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Abstract. We introduce a new model of a club economy as a two stage
game. Players derive utility from consumption of private good, consumption
of public good, and the profile of crowding characteristics —those character-
istics of a player that directly affect other players — of members of the same
club. In the first stage of the game, players choose amounts to consume of
an endowment of private good. The crowding characteristics acquired by a
player are determined by this choice of consumption level, as is the amount
of private good ‘left over’ to contribute to the production of the club good in
the second stage of the game. In the second stage of the game, given the pro-
file of crowding characteristics of the total player set, club memberships are
endogenously determined by competition, modelled as a price-taking Tiebout
equilibrium. We establish conditions for the existence of a subgame perfect
equilibrium and some characterization results on the similarity of players
within clubs.



1 Introduction

The essential idea underlying models of Tiebout economies or, in other words,
economies with multiple clubs is that the benefits of forming large clubs or
jurisdictions are eventually offset or almost offset by negative externalities
due to congestion or other problems associated with the organization of large
groups of players. Conley and Wooders (1996,1997) introduced the idea of
separating the crowding effects of a player — those characteristics of a player
that directly affect other individuals in the same club — from other character-
istics, such as tastes, which are presumed to have no direct effects on other
members of the same club. In Conley and Wooders (1997) the crowding type
of each individual player is exogenously given and decentralization of the core
with anonymous prices, that is, prices depending solely on crowding charac-
teristics, is demonstrated. In Conley and Wooders (1996, 2001) individuals
pay costs for the acquisition of crowding types, such as educational level.
Thus, the authors can show that in addition to the more traditional roles of
generating efficient provision of club or public goods and allocating players
over jurisdictions, anonymous competitive prices can also be used to induce
players to make optimal educational investment and labor market choices.
In this model, we assume that players acquire crowding characteristics
through consumption of a private good. Following Conley and Wooders
(2001) we also consider situations where players may have different genetic
abilities so that the same pattern of consumption by two different players
does not necessarily lead to the two players acquiring the same crowding
characteristics. The main point of departure of our approach is the manner
in which crowding characteristic arise endogenously in the model. To be pre-
cise, in Conley and Wooders (2001) players essentially ‘buy’ their crowding
types from a set of crowding characteristics. In our model the crowding char-
acteristics of a player are a by-product of his private consumption. Therefore,
we accommodate not only external effects that are strategic choices make in
response to market signals but we also accommodate external effects that
arise indirectly. In a sense, our framework simultaneously extends the mod-
els of Conley and Wooders (1996,1997,2001). The relation between private
consumption and crowding type is given by a function that maps from private
consumption into crowding types and depends on the unobservable genetic
type of the player. In other words, when a player decide his private con-
sumption, he makes choices that could affect his crowding characteristics.
For example, a player may like to dance. Dances are a club good and clubs



with money to spend (private good) can afford to hire great dance bands
while poorer clubs can only afford disc jockeys or perhaps only radios. Di-
versity of tastes for public goods and also negative aspects of ‘huge’ dance
clubs (think of a huge meeting of economists) may lead to a preference for
dance clubs of moderate size. A player can spend his money on private con-
sumption (dance classes, for example) that he may enjoy and may influence
his desirability as a salsa club member. Or he could spend less on dance
classes and have more money to contribute to hiring a dance band. Alter-
natively, a player may spend income on acquiring business skills or retain
income to go into a business partnership.

To study our context we explore a strategic approach of the model, that
is, we assume that players behave strategically. We design a Nash game with
two stages. In the first stage of the game, players choose private consumption
levels and consequently their crowding types. In the second stage, with the
crowding profile of the economy already fixed, the players choose their club
memberships. Since in the second stage of the game the strategy set is finite
we consider mixed strategies in order to obtain a solution for the game, that
is, we suppose that players choose lotteries - a probability distribution - over
jurisdictions. First we illustrate this conception with an example and then
we show that the game has a subgame perfect equilibrium. We note that our
use of lotteries was motivated by Garratt and Qin (1996).

In the context of choice of crowding type, a two-stage game is more nat-
ural than the static frameworks of Conley and Wooders, especially when
crowding types are endogenous. For many crowding types, it is easy to
imagine that choice or formation of crowding characteristics occurs before
individuals join jurisdictions, clubs or firms. Education is a prime example.

