelformationgamewithCournotcompetition, thelargestconsistentsetbasedon
theindirectweakdominancerelationsinglesoutforjN j·4 thegrandcoalitionP ¤=fN g.
B utasjN jgrows, manycoalitionstructuresmaybelongtoL C S(G;¿).

Example3. jN j=6, d=0 , a=1 .
Partitions Payo¤s
f6g (:0 41 7;:0 41 7;:0 41 7;:0 41 7;:0 41 7;:0 41 7)

f5;1 g (:0 222;:0 222;:0 222;:0 222;:0 222;:1 1 1 )

f4;2g (:0 278;:0 278;:0 278;:0 278;:0 556;:0 556)

f3;3g (:0 370 ;:0 370 ;:0 370 ;:0 370 ;:0 370 ;:0 370 )

f4;1 ;1 g (:0 1 56;:0 1 56;:0 1 56;:0 1 56;:0 625;:0 625)

f3;2;1 g (:0 20 8;:0 20 8;:0 20 8;:0 31 2;:0 31 2;:0 625)

f2;2;2g (:0 31 2::0 31 2;:0 31 2;:0 31 2;:0 31 2;:0 31 2)

f3;1 ;1 ;1g (:0 1 33;:0 1 33;:0 1 33;:0 40 0 ;:0 40 0 ;:0 40 0 )

f2;2;1 ;1g (:0 20 0 ;:0 20 0 ;:0 20 0 ;:0 20 0 ;:0 40 0 ;:0 40 0 )

f2;1 ;1 ;1 ;1g (:0 1 39;:0 1 39;:0 278;:0 278;:0 278;:0 278)

f1 ;1 ;1 ;1 ;1 ;1g (:0 20 4;:0 20 4;:0 20 4;:0 20 4;:0 20 4;:0 20 4)

In the …rstround ofthe iterative proceduretocomputethe largestconsistentset,
we eliminatethecoalition structures f2;1 ;1 ;1 ;1 g, f3;1 ;1 ;1 g, f4;1 ;1 g. T he deviations
f2;1 ;1 ;1 ;1 g ! f1 ;1 ;1 ;1 ;1 ;1 g, f3;1 ;1 ;1 g ! f1 ;1 ;1 ;1 ;1 ;1g, f4;1 ;1 g ! f1 ;1 ;1 ;1 ;1 ;1gare
notdeterred. A lso, wecaneliminatef2;2;1 ;1 g: thedeviationf2;2;1 ;1g ! f2;1 ;1 ;1 ;1 g
isnotdeterred. Inthesecondround, wedeletethecoalitionstructuref1 ;1 ;1 ;1 ;1 ;1g: the
deviationf1 ;1 ;1 ;1 ;1 ;1 g ! f3;3g is notdeterred. N omorecoalition structures canbe
eliminatedatthenextrounds. Forexample, thedeviationfromf2;2;2gtof6g isdeterred
bythefurtherdeviationtof5;1 g. T herefore, ff6g, f5;1 g, f4;2g, f3;3g, f3;2;1 g, f2;2;2gg
is thelargestconsistentsetL C S(G;¿). T hesum ofthepayo¤s associatedtocoalition
structuresf6g, f5;1 g, f2;2;2gare:250 2, :222, :1 872, respectively.

W enowturntothecharacterizationofthelargestconsistentsetforjN j·1 0 .

Proposition4 InthecartelformationgameunderCournotcompetition, L C S(G;¿)=
fP ¤g forjN j·4, and L C S(G;¿)= PnffP g[ fP 2 P :9S 2 P suchthatV (S;P )<
V (S 0;P )gg for5·jN j·1 0 .
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T heproofofthis proposition canbefound in theappendix. Someremarks can be
made. Firstly, P ¤ always belongs tothelargestconsistentsetL C S(G;¿)(see L emma
3), whileP neverbelongstoL C S(G;¿)(seeProposition2). Secondly, for1 0 ¸jN j̧ 5,
allsymmetriccoalition structures, exceptP , belongto L C S(G;¿). Finally, allnon-
symmetriccoalitionstructures P suchthat@S 2 P with V (S;P )< V (S 0;P )belongto
L C S(G;¿).

