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1. Introduction

In this paper, we consider agents located at points in a given social network, with
each player only able to observe and communicate with his direct neighbors. Initially,
each agent becomes informed with a probability p, independently of other agents. The
informed agents then offer to sell the information to their uninformed neighbors who
decide to accept or wait. The uninformed agents who buy the information can in turn
sell it to their neighbors, if these neighbors are uninformed. We analyze the equilibria of
this game.

“Neighbors” and “networks” need not be interpreted spatially. One can think of firms
in similar markets as “neighbors” and the discovery of how to solve the problem of minia-
turizing electronics, as in the 1970s, as the “information”. Firms in similar industries
become aware that their neighbors have solved a problem and might want to buy the
solution, which might be of use in a wide variety of other industries. Similarly, prices
need not be in terms of money but could be reciprocal exchange. Eric von Hipel [15]
discusses a network of steel mini-mills, whose managers exchanged information on how
to solve common problems, with the implicit contract being that each member would tell
the others of relevant information. Exchange of gossip also falls into the category of such
reciprocal exchange.

There have been many recent studies of learning through observing the actions or
strategies of one’s neighbors. Boyd and Richerson [5] consider this a fundamental means
by which behavior spreads and call it cultural evolution. Empirical studies such as those
of Banerjee and Munshi [2] show that the structure of the social network is especially
important when the markets function imperfectly. These authors consider the effect of
the social network on lending. In particular, it was found that migrants prefer to be
in places close to their community’s lending resources. This serves as evidence that
there are benefits to being in proximity to the social network. The authors show that
those who migrate to places with no access to the lending network are characterized by
higher production ability. The relative independence of these migrants emphasizes the
importance of the network for all the others who are less productive and therefore rely

more on the lending network’s benefits.



Foster and Rosenzweig [12] show that the structure of a social network plays an impor-
tant role in spreading information about new technologies. They demonstrate that for
farmers in India, imperfect knowledge about the management of high-yielding seed vari-
eties is a significant barrier to their adoption, and neighbors’ familiarity with these seed
varieties significantly increases profitability. This neighbor effect indicates that farmers
rely not only on official directions provided by the producers of the seed varieties but
also on the experience of the people they know, which serves as a good example of the
importance of a social network structure in information diffusion. Conley and Udry [7]
also argue that the learning process about new technology in agriculture (they consider
pineapple growing in Ghana) is rather social, and depends on one’s neighbors’ experience.
The social nature of adopting new technology is explained by different conditions (soil,
temperature, and so on) for different regions. The people paying someone they know
to do research on financial markets (which stock to invest in) is one more example of
information diffusion in a social environment.

This “network effect” — when people learn from their direct neighbors in accordance
with the established connections — is evidence of market failure because the agents do
not communicate with the rest of the group, and therefore information diffusion among
the population is not socially optimal. This failure can be corrected only through the
involvement of the government or related organizations; as Belli [3] observes, the agents
themselves can not achieve a good level of communication.

In many of these models, the best interpretation of the network is either as a com-
munication network or as a spatial structure. These models, however, do not explicitly
consider the sale of information or exchange with the promise of reciprocity as in the
earlier works mentioned.

This work combines three main theoretical strains in the literature: information diffu-
sion, exogenously given network structure, and rational agents who trade the information.
Muto [17] discusses the sale of information but does not model a network structure. He
addresses the question of diffusion of an information good from a monopolistic owner to a
finite number of demanders, and a seller being allowed to charge a price for the informa-
tion. Although this problem was considered within some community, the structure of the

connections was not taken into account. The assumption is that everyone is connected



to everyone. Muto stresses the role of information resale, and analyzes the monopolist’s
and resellers’ behaviors. If the resales are prohibited, then the outcome is always Pareto
optimal (and therefore the society reaches maximum welfare), but if resales are allowed,
then the outcome is not Pareto optimal. The author finds the number of final possessors
of the information good.

Irrational agents whose response to the neighbors’ actions is predetermined are studied
in numerous papers. Chatterjee and Xu [6] consider myopic agents and place them at
the integer points of the real line, i.e., everyone has exactly two neighbors. There are two
types of technology, R(ed) and B(lue). Technology R is better than B because it provides
a higher probability of success. Every period the agents decide on which technology to
use. If there was a success in the technology the agent used during the last period, then
he continues to use it. If there was a failure, then the agent chooses better technology
based on his own and his neighbors’ experience during the current period. The important
finding of the paper is that sooner or later all the agents will switch to using the best
technology.

Bala and Goyal [1] advance beyond the simple networks by taking into account an
arbitrary structure, and investigate the process of social learning from neighbors. The
agents are rational; however, the information about the right technology is not traded:
the results of using different actions immediately become known to the neighbors. There
is a finite connected social network of myopic agents who, without knowing actual payoffs,
try to figure it out from their own and their neighbors’ current and past experience. It
was shown that the agents’ beliefs converge to some limit with probability one, and this is
used to show that at infinity, the utilities of all the agents are the same. As the network
is finite, there is a chance that all the agents would not choose the right action (what
would not happen in an infinite network).

This paper investigates information trading and information diffusion in the social
network. The focus is on how the people trade, the equilibrium strategies and prices, and
the final information distribution across the agents.

By “information” we mean a good that has the following properties (see Muto [17]):

e It delivers some level of utility to a person who has it (commodity);



e It is possible to duplicate it without any loss in the utility (free replication);
e Once a person knows the information, it is impossible to prohibit him from knowing
it (irreversibility); and
e It is impossible to get utility from some part of the information (indivisibility).
For example, some financial information, technology, political news, or even gossip might
be considered as the information.

The important property of information is everyone’s ability to trade it. It can be paid
for by barter or money — we do not distinguish between the two. Again, one may argue
that it is difficult to trade gossip for money. It is true, however, by price here we mean
obligation to provide another story in return next time — we can hardly imagine a person
with whom other people want to share gossip and who never gives anything back. Usually
people are eager to hear hot gossip; therefore, we might suggest that this gossip has a
higher value, which is expressed in the amount of regular gossip.

“Social network” (“social environment”), in which the information diffusion is consid-

ered, is a set of agents with the following properties:

e Some agents are connected to each other (these agents are called “neighbors”);

e The agents are able to trade only with their neighbors.

This social network is conveniently represented by a graph, where the agents are located
at the nodes, and the connections of the agents are represented by the edges.

Only one sort of information is considered in the model. At the beginning, every agent
independently with the same probability learns this information. At each period (time is
discrete) the informed agents make offers to their uninformed agents by setting the price
in exchange for providing the information. If the buyer accepts the offer, he becomes
informed and can resell the information in the following periods of time.

The main assumptions made in the paper are the following:

1. Everlasting offers. Once made, the offer stays forever and the seller can not change
it later. This assumption is made for the sake of simplicity of proofs to avoid dealing with
evolving prices.

2. Limited observability. Any agent is always aware if his neighbor has the infor-

mation or not, and all the offers made to the agent during previous periods of time. The



agents, however, have only general knowledge about the rest of the network and the game
— who is whose neighbor, and what are the strategies, probabilities, distributions, and
so on. No agent knows who, besides his neighbors, has the information, and the offers
made to other agents.