Another important issue in this literature is how players sort by tastes
across clubs. Indeed, if taste-homogenous clubs are optimal that means that
clubs where players have the same tastes are more efficient for the provision
of public good. Taste-homogenous clubs are optimal when crowding is anony-
mous but not necessarily optimal when crowding is differentiated, namely if
crowding types are endogenously given and the players have the same genetic
abilities. However, if differentiated crowding types are exogenous given or
are endogenously given but players have differential genetic endowments or
preferences over the crowding type, in general taste-homogenous jurisdiction
are not optimal, [see Conley and Wooders 2001, table 1]. In Conley and
Wooders (2001) it is proved that a strong form of small group effectiveness
implies weak essentially taste homogeneity, that is, it is possible to homog-
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enize players with the same crowding type by taste in a core club. In our
context we show that this is true only if we add a restriction. This restric-
tion could be that some critical levels of consumption are required to reach
a specific crowding type or that more expensive crowding types are more
preferred.

Finally, we note that this version of our paper is preliminary. In addition,
we have not included a complete set of references. We note, however, that
our model is related to several papers in Demange and Wooders (2005), in
particular, the contributions of Demange (2005), Conley and Smith (2005),
Le Breton and Weber (2005) and Jaramillo, Kempf and Moizeau (2005) and
a number of references in these works.

2 The Model

2.1 Formal Elements

We consider an economy with one private good and [ players indexed by
ie{l,.,.I} =T.

There are T different types of preferences, indexed by t € {1,..., T} =T.
A mapping 7 : Z — 7 ascribes a taste type to each player in the economy.

Each player in the economy acquires a crowding characteristic, ¢ € {1, ...,C}
= C as a result of his private consumption. However the effect of private
consumption on crowding profile depends on characteristics inherent to the
player, which we will call the player’s genetic type. Accordingly, we assume
that each player is also endowed with a genetic type, g € {1,...,G} = G. Let
v :Z — G be a function assigning each player i € 7 a genetic type, that is,
v(i) = g for some g € G. Thus, a player with genetic type g is character-
ized by a function that associates to each level of his private consumption a
crowding characteristic.

c,: X —C,

A main feature of a Tiebout economy is that it is optimal or near-optimal
to players to be separated into relatively small clubs/jurisdictions in order
to consume public goods within their jurisdictions of residence. Let & =
{s1,...,55} be the set of potential jurisdictions and let ) be the set of public
projects. Each club s; produce a public project y € V.



As usual in differentiated crowding models we assume that the utility
of a player is affected (positively or negatively) by the profile of crowding
characteristics of the players living in his jurisdiction. Denote a profile of
crowding characteristics by

n=(ni,..,ng) € Z°,

where Z is the set of non-negative integers and n. is the number of players
who has crowding type c¢. For any given vector of private consumption x =
(x1,...,21), we define an assignment

A(x): T —C

which assigns a crowding type to each player, A (x) (i) = ¢y (7;).

A taste type t is described by an endowment of private good w; € R
and a preference relation >, defined over R x ) x C X Zf. Let us denote a
consumption bundle as (x,y,c(x),n), where z is the level of private good,
y is a public project, ¢ (x) is the corresponding crowding type and n is the
crowding profile of the jurisdiction in which the player resides.

2.2 Monotonicity:

Crowding affects production. The production technology, commonly avail-
able to all, is given by the cost function

f:Yx2z¢—R,

where f (y,CP (A,s)) is the cost in terms of private good of carrying out a
public project for jurisdiction s under assignment A.

A feasible state of the economy, (X,Y, A(X), S), is an allocation of private
good for each player, X = (x1,...,2s), a public project for each jurisdiction,
Y = (y',...,y%), an assignment A(X) of players to crowding types and a
partition S of the population such that for all i € Z,

3w — @) = S f (4", CP (A(X), s¥)) > 0.
i€T k

Denote the set of feasible states by F. The pair (7,7) is a feasible allo-
cation for a club s under assignment A(7) if, for all i € 5,

D (wi—m) — f(7,CP(A@),5)) > 0.
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A club s € S producing a feasible allocation (7, %) under assignment A (7)
can improve upon a feasible state (X,Y, A(X),S) € F if, for all i € 3,

(Ti,7s Cy0) (T2) , CP (A(T) ,9)) vy (21,9, ¢y (27) ,CP (A (), 6%)),

where i € s* € S in the original feasible state, and for some j € 5 it holds
that

(T, 7, ¢y (25) , CP (A(T),3)) =05y (25,0", ¢y (), CP (A(x),5")),

where j € s* € S in the original feasible state. A feasible state
(X,Y,A(X),S) € F is in the core of the economy if it cannot be improved
upon by any coalition.