W e comparenowthe outcomes obtained underthe largestconsistentset(and the
largestcautiousconsistentset)withthoseobtainedunderasequentialgameofcoalition
formationwith…xedpayo¤ divisionproposedbyB loch(19 96). A …xedprotocolisassumed
andthesequentialgameproceedsasfollows. P layer1 proposestheformationofacoalition
S1 towhichhebelongs. Eachprospectiveplayeranswerstheproposalintheorder…xed
bytheprotocol. Ifoneprospectiveplayerrejectstheproposal, thenhemakesacounter-
proposaltowhichhebelongs. Ifallprospectiveplayers accept, thenthecoalition S1 is
formed. A llplayers in S1 withdrawfrom thegame, andthegameproceeds amongthe
playersbelongingtoN nS1. T hissequentialgamehasanin…nitehorizon, buttheplayers
donotdiscountthefuture. T heplayerswhodonotreachanagreementin …nitetime
receiveapayo¤ ofzero. Contrarytothelargestconsistentset, thissequentialgamerelies
onthecommitmentassumption. O ncesomeplayershaveagreedtoform acoalitionthey
arecommittedtoremaininthatcoalition.

Considerthefollowing…niteproceduretoform coalitions. First, player1 starts the
gameandchoosesanintegers1 intheinterval[1 ;jN j]. Second, players1+ 1 choosesanin-
tegers2 in[1 ;jN j¡s1]. T hird, players1+ s2 + 1 choosesanintegers3 in[1 ;jN j¡s1¡s2].
T hegamegoesonuntilthesequence(s1;s2 ;s3;:::)satis…es

P
jsj=jN j. Forsymmetric

valuations, ifthe…niteprocedureyieldsassubgameperfectequilibrium acoalitionstruc-
turewith thepropertythatpayo¤s aredecreasingin theorderinwhich coalitions are
formed, thenthis coalitionstructureis supportedbythe(generically) uniquesymmetric
stationary perfectequilibrium (SSPE) ofthe sequentialgame (see B loch, 19 96). T his
resultmakeseasythecharacterizationoftheSSPEoutcomeofthecartelformationgame.

L emma4(B loch, 19 9 6) InB loch’ssequentialcoalitionformationgameunderCournot
competition, anysymmetricstationaryperfectequilibria(SSPE)is characterizedbyP =

fS¤;figi=2S1gwherejS¤jis the…rstintegerfollowing(2n+ 3¡y)12 , wherey =
p
4n+ 5.

Ify is an integer, jS¤jcantakeonthetwovalues(2n+ 3¡y)12 and(2n+ 5¡y)12 .

Intuitively, inthe sequentialgame, …rms committostayoutofthecarteluntilthe
numberofremaining…rmsequalstheminimalpro…tablecartelsize(this is thesmallest
coalitionsizeforwhichacoalitionmemberobtains ahigherpayo¤ than ifallcoalitions
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aresingletons, andis equaltojS¤j). From Proposition4andL emma4, therelationship
betweenthelargestconsistentsetL C S(G;¿)andSSPEfollowsstraightforwardly.

Proposition5 In thecartelformationgameunderCournotcompetitionwithjN j·1 0 ,
thecoalition structures supportedbyanysymmetricstationaryperfectequilibria(SSPE)
ofB loch’s sequentialgamealwaysbelongtothelargestconsistentsetL C S(G;¿).

A ssumenowthateachplayerbelongingtoacoalitionS havetosupportamonitoring
orcongestioncostc(S)which is increasingwiththecoalitionsizeandhasthefollowing
functionalform.4 ForallS µN , c(S)=c¢(jS ¡1j)Á forjSj> 1 andc(S)=0 forjSj=1 ,
withc;Á > 0 . Forc=0 , themonitoringis saidtobecostless. Forc> 0 , themonitoring
is saidtobecostly. A s aresult, theper-memberexpectedpayo¤ inacartelofsizejSj
becomesforall…rmsbelongingtoS ,

V (S;P )=
(a¡d)2

jSj¢(jP j+ 1 )2
¡c¢(jS ¡1j)Á . (3)

Itshouldbenotedthat, onceamonitoringcostisintroduced, thevaluationstillsatis…esthe
propertiesofpositivespillovers, negativeassociationandindividualfree-riding. H owever,
thegrandcoalitionmaybeine¢cient. Example4 illustratesthatamonitoringcostmay
re…nethelargestconsistentsetandsingleoutthegrandcoalition.
Example4. jN j=6, d=0 , a=1 , c=:0 0 433 andÁ =:5.