The linear network is considered in the paper. Our main results are the following:
it is shown that for any initial parameters there is a stationary equilibrium where the
strategies do not depend on time, although the fraction of informed agents increases every
period. This equilibrium is possible because the agent’s beliefs about the distribution of
uninformed agents prior to the next informed agent do not change with time. The price
in the stationary equilibria does not converge to zero as it does in the random network.

The research demonstrates that for a small probability of learning the information
at the beginning, the sellers’ strategy always includes a mass point above the value of
the information. The existence of this mass point above the personal valuation of the
information leads to the possibility of a “low probability trap”, when some agents may
never get the information because both their neighbors make high enough offers at the
same time, and each of these offers requires reselling in order to get a non-negative payoftf.
Moreover, the probability for the agent with two uninformed neighbors to stay uninformed
forever does not change over time. For some initial parameters, this equilibrium is a limit
of equilibria of finite-horizon games.

For the high probability of learning the information at the beginning, the strategy of
the stationary equilibrium has continuous distribution below the personal valuation of the
information, which means that every agent will get the information.

The rest of the paper is organized as follows: in Section 2 the model is described and
the equilibrium concept is defined. The importance of the transversality condition in an
equilibrium is emphasized: the price the agent pays for the information does not exceed
the expected discounted utility of all the agents who will get the information due to the
transaction. The linear model where the agents are placed in the integer points of the real
line is considered in Section 4. The random matching example is considered in Section 5,

where in every period the agents randomly form a new network.



The General Model

This section considers a general symmetric network without cycles. For this symmetric

network the game is described and the equilibrium is defined.
The Model

Consider a network of agents without cycles, where every agent has exactly M neigh-
bors. Because of the same number of neighbors for each of the agents, this network has
the following symmetry: it looks the same way, whatever agent is located at the center
and whatever order we choose for all the neighbors. An example of such a network for

M =4 is given in Figure 1.

FiGure 1. Example of a network for M = 4.

There is one sort of information (for example, some particular technology) every agent
can use to extract a one-time utility w. Time is discrete, t = 0,1, ... The agents initially
obtain ii.d. realizations of a {0,1} random variable. If an agent gets a realization of
1 (this happens with probability p), he is “informed” (has the information), otherwise
“uninformed”. Once an agent has the information, he remembers it forever. Every agent
always knows who of his neighbors is informed; however, no one knows anything about
his neighbors’ neighbors.

At the beginning of each period, the informed agents (sellers) decide on making offers

to their uninformed neighbors (buyers). The offers are made separately to each of the



neighbors. A seller can make an offer immediately, or wait till the next period. The seller
offers the buyer the information in exchange for some price (the seller sets the price).
Once made, the offer stays forever and can not be changed.

Then, the buyers make the decision to accept one of the offers, or to wait. At the end
of the period the buyers with accepted offers become informed and can make offers during
the next period.

The discount factor is equal to 0 € (0,1). All the agents are risk neutral. The agent’s

utility is equal to
U 0, the agent is never informed;
6" (u —v) + W, the agent gets the information at period ¢,

where v is the price the agent pays for the information, and W is the total discounted
revenue from selling the information to the neighbors. The agents maximize their expected
utility.

The Strategies and the Equilibrium Concept

At every period t agent « has a personal history

h? - <{S?n}1]y:17 {<Stn ’Utn >}n 1 {(Stn 72}1&0;57 Stn )}n 1 (St y Ty ))

where
s, — the time when neighbor n got informed;
508 paB — the time when neighbor n made an offer, and the price offered;

599 pS 525 — the time of the offer to neighbor n, the price and the time of acceptance,

if any;

si,mg" — the time when the agent got the information, and the neighbor from whom
he got it.

All the histories are consistent across the agents and across time. Denote H; — the
set of all possible histories at time t. The state of the world at time t is the set of all
histories for all agents {h{},. The buyer is an agent for whom s{ = () (he has not got the

information yet), and the seller is an agent for whom s¢ € N.



The buyers’ pure strategy is the decision to buy the information from one of the neigh-

bors, or to wait (0 corresponds to waiting):
R*8 . H, — {0,1,...,M}.

The sellers” pure strategy for each of the uninformed neighbors is the decision to wait

(represented by ), which is also played for the informed neighbors) or a price:
R Hy — {Ry, 0}M.

Denote the sets of pure strategies by R” and Ry correspondingly. We allow mixed
strategies, i.e. some measures pp:(-) and pg(-) over RZ and RY.
We consider a symmetric case, i.e. all the agents use the same strategies. The network

does not contain cycles; therefore, we can assume that all the agents act independently.
Beliefs

The following parameters and functions constitute the agents’ beliefs:

1. Probability p, that an uninformed neighbor of an uninformed agent will get the
information during the current period ¢, conditionally that this neighbor is uninformed
at the beginning of the period;

2. Probability p;(1) that an uninformed neighbor of an uninformed agent has exactly [
informed neighbors at the beginning of period ¢;

3. Distribution Gy(v) of the lowest offer at the beginning of period ¢, conditional on
the fact that this agent has exactly [ informed neighbors and is still uninformed;

4. Expected payoff mg;(v) at time ¢ from selling the information to the specific unin-
formed neighbor at all the consequent periods by offering price v;

5. Expected payoff mp;(l,v) of the buyer with the lowest price v and with [ informed
neighbors at time ¢;

6. Expected payoff mg, at time ¢ from selling the information to the specific uninformed
neighbor at all the consequent periods;

7. Probability g (v) that the offer v made at time ¢ to an uninformed neighbor will be
accepted at time t + k.

As in Fudenberg, Levine, and Maskin [13], all the beliefs are calculated based on the
strategies played.
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Equilibrium Definition and Its Characterization

An analogue of the Perfect Bayesian Equilibrium is used in the model. In particular,
this means that any agent plays the best response to any history in accordance with his
beliefs, even if this history is not achievable under the given equilibrium strategies. This
equilibrium concept shares with the Perfect Bayesian Equilibrium the idea that every
agent maximizes the expected utility in every state, given the system of beliefs consistent
with all the other players’ strategies. Since there are infinitely many agents in the game,
we can not directly apply the PBE concept, but need to generalize it in order to apply
it to our context. This is similar in spirit to the local perfect equilibrium in Fudenberg,
Levine, and Maskin [13].

Definition. An equilibrium of the game is a sequence of strategies {up:(+), tst() b0

and a sequence of beliefs

e, 0e(1), Gu(x) s (v), wpe(l, v), Tse, gtk(v)}tZO )

such that the agents’ beliefs are consistent with the strategies and no agent with any
history (on or off the equilibrium path) can get extra payoff from deviating given that all
the other agents play equilibrium strategies.

Proposition 1. For any symmetric equilibrium there is an equivalent one (in terms
of buyers’ strategy, beliefs and expected payoffs), in which all the informed agents make
their offers immediately.