2.3 Equal Treatment and Strict Small Group Effec-
tiveness

We consider now economies in which gains to coalition size are limited. For-
mally, an economy is said to satisfy strict small group effectiveness,
(SSGE), if there exists a positive integer B € Z* such that:

1. For all core states (X,Y,A(X),S) and for all s* € S it holds that
‘sk‘ < B.

2. If a feasible state (X,Y, A(X),S) can be improved upon, there ex-
ists a coalition 5 € § such that |s| < B which can also improve upon
(X,Y,A(X),S).

3. Forallt € 7, and g € G, it holds that either
{ieZ:7(i)=t, v(i)=g}|>Bor|{ieZ:7(i)=t, ~v(i)=g} =0.

SSGE implies that players of a given type are equally treated in the core.
We note that the above form of SSGE is made for convenience.

The following result is demonstrated in Conley and Wooders (1997) for
their model and is crucial to decentralizability of the core by prices that
depend only on the crowding characteristics of players. In brief, the result
states that players in clubs with the same crowding profile and the same
public projects must make the same implicit contribution to public good
production. We state the result and then address whether it holds in the
context of our model.



Theorem. (Conley and Wooders 1997) Let (X, Y, A (X),S) be a core state
of an economy satisfying SSGE. For any two individuals 7,2 € 7 such that
7(i)=7@{)=tand v(i) = (2) = g, if i € s*, and i € s* then

(Qii, y", ¢y (r;),CP (A (X), Sk)) ~t (xi’ v, ¢ (2:),CP (A (X9, Sk))

To prove this result we have to make some additional assumptions. We
exhibit two different proofs that rely on different assumptions.

Assumption 1: For all genetic types g the function cg : X — C is a
step function and for every a € X, lim g () = cg (a), that is the function

cg (+) is right continuous.

Assumption 1 can be motivated by the idea that sometimes certain critical
levels of consumption are required to reach a specific crowding type. For
example, for some universities one must be in residence for a period of a
minimal number of years to obtain a degree.

Assumption 2:

(a) If z1 > xo then every player type of type t prefers crowding type
cg (1) to ¢, (x2) for every genetic type g.

(b) If in a jurisdiction we replace a player with crowding type cg4 (x2) by
a player with crowding type ¢, (x1) (with x1 > x4), this new crowding profile
of the jurisdiction still able to produce the same public good and the utility
of the players that stay in the jurisdiction does not decrease with this new
Jurisdiction crowding profile.

In other words, Assumption 2 states that more expensive crowding types are
more preferred (a sort of Veblen effect for crowding types) and a sort of free
disposal of crowding type level- players who consume more of the private
input that determines crowding type are at least as desirable and capable as
those who consume less of the private input.

Theorem. Let (X,Y,A(X),S) be a core state of an economy satisfying
SSGE, and satisfying Assumption 1 or Assumption 2 and let s*, sf eS

be a pair of jurisdictions in the core partition such that y* = y*, and
CP(A(X),s") =CP <A ()?) ,sk). Then for any crowding type ¢ € C,



and any pair of players i € s* and 7 € s* such that Cyi) (25) = ¢y (13) = ¢,
it holds that
Wr (i) — Ty = Wr(z) — T

The proofs are given in the Appendix, the first proof uses Assumption 1
and the second proof uses Assumption 2.

Remark: Assumption 1 implies that for every x € X, if cg (z) = ¢, there
is € > 0 such that, cg (x +¢) = c. Assumption 2 is not appropriate if we
consider a model with only two crowding types, where a player could be
smoker or non-smoker, for example. In this context it is acceptable that if a
player increases own private consumption, initially he could be a non-smoker
and then become a smoker. Providing that being a smoker is not a valuable
characteristic for other players, increasing consumption of cigarettes does not
make the player more attractive to other players. Furthermore, a jurisdiction
crowding profile resulting from replacing a non-smoker by a smoker does not
leave the other players in the jurisdiction indifferent or better off, the utility
of the other players may decrease.

Let 0. (A,s) ={t €T :3i € ssuch that 7 (i) =t and A (i) = c}.
Weak Essentially Taste Homogeneity (WET): Consider any ¢ € C
and any jurisdiction in the core partition s* € S such that ’96 (A, sk)‘ > 1.
Consider any player i € s* such that A (i) = ¢, and suppose that 7 (i) = ¢
and v (i) = g. Then there exist a jurisdiction s € S and an allocation
(Z,y) which is feasible for 5 under with the crowding profile A (Z) such that
0. (A(Z),s) ={(t,g)} and for all j € 5 it holds that

(5.5 ¢ (7)) . CP (A(®).5)) =) (o505 e (27) . 0P (A (F) .51))

where j € sk € S in the core state.