Partitions Payo¤s
f6g (:0 320 ;:0 320 ;:0 320 ;:0 320 ;:0 320 ;:0 320 )

f5;1 g (:0 1 35;:0 1 35;:0 1 35;:0 1 35;:0 1 35;:1 1 1 0 )

f4;2g (:0 20 3;:0 20 3;:0 20 3;:0 20 3;:0 51 3;:0 51 3)

f3;3g (:0 30 9;:0 30 9;:0 30 9;:0 30 9;:0 30 9;:0 30 9)

f4;1 ;1 g (:0 0 81 ;:0 0 81 ;:0 0 81 ;:0 0 81 ;:0 625;:0 625)

f3;2;1 g (:0 1 47;:0 1 47;:0 1 47;:0 269;:0 269;:0 625)

f2;2;2g (:0 269::0 269;:0 269;:0 269;:0 269;:0 269)

f3;1 ;1 ;1g (:0 0 72;:0 0 72;:0 0 72;:0 40 0 ;:0 40 0 ;:0 40 0 )

f2;2;1 ;1g (:0 1 57;:0 1 57;:0 1 57;:0 1 57;:0 40 0 ;:0 40 0 )

f2;1 ;1 ;1 ;1g (:0 0 96;:0 0 96;:0 278;:0 278;:0 278;:0 278)

f1 ;1 ;1 ;1 ;1 ;1g (:0 20 4;:0 20 4;:0 20 4;:0 20 4;:0 20 4;:0 20 4)

A pplyingtheiterativeproceduretoExample4, weobtainthatthelargestconsistent
setL C S(G;¿)whichisff6gg. T hesum ofthepayo¤sassociatedtocoalitionstructure

4M onitoringorcongestioncostsmayemergebecauselargercoalitionsfacehigherorganizationalcosts,
ormoralhazardproblemsasinEspinosaandM acho-Stadler(2002)’sstudyofcartelformationinaCournot
oligopolywithteams.
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f6g is :1 92. W eobservethatthewelfare(de…nedas thesum ofthepayo¤s) is greater
thantheoneassociatedtosomestablecoalitionstructureswhenmonitoringis costless.
T hatis, costlymonitoringmightre…nethelargestconsistentsetaswellas improvingthe
welfare.

In Table 1, we reportthe coalition structures supported by SSPE, L C S(G;¿)or
L C C S(G;¿)inbothexamplesofthecartelformationgame. Excepttheearliermentioned
relationshipsbetweenthesesolutionconcepts, thesetwoexamplesshowthatthereareno
otherrelationships.5

SSPE L C S(G;¿) L C C S(G;¿)

Example3 ff5;1 gg
(
f5;1 g;f4;2g;f3;3g;
f6g;f3;2;1 g;f2;2;2g

)
ff6gg

Example4 ff6gg ff6gg ff6gg

Table1: T helargestconsistentset, thelargestcautiousconsistentsetandSSPE inthe
examplesofthecartelformationgame.

5 Conclusion

W ehaveadoptedthelargestconsistentsetduetoChwe(19 9 4) topredictwhichcoalition
structures arepossiblystable incoalitionformationgameswithpositivespillovers. W e
havealsointroducedare…nement, thelargestcautiousconsistentset. Forgamessatisfying
thepropertiesofpositivespillovers, negativeassociation, individualfree-ridingincentives
ande¢ciencyofthegrandcoalition, manycoalitionstructuresmaybelongtothelargest
consistentset. T hegrandcoalition, which is thee¢cientcoalitionstructure, always be-
longstothelargestconsistentsetandistheuniqueonetobelongtothelargestcautious
consistentset.
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A A ppendix

ProofofProposition4.
Part1: jN j·4. Simplecomputationsshowthateachnon-symmetriccoalitionstruc-

tureP 2P issuchthatthereexists S 2 P withV (S;P )< V (S 0;P ). From Proposition1,
wehave L C S(G;¿)=fP ¤g forjN j·4.

Part2: 5·jN j·1 0 . From L emmas2 and3andProposition2, wehavefP 2P :9S 2
P suchthatV (S;P )< V (S

0
;P )g =2 L C S(G;¿), P =2 L C S(G;¿)andP ¤2 L C S(G;¿),

respectively.
To prove thatfP 2 P :P 6= P ;P ¤ and V (S;P )¸ V (S 0;P )forallS 2 P g ½

L C S(G;¿), wehavetoshowthatallpossibledeviations from P canbedeterred. Two
kindsofpossibledeviationsthatbene…tthedeviatingplayershavetobeconsidered.