From the equilibrium definition, the buyers’ strategy is a function
Kt : {1,2,7M} —>R+,

which determines the threshold for the best price offered (reservation price), given the
number of informed neighbors. The sellers’ strategy is a distribution function Fi(-) of the
offers made to the neighbors who are still uninformed.
If all of the buyer’s neighbors are informed, then his strategy is simple:
Proposition 2.
Ky (M)=u VteN,.
We deal with an infinite-horizon game with infinitely many agents, where equilibria

may have the property of the Ponzi game, and the prices are not supported by the utility
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the agents get from the information. Indeed, from any equilibrium one might get a new
one by increasing Fi(-) and K;(l). To avoid this kind of situation, we will use a modified

transversality condition. We will require that
Kt(l) S u*EAtl \V/l,t, (1)

where Ay stands for the random variable representing the discounted number of unin-
formed agents who will get the information due to the transaction between the seller and
his neighbor, if the neighbor himself has exactly [ informed neighbors at period ¢. This
condition means that the price can not exceed the expected discounted utility of all the
agents who will get the information due to the transaction.

An example of an equilibrium when the transversality condition fails and the prices

grow to infinity is given on page 17.

Infinite Linear Network

This section considers the special case of an infinite symmetric network without cycles
— the infinite linear network (see figure 2), where every agent is connected to exactly two

other agents.

FIGURE 2. Infinite linear network.

General Results for the Linear Network

As in the general case, the sellers’ strategy is the distribution function of offers Fi(+),
and the buyers’ strategy is the threshold K;(l) for the prices when exactly [ neighbors are
informed.

Denote event “agent ¢ is informed at time ¢” as Zﬁ, and event “agent ¢ is uninformed

at time t” as AL
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The next proposition describes the agent’s beliefs about the distance till the first in-
formed agent. Although the fraction of informed agents increases over time (the agents
do not forget the information, and some of them buy it), this belief does not change over
time if the agent himself and his neighbor are uninformed.

Proposition 3. The number of uninformed agents preceding the next informed one,
conditional on the fact that the original agent himself and his neighbor are uninformed,

has geometric distribution with parameter p:
P(AEAA;? e A§+kA§+k+1|A§flA§) =p(1 - p)k-

The proposition claims that from the point of view of any uninformed agent with an
uninformed neighbor, the distribution of the number of uninformed agents preceding the
first informed one is geometric and does not depend on time. If the agent knows that his
right neighbor is uninformed, then he has a subjective probability (1 — p)* that the next
k agents to the right are uninformed.

This counterintuitive result holds for the following reasons. First, we calculate this
belief conditionally on the fact that the agent and his neighbor are uninformed. Second,
the initial distribution of the number of uninformed agents preceding the first informed
one is geometric because at the beginning everyone independently learns the information.
And third, geometric distribution has the property that is a discrete analogue of constant
hazard rate property of exponential distribution.

Denote V; = sup(supp F;(v)) — the maximal price that can be offered at period t. The
transversality condition limits this value. As the distribution of the number of uninformed
agents is known, the following proposition finds this bound.

Proposition 4. In any equilibrium satisfying the transversality condition, the price at
any period of time does not exceed

Vi < u—i—uZékkJ(l —p)'p =u (14—1) :
k=0 p

This proposition bounds the price by the expected utility of all the agents who are

located from one side of the informed agent. To go further, the bound of the price at

every period can be found more precisely.
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Proposition 5. For any period of time ¢ value V; < 5 for any equilibrium which

u
1-6(1—p
satisfies the transversality condition.

The upper bound W we found is achievable for some values p, and this is exactly
the price for the pure strategy equilibrium.
Proposition 6. For any value p € <0, MPT VAO+L | there is the unique pure strategy

equilibrium which satisfies the transversality condition, and

u
K((1l)= ———.

: Tl 26+1—+/45+1

There is no pure strategy equilibrium for p > ===,

As the buyers use the same strategy every period of time in this pure strategy equilib-
rium, the information always diffuses from an informed agent to his uninformed neighbor
if this neighbor has only one offer.

The equilibria when an uninformed agent with one offer always buys the information
has the property that is related to the distribution of uninformed agents. Namely, if the
probability that the uninformed neighbor’s neighbor has the information is equal to p
(from proposition 3), then the probability that during the next period the uninformed
neighbor of an uninformed agent will acquire the information is also equal to p (the
product of p and the probability that the information will be transferred, which is equal
to one). This is an informal proof for the following proposition.

Proposition 7. If in equilibrium an agent with one uninformed neighbor always buys
the information, then the probability that an agent with an uninformed neighbor will
become informed is equal to p and does not depend on time.

Stationary Equilibria

Proposition 7 showed that if an agent with just one informed neighbor always buys the
information, then the probability of an uninformed agent’s uninformed neighbor getting
the information equals p and does not change over time. This allows us to assume that
there might be stationary equilibria, where the strategies F;(-) and K;(1) do not change
over time: Fy(-) = F(-), K;(1) = K. In this subsection all the stationary equilibria will

be found and characterized.
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The property ”if the information always diffuses from an informed agent to his unin-
formed neighbor with just one offer, then there might be stationary equilibrium” can be

reversed.

Proposition 8. In any stationary equilibrium the following equality holds:
K(1) =V = sup(supp F'(v)),

i.e., an agent with only one offer will accept this offer immediately.
All the strategies possible in a stationary equilibrium can be characterized using the
following proposition.
Proposition 9. F(v) can have a continuous part
1 C
p v
for v € [pC, min(V, u)], where the constant C' > 0 is such that pC' < u and F(pC') = 0. If
K (1) > u, then the strategy F'(v) has a mass point at V' = K(1). If F(-) contains both a

continuous part and a mass point at V' > u, then
pC=(1-pV.

Based on proposition 9, there are three possibilities for F'(v):

1. F(u) € (1,00). The distribution function of the offers is

0, v < pC
— C C
Frw) =4 1-€ pe<o< i,
pC
1, U>ﬂ.

2. F(u) € (0,1]. The distribution function of the offers is

0, v < pC

1 C

=== pc<v<u
Fpe) =40 |

E—Z,U<U<V;

(1, v>V.

3. F(u) € (—o00,0]. The distribution function of the offers is

0, v<V;
1, v>V.

FP(v) =
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All three possibilities for F'(v) are depicted in Figure 3.

£r(v)

pCT? u VP ow

FIGURE 3. Stationary equilibrium strategies in the infinite linear network.
Left graph: strategy F]"(v); Center graph: strategy F3"(v); Right graph:
pure strategy FP(v).

Now our goal is to find out under which values of the initial parameter p each of
equilibria F™(v), F3*(v), and FP(v) exists.

All these strategies will exist for different values of p. To define the interval for each
strategy, we need the following technical lemma.

Lemma 1. For any 0 € (0, 1) equation
p—(1=0(1-p)1-p)+1—p)nl-p)=0 (2)

has unique solutions p* which belongs to the interval (0,1). Also,

. 2041 — VA 11
p > 25 .

For any ¢ two values p* and %H’T VA0 from lemma 1 divide the interval (0,1) into

three parts.
Proposition 10. The strategy F3"(-) exists if and only if

. (25+1—\/45+1 p*)

20
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The constant C' is uniquely determined by the equation

]%+5(1—p)—1i =1_5(51_ )<]%—1 m(p%)) (3)

Equation 3 is homogeneous in ¢, which corresponds to the intuition that for the given

probability p ratio
_pP
l—p

Qls
<l=

is fixed.
The pure strategy FP(v) is completely described by the constant V' > wu. In ac-
cordance with proposition 6, there is the unique pure strategy equilibrium for any
€ (O, %ﬁ], and the constant V' is equal to

u
1—-60(1—-p)?
Proposition 11. The strategy F"(-) exists if and only if p > p*. The constant C' is

V(1-p)
p

V=

equal to C' = , where V' is given by

u(l—9)
(1=6(1—-p)(1—0(1—p)*)+5(1—p)n(l—p)’
and V (p) is a decreasing function of p for p > p*.