In other words, a core state is WET if for any ¢ € C and any jurisdiction s*

in the core partition which contains at least one player of taste type ¢t and
crowding type c it is possible to form a new jurisdiction in which all players
of that crowding type c are of type t and which leaves all of its members at
least as well off as they were in the core state.



Theorem. If the economy satisfies SSGE, the core of the economy satisfies
WET.

Example: This example illustrates an economy where Assumption 2 is not
valid and suggests that weak essentially taste homogeneity could not be valid
in an economy where the crowding profile is determined by private consump-
tion.

Crowding types: {smoker, no smoker }={S, NS}.

Genetic types: {g1, g2} with

9o and z < 7.

NS it x<2 NS it <7
Cor () = S if x>x =V § if z>7

Preference types: {Indifferent, Almost Hater}={I, AH}
The utility received by a player who lives in a jurisdiction with two play-
ers:

U/ (NS;NS) = 5 Uag (NS;NS) = 10
U[(NS,S) =5 UAH<NS,S) = 5
U](S,NS) = 5 UAH(S,NS) =0
U[(S,S) = 5 UAH<S,S) =0

The first coordinate in the utility denotes the crowding type of the player
of who we are evaluating the utility and the second coordinate denotes the
crowding type of the other player in the jurisdiction.

Let there be 100 players of each of all four possible taste and genetic
types: Ig1, Igo, AHg, and AHgs.

In a core jurisdiction with two types, both with the same crowding type
but different taste and genetic types, for example: (NSrg,, NSamg,) it is not
necessarily true that the players make the same contribution to the public
good. Let us denote by ¢/ and i", respectively the players in this jurisdiction.

It is possible that the player ¢’ is making a smaller contribution to public
good provision than 4", that is, wy — zy < w; — x. In fact, we can not
improve the core allocation if z,» = Z. If we replace player ¢ by a player 7
of type AH gs,giving him z; such that wy — zy < w; —a; < wy — x, then
x; > x,;m, the private consumption is above = and the player became a smoker
which worsen the utility of the player i".



2.4 Tiebout Equilibrium

A Tiebout price system for crowding type c¢ is a mapping
pe:Y X N, — R,

where p. (y,n) is the price that a player who is crowding type ¢ would have
to pay to join a jurisdiction producing public good levels y and having a
crowding profile n. The price system is anonymous in the sense that depends
only on the observable characteristics of players (crowding types) and not
on unobservable characteristics (tastes and endowments). The set of price
systems is denoted by P.

A Tiebout admission price system denoted by p is simply a collection
of such price systems (one for each crowding type).

Definition. A Tiebout equilibrium is a feasible state (X,Y, A (X),S) €
F and a price system p € P such that:

1. For all s* € S, all individuals i € s*, all alternative crowding profiles
ne Zf, all alternative consume choice T; with ¢ = ¢, (¥;) such that 7, > 0,
and for all alternative public projects y € ),

(wry = payi (U, CP (A(X),5%)) 4", ey (1) , OP (A(X) ;%)) =7
(wrsy = pa@e) (U, CP (A(X),3)) 70,7, ey (Ti) 7).,

2. For all potential jurisdictional crowding profiles n € Zf and public
projects y € V,

Z ﬁcpc (g7 ﬁ) - f (g7 ﬁ) <0.

{ceC m.>0}

3. For all s € 9,

ZPA(x)(i) (v",CP (A(X),s") — f (", CP (A(X),s")) =0

icsk

Theorem. If a feasible state (X,Y, A(X),S) and a price system p is a
Tiebout equilibrium then (X, Y, A(X),S) is in the core.
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3 A Strategic Approach

In this section we assume that the preference relation of each type in the
economy, >;, is represented by a quasi-linear utility function,

ut('r? Y, C(l‘), n) =T+ ht(y’ C(Z‘), n)

We establish a new approach of the previous model, by assuming that the
players behave strategically. We consider a Nash game with two stages with
observed actions, that is, all players knew in the second stage, the actions
chosen at the first stage and all players move simultaneously in each stage.
In the first stage the players choose private consumptions, which, given the
relationship between private consumption and crowding type, entails the si-
multaneously choice of crowding types. In the second stage, with the crowd-
ing profile and private consumption already fixed, players choose public good
consumption clubs.