Firstly, we considerthe splitting deviations P ! S P 0 such thatjP 0j> jP j. T he
condition(P.1) impliesthattheplayersinN nS areworseo¤ inP 0. T hen, conditions(P.1)
and(P.3) implythatfurthersplittingdeviationsofplayers inN nS canoccurandleadto
someP 00whereP 00! N P and V (¢;P 00)< V (¢;P )foralli2 N . T herefore, P 0¿ P and
thedeviationP ! S P 0isdeterred.

Secondly, weconsidertheenlargingdeviations P ! S P 0 such thatjP 0j< jP jand
V (S;P 0)> V (¢;P )foralli 2 S . T hen, P 0 > P . N otice thatby (P.1)-(P.4) and the
payo¤ structureinthecartelformationgame(Expression1) wehaveP 0> P ifandonly
ifjP 0j< jP jandbothcoalitionstructuresP andP 0aresymmetric. T hen, thecoalitionS
whichmovesfrom P toP 0is S =N . Twocases shouldbedistinguished:

(i) P 0 = P ¤. Take the deviation P ¤ ! fig P 00where playeri deviates toform a
singletonwith P 00> P 0. ItcanbeshownthatV (¢;P 00)< V (¢;P )forsome i 2 S (the
initialdeviatingcoalition) andV (¢;P 00)¸V (S 0;P )forallS 002 P 00. T hen, thedeviation
P ! N P ¤ isdeterred. FromExpression1 weget, forS 002 P 00suchthatjS 00j=jN j¡1 ,

V (S 00;P 00)=
(a¡d)2

9(jN j¡1 )
¸ (a¡d)2

(jN j+ 1)2
=V (S 0;P )i¤ (jN j)2 ¡7(jN j)+ 1 0 ¸0 ,

conditionwhichissatis…edfor5·jN j·1 0 . M oreover, wehavetoshowthatV (S 00;P 00)<
V (¢;P )forsome i 2 S = N (the initialdeviatingcoalition). Since P is symmetric, we
havetocompareV (S 00;P 00)withthepayo¤ obtainedinthesymmetriccoalitionstructures.
G iventhat5 ·jN j·1 0 theonlysymmetriccoalitionstructureswecouldhavearesuch
thattheirpayo¤swillbe

(a¡d)2

2(jN j2 + 1)2
,
(a¡d)2

9jN j2
or

(a¡d)2
jN j
3 (

jN j
3 + 1 )2

.
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So,

V (S 00;P 00) =
(a¡d)2

9(jN j¡1 )
<

(a¡d)2

2(jN j2 + 1 )2
i¤

(jN j)2
2

¡7(jN j)+ 1 1 < 0 ,

V (S 00;P 00) =
(a¡d)2

9(jN j¡1 )
<
(a¡d)2

9jN j2
i¤ jN j> 2,

V (S 00;P 00) =
(a¡d)2

9(jN j¡1 )
<

(a¡d)2
jN j
3 (

jN j
3 + 1 )2

i¤
(jN j)2
9

+
2(jN j)
3

+ 1 < 27¡ 27
jN j,

andalltheseconditionsaresatis…edfor5·jN j·1 0 . H ence, thedeviationP ! N P ¤ is
deterred(withP symmetric).

(ii)P 06=P ¤(i.e. allplayersdeviatefrom P toanothersymmetriccoalitionstructureP 0,
withP 06=P ¤). FromP 0aplayerideviatestoformasingleton. Thatis, P 0 ! figP 00. From
P 00, takethesequenceofmoveswhere, ateachmove, oneoftheplayersbelongingtothe
biggestcoalitioninsize, deviatestoformasingletonuntilwearrivetoP . From P occurs
thedeviationofcoalitionN nfig tothecoalitionstructureP 000withP 000=fN nfig;figg
andsuchthatP 000À P 0. A sbefore, itisimmediatetoseethatV (fN nfigg;P 000)< V (¢;P )
forsomeplayeri 2 N (theinitialdeviatingcoalition)wheneverP is symmetric. So, the
deviationP ! N P 0(withP andP 0symmetric) isdeterred.

T herefore, theenlargingdeviations P ! S P 0aredeterred.
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