V:

(4)

From formula 4, the value V' converges to u(1—4) as p — 1. Also, C converges to 0 and

therefore F(v) = ¢

}D — = weakly converges to zero, which means that the price converges
to zero with time.

For any p there is the unique stationary equilibrium. For small p, this is a pure strategy
equilibrium, for medium p this is an equilibrium with both a continuous part and a mass
point in F'(v), and for high p this is a completely mixed equilibrium.

A strategy FP(-) exists for p < 2t ‘/‘W, and a strategy F"(-) exists for p €
(%m,p*) Both of these strategies have a mass point V' > wu. Because this
mass point is above the agent’s personal valuation of the information, there is a non-
zero probability that an agent will get two offers V' at the same time, and therefore will
stay uninformed forever.

Proposition 12. In a stationary equilibrium with ¢ = 1 — F'(u) > 0 every agent has

probability 29~ > to stay uninformed forever.
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For any p < p* there is a non-zero probability that an agent will stay uninformed forever.
For p > p* every agent will get the information. This threshold p* divides interval (0,1)
into two areas of efficient and non-efficient equilibria. The analysis shows, that the the
answer to the question if everyone will get the information, depends not on the value of
the information, but on how well known this information is at the beginning.

Although those equilibria with a mass point above u might seem unusual, they are the
limit of finite-horizon games for small p. Namely, for any T consider a game which stops
at time 7', i.e., t=0,1,...,T.

Proposition 13. For small enough p the equilibria for the finite-horizon games con-
verge to the pure strategy equilibrium for the infinite-horizon game.

Therefore, the equilibria, when not all the agents get the information, are not only

impossible, but naturally appear as the limit of the finite horizon games equilibria.
Equilibria with Unbounded Price

The transversality condition restricts the values for the price (proposition 4). The
question is if an equilibrium with an unbounded price does exist. An example of the
family of such equilibria is given in this subsection.

For simplicity, we restrict our attention to the equilibria with pure strategies only.

Consequently, the following equation should hold for any t:
u—Vi+8(1—p)*Viy, =0.

After rearranging the terms, one can get

V B u _ ‘/t - 1—5(Y—p)2
161 -p2 61 -p)?

Taking into account that in the stationary pure strategy equilibrium maximal offer V =
w, we get

_ V,—V

As §(1 — p)? < 1, the difference V — V' grows exponentially if the initial V; is greater
than V:

(5)
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The only additional requirement for V; is that the seller does not deviate to offering u

at t =0, ie V(1 —p) > u.

Random Networks

This section deals with the random network model, when a new network is formed every
period of time. For this model, I find the equilibrium which satisfies the transversality
condition.

Every period of time the agents are randomly matched with M other agents, and the
network formed does not contain cycles. It means that at every period there is a new M-
network or several of them, and no past history influences an agent’s current or future
decisions. (The probability of being matched with the same partner twice is assumed to
be equal to zero.) Therefore, the agents’ actions are independent across time and across
neighbors, within the network(s).

As before, all the informed agents simultaneously make their offers and the uninformed
agents choose the best offer they have (if any). As we deal with a random network, the
informed agents make offers to uninformed ones every period of time, and the offers made
expire at the end of each period with the abortion of the connections. The agents use the
same strategies, i.e., the equilibria are symmetric.

A seller’s strategy is a distribution function of offers Fy(v). A buyer’s strategy is K;
— the maximal price at which he is ready to buy the information. As a new network is
randomly formed each period of time, K; does not depend on the number of informed
neighbors. As a part of equilibrium, there is a parameter p, — a probability that a
randomly chosen agent has the information.

Proposition 14. The sellers’ strategy is the distribution function
1 _1
Ft(’U) = — — Ct'U M-1, (6)
Y2
with the support [V;, K], where the the constant C; > 0,

V= (28 )M ™

1 —p

Vi = Vi(1 —p)M 1
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As K, coincides with V, later in this section V; will represent both constants.
Notice that an agent becomes informed once he has at least one informed neighbor. As

the probability of being informed is equal to p;, then

pi=p+ (1 —p)(1—(1—p)M)=1—(1—p)"*

1 —p = (1 —pt)M+1;

pe=1—(1—p)M, (8)
and p,; approaches 1 exponentially.
If the equilibrium satisfies the transversality condition, then

u(l — U U
sup%ﬁsup(u—l—w)<sup(u—|——):u+—<oo, (9)
t t Pt+1 t 2 P1

i.e., the supports of the distributions are bounded by some constant. For all the equilibria
in the rest of the section it will be assumed that the transversality condition holds.
Proposition 15. In an equilibrium, the following law of motion for V; holds:
1
o

The proposition 15 helps to restore the whole equilibrium, using only one value V;. For

(Vier —u) = Vi(1 = pe) "1 (M + (1= py)) — . (10)

any given p; formula 8 gives all values {p;}7°,. Equation 10 defines the sequence {V;}?°;.
Based on it, values {C;}{2, (equation 7) can be calculated. Therefore, any equilibrium is
determined by one value V.

At the same time, there is no freedom in choosing value V;. In particular, the following
proposition states how u and lim,; ., V; are related.

Proposition 16. In an equilibrium the following equations hold:

lim V; = u(1 —9);

t—o0
lim I~/t = 0;
t—o0
lim Ep, v =0.
t—o0
Also, proposition 16 says that the average price the agents charge in a period ¢ converges
to zero. Given that the price is non-negative and the support for this price is limited by

u(1+1/p;) (formula 9), distributions F;(v) weakly converge to the degenerated distribution

with all the mass concentrated at zero.
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Denote
g =1 =p)" (M + (1 —py)).

Value Vj not only is determined by u, but it also has a simple representation. Moreover,
it is unique, which means that there is only one equilibrium that satisfies the transversality
condition. The buyer’s thresholds V; converge to u(1 — d) monotonically.

Proposition 17. There is only one equilibrium that satisfies the transversality condi-
tion. For this equilibrium

Vi=u(l-9) (1—1—%21:[59@-);

i=3 j=2

v - WH%—U(1—5)ZHL, (11)

and V; is a decreasing sequence.
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Appendix

Lemma 2. The differential equation

af'(x)x=1-"bf(z)

for b # 0, a # 0 has solution

flz) = % — Czb, (12)

Proof of lemma 2.

The solution is verified by substituting formula (12) for f(z) into the original equation and
the fact that the first-order differential equation has only one undetermined constant.

O

Proof of proposition 1. Consider one informed agent A and his uninformed neighbor
B. By waiting agent A can observe only the fact that B got the information from his
another neighbor (what makes impossible selling information to B). At the same time,
agent A makes an offer which maximizes his expected payoff. Therefore, by waiting agent
A looses expected revenue, and he is not worse off by making his offer as soon as he gets
the information.

There are 2 cases:

Case 1. There is a chance that agent B will accept the offer before the time when agent A
would normally make the offer. Then because of discounting agent A is strictly better off
by making an offer immediately, and therefore this is not an equilibrium to delay with the
offer.