In the first stage the strategy set for each player-player ¢ is the consump-
tion set:

Wi = [0,wr] -

Given that the choice of private consumption means also the choice of
the crowding profile we describe the strategy profile for the first stage of the
game as a vector of private consumptions and related crowding types,

(X, A(X)) = (@1, ..., zr, ey (1), oy eyny (@) € Wi X - - X Wy xCx -+ - X C.

In the second stage of the game, the players know the history of stage 1,
that is, they know the crowding profile of the population and they choose
which club to enter. We assume that the player play mixed strategies, that
is, they choose a lottery - a probability distribution - over clubs.

The strategy set for each player is given by

J
AJ—{piERi:Zpij_l},
j=1

where p;; is the probability that players ¢ is in jurisdiction s7. Let

S = {S = (sl, ceey s") : S is a partition of the population } ,
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that is, S is the set of all possible partitions of players through the J juris-

dictions. An allocation of individual lotteries for the economy is a I- tuple

Vldual’lo’tterles P, corresponds a joint lottery over the set S. Thus, individual
lotteries are marginal distributions of the joint lotteries. We denote the joint
lottery over S, corresponding to P, by L. These concepts are illustrated in
the following example:

Example 1. Let I = 3 and J = 2. Suppose that players 1 and 2 have
crowding type ¢ and player 3 has crowding type ¢/. Consider the following
individual lotteries over clubs:

Individual Lotteries
Clubs S1 | 8o
Probabilities | p; | p2
player 1 % %
player 2 % %
player 3 }L 1

Then the corresponding joint lottery is given by,

Joint Lottery - L
Potential clubs-S | Crowding Profile

Probability

@,41,2,3})

0, {c c,c'})

{1}.{2,3}

{c} {e.c}

{2}.{1,3}

{c} {e.c}

{3}, {1,2}

{} {ec}

{1,3},{2}

{e.d} {c}

{2,3}, {1}

{c C’} {c}

( )
( )
( )
({1,2},{3})
( )
( )
( )

{1,2,3},0

( )
( )
( )
(et {d})
( )
( )
( 0)

e NI NI NS NN N

Let

:{sj:iesj},

that is, the set S{ is the set of potential allocations of players to club s’ contin-
gent on player 7 belonging to s/. In Example 1, S{ =
In order to evaluate the utility of each player it is necessary to consider
the crowding profile of the clubs to which the player might belong. Let

12
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CP (Sf ) denotes the corresponding set of potential crowding profiles of
the club s/ conditional on player ¢ belonging to club s’. In Example 1,
CP(S}) = {{c},{c,c},{c,d},{c,c,d}}.We denote the elements of the set
Sg by sg "forh=1,.., #Sg and the corresponding crowding profile by cp(s{h)
for h =1, .., #Sg.

The joint lottery, L, induce a conditional distribution over Sg , that we
denote by ¥, that is, [¥"" denotes the probability of the allocation 7" for the
jurisdiction s? given that i € s/, given by the distribution /§’. In summary, a
given allocation of individual lotteries P = (p1, ..., pr) induces a joint lottery
L over the set of pure allocation of player through jurisdictions and a collec-
tion of conditional distributions over jurisdictions that contains the player ¢,

{li = (lfl, ey lfJ> i=1,..., I} with Sg being the support of the distribution

lfj forall j=1,..,Jand ¢ =1,...,I. In the following three tables we describe
the distributions l‘fl, l;l, l§1, lfQ, l§2 and l§2 for the example 1.

=
—
—

Si | CP(S) | i S; | CP(S)) | I3 S; | CP(S3) | 3
{1} {0 [S {2} {¢ |2 {3} {} |2
{1,2} {c, c} 1% {1,2} {¢c,c} % {1,3} {¢,d} %
{1,3} {¢,d} % {2,3} {¢,d} % {2,3} {¢,d} %
{1,2,3} | {c,c,c} % {1,2,3} | {c,c,c} % {1,2,3} | {c,c,c} %
St CP(S}) | If S CP(S}) | Is S3 CP(S}) | I5
{1,2,3} | {c,c,} % {1,2,3} | {c,c,c} % {1,2,3} | {c,c,} %
{1,3} {c¢,} % {2,3} {c,d} % {2,3} {c,d} %
{1,2} {c, c} % {1,2} {c, ¢} % {1,3} {c¢,d} %
{1} {¢ |1sll {2} {c |3 {3} ¢} |3

Since the private consumption of each player is already fixed, the contri-
bution of player i to the public good is given by the surplus of his endow-
ment over his private consumption, w;; — ;. Therefore, we consider that
a club s’ with crowding profile cp (s7) make use of all available private good
> (wT(i) — xl) to produce the public good, that is, in each club the public

i€sd
good 37 produced solves the equation:

F@ep (57) =D (weiy — ) -

i€sd
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That is, a jurisdiction s? with crowding profile cp (s?) make use of all available
private good > (wT(i) — ZEZ) to produce the public good for its given crowding
€81
profile.
For a given sequence of strategies for the two stages of the economy, the

payoff of player 7 is the expected utility described by,
U Wy x--xW;xAMx---x AN — R

J #S!

U’i (xlw";x[?pl)"'vpf ij lej Ur (1) (xivyjhvcv(i)( ) Cp( Jh)) :

7=1 h=1

or yet

J #S!

Ui (21, ... @1, p1y .o, P1) —%%—Zp]ZlS < L Cy() (T ),cp(szh».
7j=1

Definition. A strategy profile (X*, P*) € Wy x --- x Wy x A7 x --- x A7 is
a Tiebout equilibrium for the economy if it is a subgame-perfect equilibrium
for the two-stage game G = {(VVl x A7, Ui) =1, ...,I}.

Theorem. An equilibrium exists.

Proof. To be inserted. We note that the proof depends on compactness
of the choice sets in both stages of the game, and our assumptions enduring
upper-semi-continuity. Our use of lotteries then enables us to apply a fixed
point theorem to obtain existence.
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4 Appendix

Theorem. Let (X,Y, A(X),S) be a core state of an economy that satisfies
SSGE. For any two players 4, © € Z such that 7 (i) = 7 (i) = ¢ and v (i) =

v (7)) =g, if i € s* and 7 € s* then

(21,5, € (), OP (A(X) ,5%) ~ (23,7 € (2), CP(A(X), 5")).

Proof. Suppose not. By SSGE, for all s* € S, |sk| < B, and for this par-
ticular ¢, |{i € Z:7 (i) =t, and 7 (i) = g}| > B. Then, there exist at least
two players with the same type (¢, g) who are in different clubs in the core
partition S. Let us assume without loss of generality the two players with the
same type but members of different clubs are not equally treated. Suppose
that

(215" ¢ (), OP (A (X) ,5%) =0 (23,57, € (22), CP(A(X), 5")).

We claim that this is not possible in a core state. Consider the club
5 = {s"\i} Ui Let the allocation for 5 be (Z,y) with § = y* |, 7; = aF
if i # 7 and for player i, T; = z¥. Then, the club s is formed by replacing
player ¢ with player i. The allocation (Z,y) for 5 is identical to (:Uk,yk)
except that player 7 has the same consumption of player ¢ and because he is
of the same genetic type he has the same crowding type as player i. Then,
by construction CP(s) = CP (s*) and D icsk Wr() = D jes Wr(j) it follows
that (7,7y) is feasible under assignment A (7) for jurisdiction 5. It is true
that for all j €5, 5 # 1,

(fj’g Cg (T]) ,CP (A (7) 75)) ~7(j) (xjv yk> Cg('rj)? CP(A(X)’ sk))v
and for player 2

(B30 (7). CP (4 (%) .5)) ~ (11, (1) CP (A(X)
~t (xi’yk’ ( )OP( (X) g

)-
That is, all players in 5 are at least as well off, and player 7 is strictly better

off. This allocation improves upon (X,Y, A (X),S) which contradicts the
hypothesis that it is a core state.

Theorem. Let (X,Y, A(X),S) be a core state of an economy satisfying
SSGE, and let s*, s € S be a pair of clubs in the core partition such that
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y¥ = y*, and CP(A(X),s*) = CP(A(X),s*). Then for any crowding type
¢ € C, and any pair of players i € s* and 7 € s* such that ¢, (z;) = cy) (77),
it holds that

Wr )y — Ty = Wr(z) — -

First proof:

Suppose not. Without loss of generality, assume

Wr() — Ti > Wr(z) — Ti,

v (i) =g and 7 (i) = t.