Case 2. Agent B does not accept the offer earlier. Then by making the offer earlier agent
A does not change anything and we have new equivalent equilibrium.

O

Proof of proposition 2.

The buyer with all informed neighbors will buy the information for any price not exceeding
u. At the same time, buying the information for price above u will result in negative payoff,
therefore K¢(M) = u.

[0 Proof of proposition 3.

The idea of the proof is the following. Fix one agent and consider the part of the network
from one side of this agent, as if another half of the network does not exist, although it is
assumed that the agents use the same strategies as with the whole network. We will define

random variables & which will represent the distance from the agent till the first informed
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agent at time ¢. Since the question of interest is how the information reaches the agent, we
do not need to take into account all the informed agents in the network, but rather the one
closest to the original agent. We will define random variable 7;, which will represent the
waiting time of the agent before transferring the information to the next agent, for the agent
who got the information at time ¢. These variables capture the fact that the seller might
charge different prices and, based on these prices, and the buyer waits before accepting the
offer. Note that the distribution of 7; may depend on time.

Then I will show that if £y has a geometric distribution, then random variables & will also
have the same distribution, conditional on & > 0.

Consider two sequences of random variables & € Ny and 1 € Ny, t € N. Assume that the
following properties hold:

L. P{¢ =k} =p(l—p)F, k=0,1,2,..;

2. & — &41 € 1{0,1};

3. n; are independent of each other and &p;

4. Denote tg =0, t1 = ng,. .., tir1 = t; +n;. Then for any ¢ > 0

§t; =&ti+1 = =&p—1 =&y + L

Variables t; have the following meaning. Those are the times when the information is trans-
ferred to the next agent. Correspondingly, 7, is the delay in transferring to the next person.

The proposition will follow if the following result will be proven for every t > 0 and k > O:

P{& = kl& > 0} = p(1 —p)*,

which holds for ¢ = 0 because of the initial conditions.

Define 7y — the period which the agent waits before transferring the information at time ¢,

& =8&+1=" = &tp-1=Et4n + 1.
Obviously, 779 = 1o, and

_ n—1—1 , N1 >1
n = ~
N s M1 =1L
By initial independence random variables &g, 70 and {7}~ are independent.
The proposition will be proven by induction. The base of the induction holds because

P{& = k|& > 0} = p(1 — p)*. The step of the induction will be proven into tow steps:

in the first step we will show that if & has specified geometric distribution and &;,7; are
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independent, then &1 has the same geometric distribution, conditional on &1 > 0. In
the second step we will show that if &, 7 and {ny }¢~; are independent, then &1, 741 and
{ny }¢>t+1 are also independent, conditional on &1 > 0.

Step 1. Suppose that & has geometric distribution and is independent of 77;. We want to

show that &1 has the same distribution, conditional on &1 > 0.

0, n>1;
Denote 77 = n
1, =1

Then €t+1 = ft — ﬁ and

Pl =k&120) = Y Pl =kn=11 20 =

1€{0,1} 1e{0,1} P(§+1 2 0)
Y P& =k+0)P(n=1) > P&G=k+)P(m=1)
_lefo _ ey
Y P& =lLn=1) o PG >)P(m=1)
1e{0,1} le{0,1}
{Z }p(l —p)fp(=1)
1€70,1 X
e e 1 -
S (A-pipi=p PP
le{0,1}

and the last formula means that random variable & (defined on &4+1 > 0) has the same
geometric distribution as random variable &;.

Step 2. In this step we want to show that if &, 7, and {ny }¢~; are independent, then &1,
Ne+1 and {ny }y~41 are also independent conditional on &1 > 0.

To prove this we have to show that &1 and 7,11 are independent conditional on &1 > 0,
or o(&+41)&+1 > 0) L o(feg1/§e+1 > 0). By definition, {n]}y>¢y1 are independent of 7j;—1
and &1 because 741 and &1 are some functions of y and {ny }r<it1.

Note that &41 = & — 77, and

P(iit1 =k &r1=5) = Py =k & =51=1)+Pg1 =k, &1 =5,1=0)
= Pn=k&=s+1,=1)+P(l=k+1,§=25)
= Ppr=kp=1)PE&E=s+1)+Pli=k+1)P(§=25)
= P =k, = )p(1l —p)**' + P(7 = k + 1)p(1 - p)*.

Therefore for s > 0

P41 =k, &1 = 8)
P(&+1>0)
P(ni+1 =k, = Dp(1 —p)*™ + P = k + Dp(1 —p)*
P(&41>0) '

P(li+1 =k, 41 = 5641 > 0) =
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P(Mi41 = kl&41 2 0) =

Also,

_ > Pl =k, &1 =1)
P11 =k, &1 20) >0

P(&41 > 0) B P(&41 >0)
z§) P(1 = k)P = Dp(1 — p)"" + Py = k + 1)p(1 — p)’
- P(&+12>0)

>(1—p)

= P41 =k, &1 = s[&41 > O)L
- (A-ppr
= P11 =k, &1 = s[1 2 O)M

1

= P n = k, =S Z 0 :
(41 §e+1 €1 )P(&H—l = 5lt+1 > 0)

From the last equation,

P71 = k&1 > 0) P(&r1 = 8[&e41 > 0) = P(eg1 = kb, &1 = 8[&e41 > 0),

which says that random variables 7;41 and &1 are independent conditional on event &1 >
0.
Now all the & conditional on & > 0 have the same geometric distribution because of the
induction:

P{& = kl& > 0} =p(1-p), k=0.1,....
O
Proof of proposition 4.
The proposition follows from the requirement by the transversality condition that the price
does not exceed the expected utility of all the agents who will get the information due to
the transaction.
O
Proof of proposition 5.

From proposition 2 K;(2) = u. Therefore, we have to prove that

RO =150y

for any t because sup V; < sup(max(K(1), K;(2))) as any price offered should have some
chance to be accepted.

Suppose that the proposition does not hold, i.e. that that

(1=6(1 = p)*) sup K (1) > w. (13)
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Choose 7 such that K(1) > sup K;(1) — € (we can do this for any arbitrary small €).
¢
Because the buyer should be indifferent between buying (in the case he decides to resell it

next period) and waiting, the following inequality should hold:
—K (1) +u+6(1—p)°Vi, >0,

where V}H — first of the mass points in the distribution of offers above u (and the proba-

bility that this offer is accepted is not greater than (1 — p)?). Therefore we have:

K.(1)—u sngt(l)—e—u
VT1+1 > 5(1 _ p)Q 5(]_ — p)2

sup K (1) — sup K (1)(1 = 6(1 = p)?)

B 5(1 - p)?
up Ki(1)(1 501~ p)?) e u
+
6(1—p)?
sup K(1)(1 = 6(1 = p)?) —e—u

= sup Ki(1) + 5(1—p)?

Because of inequality (13) we can always choose € so small enough that
sup K;(1)(1 —6(1 —p)?) —e—u >0,
¢

and therefore

Vi > Sngt(l),
which, along with K;(1) < ﬁ, says that this value VTlJrl can never be accepted.
Therefore no agent will ever offer price V! ;. Contradiction.
O
Proof of proposition 6.
Taking into account proposition 5, it is enough to show that K;(1) > W.
Assume opposite, i.e. irtlf K(1) < ﬁ. Choose such minimal 7 that K-(1) <
irtlf K(1) + € for some arbitrary small e. Because we chose minimal 7 we have V! > K.(1)
for any ¢ and t < 7.
Because we have pure strategy equilibrium, no offer below w is made. Therefore, the buyer’s
expected utility should always be zero (if he waits, he will not get offer below w, but his

opportunity to resell will expire), and this is a sufficient and necessary condition. So, we
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should have
—K-(1) +u+68(1—p)*Vy > 0.

However
~K.()+u+s1-p*Vi, > — iIngt(l) —e+u+6(1—p)? irtlf K (1)
= et (u — (1= 3(1 - p)?) inf Kt(1)> ,

and the last expression is greater then zero for small € because irtlf Ki(1) < 1—5(qu)2'
Therefore this is not an equilibrium because the value K (1) can be increased and the offer
above K (1) will still be accepted.

The sellers will dot deviate to u for p € (0, 1) if and only if

u
T (1 —p)>u
p<6(1—p)%

20+1—+40+1
pe (b 2

O
Proof of proposition 7. This proposition follows from proposition 3. Using the same

notation,

P{A§—17A§’A§+1|A§—1?A§} = P{Ag—lv Afa A§+1’A§—1a Af} =Dp-

O

Proof of proposition 8.

As K(2) = u, then for offer V' > u to have a chance to be accepted, the proposition should
hold.

For V < w, if K(1) > V then n(K (1)) > n(V) as V is the maximal possible offer and
the probability of accepting K (1) and V by the buyer is the same, which contradicts the
equilibrium.

The case when V < u and K(1) < V is the only situation left to consider. The main idea
here is the following. If K (1) < V, then in equilibrium an uninformed agent with one high
offer will wait for the offer from another neighbor. This possible waiting for the second offer
will make the beliefs about the number of uninformed agents till the next informed one
change over time, i.e. the equilibrium can not be stationary.

The buyer will wait if he gets offer v € (K (1), V] C (0, u], which happens with probability
(1-F(K(1)))=1—h>0. For v = K(1) the buyer should be indifferent between waiting
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and accepting the offer. Suppose that agent Ay has an offer v € (K(1),V] at time ¢ (the
time when the agent got the offer is not important).

Denote event “the agent A; is uninformed at time t” as A;;, and event “there are ¢ unin-
formed agents behind agent A; and the price offered to the last uninformed agent is not
higher than K(1)” as Sj. Then event S;; implies that agents Aj, Ag,..., A;41 are unin-
formed, agent A;42 is informed, and during all the transactions when the information was

transferred to A;;o from A;; 442 the price did not exceed K(1). Therefore,
P{Su|A1} = (1 —p)"'ph".
The probability that agent Ay will get offer from A; is not greater than
g =Y (1=h)P{S:(i)| A1} < (1 —p)H'pht <n'
i>0 i>0
and converges to zero as t — 0o. The expected utility of an agent with one offer ¥, who

follows the equilibrium strategy and waits for another offer, is
mpt(0) < gru,

and converges to zero as t — co. Hence, an agent with one offer o > K (1) will be better off
by accepting this offer at time ¢ such that u — v > g,u. Therefore, in stationary equilibrium
K (1) =V, which concludes the proof.

0

Proof of proposition 9.

From proposition 3, for K (1) > wu the distribution function F(v) is continuous for v < u
and has no measure above u except for K(2), where a mass point can be located because
K(1) = u from proposition 2.

A seller’s expected payoff from setting the price to v € [0, min(u, K(1))] is equal to

m(v) = (1 = p)v +pv(l — F(v)) (14)

because with probability the neighbor has only one offer and therefore accepts it uncondi-
tionally, and with probability p the neighbor gets another offer distributed in accordance
with F'(-), which is accepted if it is better than v.

Differentiating equation 14 with respect to v gives us
(1=p)+p(1l=F(v)) —pvf(v) =0;

1 —pF(v) —pvf(v) =0.
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Applying lemma 2, F(v) = + — % Constant C is greater than zero because F(v) is a

1
P
non-decreasing function. Equation F(pC') = 0 follows from the expression for F'(v).

F(v) has a mass point at K (1) if K(1) > u because otherwise an agent offering the highest
possible price u will be better off by increasing it to K(1).

Finally, pC = (1 — p) K (1) because offer v = K (1) > 0 is accepted with probability (1 — p)
(if another neighbor is uninformed), and offer pC' is always accepted (it is the minimal
offer possible), therefore the equation holds because all the strategies in the support should
deliver the same expected payoff.

O

Proof of lemma 1.

Note that %H*T VA0+L i5 the only solution of equation

p—0(1—p)2=0.

Rewrite equation 2:

p—6(1—p)°=1+6p)(1—p)*+ (1 —p)n(l—p). (15)

The left-hand side of equation 15 is continuous and changes from —d to 1 as p increases
from 0 to 1. The right-hand side is continuous and changes from 1 to 0. Therefore, there is
at least one solution of equation 2.

Right-hand side of equation 15 is always positive for p € (0,1). The left-hand side of

equation 15 is positive if and only if p > MPT VA0+1  Therefore, p* > %H*T LA

for any
solution of equation 2.

To prove uniqueness, divide left-hand side of equation 2 by 1 — p and take derivative:

(p—<r—al—mx1—m44m1—p0 -

1—p
T i D)+ (=8 - -
__r _ _p—=25(1—p)?°+(1-p)?
S MRS (- pp
_p—0(1—pP’+(1-p)?—d01-p)’°
(1-p)?

—5(1—-p2+(1-p?2—-(1-p)?

L P p)z(_p)zp) A-»"_,

as p— 6(1 —p)? > 0 because p > %JFI_T VELES B
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As the derivative increases, there exists at most one solution.

O

Proof of proposition 10.

In order to find constant C' we have to consider the maximal offer V. The agent with offer V
and one uninformed neighbor should be indifferent between accepting the offer and waiting

for another one. The expected payoff from buying the information immediately is equal to
u+0(1—p)pC —V.

If the agent waits for another offer, then he will get the information if and only if his other
neighbor will offer this information for a price less then w. Then given that another price

payoff is u — v, expected payoff from waiting is

_ pé
E Z(Stp(l—]?)t 1(U_U,)I{U,§u} = m F(U)U—/UdF(v)
t>1 o
_ po [.C
= o(1—p) F(u)u /Uvgdv
pC

= =ity (Fe-en ()

Equating expected payoff of the agent from buying the information now and waiting till

the offer from another neighbor, one may get

IHJ“_me_V:1_§ﬁﬁm(”W“_Cm<;ﬂ>?

U 1 1) U U
1 5(1—p)— — — 1-In{—)).
pCﬁ_( P) 1—p 1—5ﬂ—4ﬂ<p0 n<p0>>

This strategy is possible if and only if

u
F 0 — >1.
(u) > pC>

Rewriting equation 3for p% =1, we have

1

1—|—(5(1—p)—1_p: =5 —p)

(1-1—1In1);

1

20+14++/46+1 20+1—+v/40+1
20 26

The last equation has two roots p1o = , of which only one p; =

belongs to the interval [0, 1].