By SSGE, for all s* € S, it holds that ‘sﬂ < B, and for this particular
g and t it holds that |{i € Z : 7 (i) = ¢, and 7 (i) = g}| > B. It follows that
there are at least one player of type g and ¢ who is not in club s*. Denote
this player by i € s* # s*.

We can consider the club 5 = {sk\i} U 7, which follows by replacing

player 7 with 7 in club s*. Let the allocation for 5 be (Z,7) with 7 = 3*,
T; = 7; if j # 7 and for player i, T; = x; + € with € > 0 such that such that
Wr)y — T > Wey — (T +€) > wes) — 25, and ¢g (7;) = ¢4 (x; +¢). Then,
the club 5 is formed by replacing in the club s* player 7 with player i. The
allocation of player i is feasible because wy—T; = w— (T + €) > wee—x; > 0.

This reallocation stills a feasible plan for s because player 7 is replaced by
player 7, the net collection of private goods for the public projects production
is superior for club 3 than it was for s*:

> (wegy = 75) > 2 (we() — ).

jesk Jjes
For all j € 5, such that j # i,
(5,7, ¢y (T;), CP (A (X),5)) ~ry) (@50, €400 (@), CPA(X), 5%)).
3 Y Cy(G) i) 5 ; () \Tj Y5 Cy(i)\Tj), )
By construction 7; > x;, then monotonicity implies:

(7., 7.¢q (T;),CP (A(X),35)) =t (z1,9", ¢4 (w3) ,CP (A(X), "))

Since player i and i are both type g and ¢ by Theorem 1 they are both equally
treated in the core, (z;, y*, ¢ (z;),CP (A (X),s")) ~ (27 y*, c(z;), CP(A(X), s%))
and finally:

(7.,7,¢(T;), CP (A(X),3)) = (259", c(a;), CP(A(X), s")).
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In words, all players in 5 are at least as well off and player 7 is strictly
better off. This allocation improves upon (X, Y, A(X), S), which contradicts
the hypothesis that it is a core state.

Second proof:
Suppose not. Without loss of generality, assume

Wr() — T > Wr(z) — Ti,

v (i) = g and 7 (7) :t.

By SSGE, for all s* € S, it holds that ‘s’ﬂ < B, and for this particular
g and t it holds that |{i € Z : 7 (i) = ¢, and 7 (i) = g}| > B. It follows that
there are at least one player of type g and ¢ who is not in club s*. Denote
this player by i € s* # s*.

We can consider the club 5 = {sk \? } U4, which follows by replacing player
7 with 7 in club s*. Let the allocation for s be (7,7) with y = y*, 7; = 5
if j # 4 and for player i, @5 is such that such that w, — T; = W) — ;. For
player 7 note that w; —7; = w4 — 73 < wy — @, then T; > ;. Then the
crowding type of player 7 which is ¢, (7;) is preferred to cy(z;) = ¢ (73).

This reallocation stills a feasible plan for s because player 7 is replaced by
player 7, the net collection of private goods for the public projects production
is the same for club 3 as it was for s*:

EA (wT(j) — :/Ej) = Z (wT(j) — fj), because W, (3) T; = W) — T By

jesk jES
other side, the crowding profile of the club s* is the same except for player 4
whose crowding type was enhanced relatively to the crowding type of player
2.

For all j € 5, such that j # i,

(7.7 1) (7). CP (A (X) .5)) =) (35,9 0,9)(&), CP(A(X), 8Y)).

By construction 7; > z; and c,(7;) is preferred to c,4(x;), then monotonicity
implies: (7, y,cg( z;),CP (A( ),35)) =¢ (zi,9% ¢y (z;),CP (A(X),s%)).
Since player 7 and 7 are both type (g,1) by Theorem 1 they are both equally

treated in the core, (xl,y ,C ,CP ( )) (%73/ ,c(a;7), CP(A(X), E>>

and finally:

(.9, ¢ (@), CP (A (X) ,5)) =1 (w7,", €300 (7), CP(AX), s)).
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In words, all players in 5 are at least as well off and player 7 is strictly
better off. This allocation improves upon (X, Y, A(X), S), which contradicts
the hypothesis that it is a core state.

Theorem. If the economy satisfies SSGE, the core of the economy satisfies
WET.