32

Now I will show that for p > p; there exists unique C satisfying F'(u) > 0 and equation 3,

and there is no such C for p < p;. Rewrite equation 3 in the following way:

Replace 1% by some variable x:

(r—1-Tnz) = —— —6(1—p). (16)

T80 p) 1-p

Note that
U u U 1

pC  (1-p)V ~(I1—-pu 1-—p
The right-hand side of equation 16 is an increasing function of p:

X

11p_5(1—p) —(1=8) +pA+0) +p +p 4 ...
Denote the left-hand side of equation 16 by h(zx, d, p). Derivative
Mnop) 1—1_5(‘51_2?)(1—1/95)
> (1= (-0
> 1_15(_15_1)) > 0.

(17)

Therefore, h(x,d,p) increases with x for the allowable range of values. Also, h(1,d,p) =
h(1,6,p1) = x.

1
h(1757p) = h(lvéapl) = 1 — - 5(1 _pl)

If p > p1, then 1—;—6(1—}9) > ﬁ—é(l—pl), and for h(x,d, p) to be equal to 1—;—6(1—}?)

variable x should be greater than one.

If p < p1, then l—ip—é(l—p) < ﬁ—é(l—pl), and for h(z, d, p) to be equal to l—ip—é(l—p)
variable x should be less than one. This completes the proof.

Strict monotonicity of h(x,d,p) in x gives uniqueness of constant C'. Also, we have that or
pC' decreases when p increases.

O

Proof of proposition 11.

Note that from FJ*(V) =1 follows V = %.
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As in proposition 10, the buyer is indifferent between buying at the maximal price and

waiting for the best offer:

pC

1-p
u+d6(1—p)pC -V = Zétp(l —p)t! / (u—v)dF3*(v)
t>1 e
pC
s C
p
= T50 =5 51— 7) /(u—v)dev
pC
pdC U u pC'
S e 1
P—ﬂl—p)<< ﬁi_+p0> (nl—p an))

pou n poClIn(1 —p)
1-6(1-p) 1-6(1-p)’

5ﬂ—pﬂml—m>_
1-0(1-p) )’

1-9

ul_(s(l_p):V<l—5(l—p)2+
u(l—96)

1% — .
W) = 50— p) (=00 —pP) + ol —p (L —p)
Derivative of the denominator is equal to

C“kj®>2:&1—&1—m%+aﬂl—pﬂl—ﬂl—m)—5mu—py‘5

All the terms in the right-hand side except for ¢ are strictly increasing, which makes the
derivative to increase. Therefore, function V' (p) either always decreases or first increases
and then decreases.

Also,
__uwd=9) _u(l=9)
YO=a=5a-9" a9

1
V(1 —0)=u(l—6) <

because lim, o4+ xlnx = 0.

As V(p) either always decreases or first increases and then decreases, there exists unique
p*(d) such that V(p*(9)) = u, V(p) < u for p > p*(§), and V(p) > u for p < p*(9).

O

Proof of proposition 12.

The agent will get two offers simultaneously only if the informed agents on the opposite

sides are located on the same distance. Therefore, the probability of staying uninformed
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forever is equal to

1 pg?
1= p)'p)2g? = pg? _ '
S = 22

O

Proof of proposition 13.

Denote all the strategies in the game with horizon T" by upper-index T'.

The finite horizon equilibria we will be looking for will have the same property as the infinite
horizon stationary equilibria: the agent with one informed neighbor only is always buying

the information. Therefore, at the last period of time the sellers’ strategy will be

1 C
T e PR —
FT(U)_p ’U’

Fl(v) = L <1 - “<1_p)) |

D v
The expected payoff of the agent with one offer at the last period is

f [ ud—p) [ ull—p)
_ o) dFE () = u — u( dv = u — / d
T /(u v)dFr (v) = u / v 02 v="u o v
pC (1-p)u (1-plu
_ o, ul=p) ( 1 >< _ul=p)
P 1-p P
for small enough p because
1
1n1_p = m(l+p+p°+...)>n(1+p+p?)
2 1 22, 1 213
= () —5@+p) + 3 +p)" —.. >p.
Distribution functions F/ (v) with mass points at V,I', ¢t = 0,1,...,7 — 1, where V; are
found from formula
It —p) Tt = VI +u46(1— p)2Vt74;1 (18)

because the left-hand side represents the buyers’ expected payoff from waiting, and the
right-hand side represents the expected payoff from buying the information for price V;’.

The equation for V{:F_l
o = Vi +u+6(1—-p)(1Q-pu;
Vi, = —r+u+d61—p)1—pu;

Vil, > w(l+46(1—p)?) —pu.
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By induction, all V| are greater than u(1 + §(1 — p)?) — pu because from formula 18

Vi = =" —-p)" " pr +u+6(1 - p)*Vih
> —putu+0(1—p)(ul+46(1—p)?) —pu)
= —pu+u(l+5(1-p)*)+ud(l—p)*(6(1-p)* - p)
> —putu(l+8(1—p)?).

No seller will deviate from V,T because expected payoff from V' is greater than expected

payoff from wu:
(1= p)(u(l +36(1 —p)*) = pu) > u.
All ;T do not exceed pure strategy equilibrium in infinite horizon game

u

VT

because ngl < V and therefore by induction

VtT = —5T’t(1 — p)T*tflpTr +u+6(1— p)QV,fH
u . u
1-6(1-p)? 1-6(1-p)?

< u+6(1—p)?
(19)

T—t—-1

Vil as an increasing function of V;1; and decreasing function of 67 (1 — p) pm. As

6T=t(1 — p)T='"pr decreases when ¢ decreases and Vg_g > VTT_l, then VtT is a decreasing
sequence, therefore no buyer will deviate from his strategy.
Finally, V,T converges as T increases to infinity because V;' is limited, decreasing and

Vf&l = V;I'. It converges to V because for any ¢

V-V = s(1-p(V-Vi)+d" (1 —p)" " pr
s—t

(V= VE)+6" 5y 6 =0
=0

IN

if T — oo and s =1T/2.

O

Proof of proposition 14.

No offer above V; will be accepted, therefore F;(V;+0) = 1. The distribution function Fi(-)
does not have mass points because otherwise the seller would prefer to decrease his offer by

some small e.
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The set supp(F(+)) is closed because of the continuity of the expected payoff function for
v < V; and on the left from V;. The set is connected because by increasing the offer in a gap
a seller would increase his expected payoff as the acceptance probability of the offer stays
the same. Because of the same argument, V; € supp(Fi(+)), which, along with F;(V;+0) = 1,

gives us
sup(supp Fi(-)) = V;.

A seller’s expected payoff from one uninformed neighbor is equal to

m(v) = wvP{v < other offers }
M—1
= v (P{v < offer from neighbor i, if any} +
=1

)

P{there is no offer from neighbor i})

=

—1
= v (P{v < offer i|there is an offer} P{there is an offer} + (1 — p;))

o

— o TT (0= B)pe+ (- p)

i

= (1-pF )M .