Proof. Let us take a crowding type ¢ € C, and a club s* in the core such
that |GC (A, 3’“)‘ > 1. Let us consider a player i € s* such that (5 (x,) =

¢, 7(i) = g and 7 (z) = t. For the club s* we have CP (A(X),s") =
(n’f, o ng) By SSGE, there exist enough players in the population to create
a club s, of n* players such that for all j € s., v (j) = g and 7 (j) = t, and
if j € s*, then ¢cy(xz;) = c¢. Consider also the club: sz = {i € s": A (z;) # c}.
This two club s. and s; are disjoint by construction. Let § be the union of
these two club,

5§ =8.U sz

In words, sz consists of all players in s* who were not of crowding
type c. The other group of players s. consists of players of type (g,t) from
either outside coalition s* or from the set of players in s* who already was
of crowding type c.

The allocation for this club is the following:

(1) let g = y*;

(2) for all j € sz let T; = ;3

(3) for all j € s. let T; = x5

By (3) for all j € s., cy(jy (T;) = ¢4 (27) = ¢, therefore CP (A(7),3) =
CP(A(z),s).

Let us show that this is feasible for s.

By construction 6, (A4,5) =t € 6. (A, s"),

Y (wp—m)= Y (wp—w).
i€se {iesk:c(azi)#c}
By Theorem 2, for all i, j € s*, such that ¢, (z;) = ¢y (2;),

Wr(i) = Ti = Wr(5) — T3

Z (we —Tp) = Z (wr) — i) -

i€sc {iESk:c(mi):c}

Thus
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In follows that,

Y (wey —T) =D (wey — ).

1€3 icsk
Let us now check that all players in 5 are at least as well off as they were in
the club from which they came. If j € sz it is immediate since they receive
exactly the same public projects and private good level as they did in club
st Ifi € s, since v (i) = (i) = g and 7 (i) = 7 (1) = t, by Theorem 1,

(23,4, ¢g (w:) ,OP (A(X), 5%)) ~ (27,4", eg(a7), CP(A(x), s7)).

where i € s¥ € S in the core partition. Then since 7; = z7, § = y* and

CP(A(z),s) =CP (A ("), s"), we conclude that for all j €5,

(7,7, €4 (7)) . CP (A (X) 5)) ~r) (25,7, €55) (27) , CP (A (X)), s7)).
where j € s* € S in the core state.

Theorem. If a feasible state (X,Y,A(X),S) and a price system p is a
Tiebout equilibrium then (X, Y, A(X),S) is in the core.

Proof. Suppose not. Then there exists some club 5 € S producing a feasi-
ble allocation (Z, ), under assignment A( ) € A that improves upon the
Tiebout equilibrium. Consider an arbitrary player ¢ € s and suppose that he
contributes more to public projects production in the improving club than
he would have been required to contribute under the price system:

wriy — Ti > pae)) (7, CP(A (X),3)).
But by definition of a Tiebout equilibrium,

(wry = Pawye (Y™, CPA(X), ")), y", ey (2:) , CP(A(X), $))) =)

(wri) = pa@@ 7 CP(AX),3)),7, ¢y (Ti) , CP(A(X),3)))

where i € s¥ € S in the equilibrium state. Then by monotonicity,
(W) — paey (1 CP(A(X), 5%)), 5%y () , CP(A(X), 5)))
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=) (B0, T, €o00) (1) , CP(A(X),5))

which contradicts the hypothesis that (7,7) is an improving allocation.
Therefore, for all 7 € 5,

w()_'xl<pz4 <y7CP(A( )73))'
Remark that if Y (w.) — %) > f(7,CP(A(X),3)) then this club can
ics
also improve on (X, Y, A(X), S) with another feasible allocation in which the

surplus private good is redistributed back to the players in 5. Thus, without
loss of generality we may assume that

Z (wr@y —T:) = f(7, CP(A(X),5)).
ics
Suppose now that for some i € s,
ety — T < paceo (@ CP(A (X) 5)).
This imply that for some player j € 3,
Wr() = Tj > PaEy (¥, CP(A(X),5)).

This however, contradicts what we previously have shown. We conclude
that for all 7 € 5,

w4y — T = pa@ ) (7 CP(A(X),3)).

By hypothesis, the allocation (7, %) and the assignment A(X) is improving
for club 5. This implies that for some j € 5,

(wT(j) — PAz;) (57 CP(A(Y),E)),@, Cy() (TJ) ) OP(A(Y)7§>> ~7(j)

(%797(37]) (x]) OP(A( ), )) ~r(4)
(wr(g) = paw) (Y, CP(A(X), sM)), 4%, e\ (z;), CP(A(X), ) |

where j € k; € S in the Tiebout equilibrium. However, this violates the
definition of a Tiebout equilibrium.
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