Il
—

Solving maximization problem
m(v) — max
v

we have:
(1= peFe(0)™ ™ = pefe(0)v(l = peFy ()M 2(M — 1) = 0;
pefe(0)v(M —1) =1 — pFi(v).
Using Lemma 2, the solution is

1 1
Ft(v) =——Cw Ml*1.
bi
Therefore, the distribution Fi(v) has support [V}, V;], where

Vi = (pC)M 1,

M—1
Vi = < ptCy ) 7
1—pt

Vi = Vi(1 —pt)Mfl-
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Proof of proposition 15.
Let U} be the expected payoff of an informed agent at the beginning of time period ¢, and
let U}* be the expected payoff an uninformed agent at the beginning of time period ¢. Then

Ul = MA—p)Vi+0oUj, = 6" M1 —p)Vi; (20)
i=t
Ut = (u—Euv+ 06Ul ) (1= (1—p)™) +6U% (1 - po)™, (21)

where Ev; stands for the expected price an agent pays for acquiring the information at
period ¢ (conditional on the fact that there is at least one offer).
For the equilibria satisfying the transversality condition the informed agent’s expected

payoff is limited because

o0

Ul = ) 6TITM(1-p)V; <
i=t
Zdi_tM(l —pi)Vi < o0.
1=t

In an equilibrium the buyer with the highest possible offer V4 is indifferent between accepting

the offer and waiting, therefore
u—V; + 08U, = 6U,. (22)

We see that U < U}, therefore the uninformed agent’s expected payoff is also bounded.
Using formulas 22, 20 and 21, one can get
1

5(th1 —u) = U -U

= M(1-p)Vi+0Uj,,
—(u =B + 06U ) (1= (1= p)™)
—6U2 4 (1 = po)M

= (Vi—w)(1=p)™ + M1 - p)"V,
+HE v —u)(1 = (1—p)™)

= (M+1)Vi(1 —p)™ + Ev(1 — (1 — p)™) — w.
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The distribution function of the minimal price from [ independent offers v, vo, ...,

to

Fi(v)

P(min(vy, ...

,01) < )

= 1 (1P <)

__1 1 !
= 1—-(Cw M1 - ——1 .
Dt

The average minimalprice with [ independent offers is equal to

Vi
Evp = /vdFl(v)

Vi

Vi
Vi
= Ctl v M-I
M -1
Vi

Note that

Zlgl 'Ol (1 = po)™
=1

Zlgz 1 o,

ZMP gl 1Cl llpt (l—pt)M_l

Mpy (gpe + (1 —py))

),Pt(l —Pt)M

M-1

Mpy > Chy1g'ph(1 — p) M D!

=0
M-1

vy is equal

Taking into account that the probability of exactly [ informed neighbors is equal to wapi(l—

p)M~!, we have



M

Ev(l—(1-p)") = Y EvrCiypi(l—p)"™
=1
M

= D Chupi(1—p)™™!

-1
/ Cil v M-1 (Ctv_Ml—l - <1 - 1>> dv
J - bt
Vi
Vi
e Ct v ]\/Il—l
M-1
Vi
M L 1 -1
> 1Cypi(1 = p)M <CtU_M1 - ( - 1>) dv
=1 bt
i C
— i i 1v_ﬁMpt
Vi

<pt <Cw_Mll - <;t - 1)) +(1 —Pt)>M_1 dv

Vi

G 55 M, (pCo 1) d
= —1 —1

/Ml” bt (pt t ) v

Vi
Vi
M M Vi
- / ]g/?tfti U_ﬁ_ld”:_M(PtCt)MU_Ml‘lvi
Vi
M—1\ "W peCy \ M e
= M(pCy)M (6 Rl ( >
(peCt) ((pt +) ) ( 1—p )

= MpiMCtM‘l = ViMp(1 —pt)Mfl-

Substituting Ev;(1 — (1 — p,)™) (formula 23) into formula 10 we have

%(th —u) = Vi(1—p)" (M + (1 - pr)) —u,

w.r.t.p.
O
Proof of proposition 16.

39

(23)
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By inequality 9, values V; are limited and as lim; ., ps = 1 (formula 8) we have
Jim Vi1 - p) M (M 4 (1 pi) = 0.
Then, using formula 23, one can get
1 . _
lim —(Vieg —u) = lim (V;(1 —p)™ (M + (1 —pr)) —u) = —u;
t—o0 O t—o0
lim V; = u(1 —9).
t—o0
The lower bound of the support of F;(v) converges to zero because
)M M-1_ .

lim V; = lim Vi(l —py L <supV;- lim (1—py)
t—o00 t—o0 t t—oo

The average price at period ¢ for M > 2
Vi Vi

1 - Cy 1 C; wu—2|V
= dl — =C M-1 | = —— 9y M-1dy = M—1
Er v /U <pt iy ) M—lv v M—2U .
Vi Vi
1
V;M_l 1—pt M—2

— 1_ 1_ M-2 M*lt_”)O,
M—2 pt( (A=p) )V =0

and the average price for M = 2

Vi v,
Erv = / Ci v_ﬁdv: Ci Inv t:
Ei M—1 M-1 |
17

1
VM—l 1_ -
= i ptpt(1—(M—1)ln(1—pt))antt—o>oO.

O

Proof of proposition 17.

From proposition 15

%(VtA —u) = Vigr — u;

S(Viy —u(l = 8)) = Vigs
Vier  u(l-9)

Vi = .
‘ dgt dgt
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Therefore, formula 11 holds for £ = 2. Suppose that formula 11 holds for some ¢t. Then
Vi u(l-9)
dgt+1 dgt+1

t t
Villg a0 -0 3 1

Vier =

0gi+1 dgi+1
t+1 t t4+1
1 u(l-9)
= V — —u(l— — =
1 H );g 59 S
t+1 t+1 t+1
— Vln——ul— Zz;jHZ‘Sg

which proves formula 11 for any ¢ > 2.

Expressing Vi through V;, we get

t t
i = W+U1* ZHT ng
=2 j=i =2

t t i—1
= VtHchivLu(l— 1+ZH593
=2 1=3 j=2

From proposition 16,
lim V; = u(1l — )
t—o0

and therefore .

li ;=
i Ve [ ] d9: =0
i=2
as hthoo gt = 0.
Therefore, there exists a unique Vj satisfying inequality 9, and

co i—1

u(l—19 1+ZH591

1=3 j=2

= u(l—0)(1+ g2 + 0°gags + 6°g2g3g4 + . ..)

Vi

= u(l—=0)(14+0g2(1+6g3(1+dga(1+...))).

Starting from some period of time ¢, values g; = (1 — p)M~Y(M + (1 — p;)) < 1, therefore
oo t—1

> 11 0g; converges and V; is finite.

=3 j=2
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To prove that V; is a decreasing sequence, express V; in terms of p; and g;:
t

t t
Vi = Vlf[é;—u(l—é)ZH(s;

i=2 i=2 j=i
oo 1—1 t 1 t t 1
= u(l-0) |1+ ][] 99 H@*“U”)ZH@
i=3 j=2 i=2 7t i=2 j=i ¢
[e'e) i—1
= u(l-9) 1+Z Hégj
i=t+2 j=t+1

The values

g=0—p)M M+ (1 —p)) = (1 —p)M MM+ (1 - p)MT)

00 i—1
decrease with p;, p; increases with ¢, and therefore Y~ [] dg; decreases with ¢ because
i=t+2 j=t+1
o) 1—1 00 i—1 [e) i—1
> Mow<Y Mow= > I b
i=t42 j=t+1 i=t+2 j=t+1 i=(t—1)42 j=(t—1)+1



