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Abstract

Social networks are important for determining economic outcomes. Networks are
typically large and complex, so that individuals may not know the exact structure
of the network they belong to. This paper studies the role of beliefs in games on
networks in which players have incomplete information about the network structure.
Suppose players are located on a network, and play a fixed game with their neighbors.
Players have a common prior on the network structure, and, in addition, they have
some local information. This paper asks under what conditions on two priors it is
the case that for any network game in which players hold one of those priors, for any
equilibrium of that game, there is an approximate equilibrium in the game in which
players hold the other prior such that ex ante payoffs are close in both equilibria.
We show that in order for this to hold, both the distribution of player types and the

correlation between neighbor types should be similar under both priors.
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1. Introduction

There is extensive empirical evidence that social structures are important in determining
economic outcomes.? Social structures can be modeled using networks. Agents are then
identified with vertices in a network, with links or edges between vertices representing
the social relations between agents. Social networks are typically large, and often have a
complex structure (Albert and Barabdsi, 2002; Newman, 2003). A natural assumption is
then that individuals do not have full information on the network structure.?

This paper studies games in which players are located on a network, and have incomplete
information on the network structure. In these so-called network games of incomplete
information, players play a fixed game with their neighbors, the agents they are connected
with in the network. Players have a common prior on the network, and in addition, each
player has some local information on the network structure. A player’s type is his degree,
i.e., the number of connections he has in the network. Payoffs to a player only depend on
his own type and action, and on the actions and types of his neighbors in the network. This
defines a network belief system. A network belief system is a probability space consisting
of a class of networks (with a suitably defined o-field) and the common prior defined on
this class, giving for each network in the class the probability that this network is realized.?
The current paper asks how sensitive players’ strategic behavior is to the specification of
the network belief system. That is, are game-theoretical predictions for a game with a
given network belief system also valid for the corresponding game with another network
belief system? Which features of the network belief systems determine whether the answer
to this question is positive?

More precisely, take two priors, p and y/, defined on a class of networks. We ask under
what conditions on these priors it is the case that for any network game of incomplete
information in which players have beliefs p, for any equilibrium in that game, there is
an approximate equilibrium in the associated game with prior u/ such that ex ante ex-

pected payoffs are close in both equilibria. We thus study the lower hemicontinuity of the

For instance, see Coleman et al. (1966), Granovetter (1994), Glaeser, Sacerdote, and Scheinkman

(1996), Topa (2001), and Conley and Udry (2005).
2Indeed, sociological research has shown that individuals only have local knowledge of the network they

belong to. For instance, Friedkin (1983) finds that individuals typically only observe their direct contacts

and the contacts of their contacts.
3 A network belief system is called a random network model in probability theory and statistical physics.

We prefer to use the term ‘network belief system’ rather than ‘random network model’ as the latter term

is often used for specific models.



correspondence of (interim) approximate equilibria (cf. Monderer and Samet, 1996; Kajii
and Morris, 1998). Our main result (Theorem 4.1) states that the strategic behavior of
players is sensitive to the degree distribution, as well as to the correlation between the
degrees of neighbors. Hence, the essential features of a network belief system in terms of
game-theoretical predictions are the degree distribution and the degree correlation.

The motivation for this question is twofold. Firstly, this question is relevant for applica-
tions. Empirical work on social networks has shown that social networks are characterized
by different properties.* Some of these properties relate to the local environment of a
player. For instance, an important property of networks is the distribution of the number
of direct contacts that people have. Other properties are defined on a larger scale. The
clustering coefficient of a network, for instance, quantifies the extent to which friends of
your friends are also your friends. Another example is the degree correlation, i.e., the
correlation in the number of contacts people have. The literature on network games of
incomplete information discussed below mostly focuses on network belief systems that are
characterized fully by the distribution of the number of contacts individuals have, the so-
called random network models with a given asymptotic degree distribution (see Section 2.1
for a discussion). When the number of individuals in the network grows large, the cluster-
ing coefficient is zero in these models and there is no correlation in the number of contacts
people have. However, many social networks are characterized by considerable clustering
and by positive degree correlation.® Is it possible to translate game-theoretical predictions
from the class of network belief systems with a zero clustering coefficient and degree corre-
lation to a class of belief systems with positive clustering and nonzero degree correlation?
This paper shows that the answer is no. Even if the degree distribution in both classes
of network belief systems is the same, it will not be the case that in any network game
of incomplete information, for each equilibrium in a game with a network belief system
from one of the classes, there is an approximate equilibrium in the corresponding game
with a network belief system from the other class such that ex ante payoffs are similar
in both equilibria. The reason is that, in addition to the degree distribution, the degree
correlation of a network belief system is crucial for the game-theoretical predictions: it is
not guaranteed that equilibria are similar under two network belief systems if these two
network belief systems differ in terms of degree distribution or degree correlation.

Secondly, the current study is of theoretical interest. We study continuity of beliefs in

a network setting. Continuity of beliefs in general Bayesian games has been studied by

4See Newman (2003) and Jackson (2005) for a survey.
°See e.g. Newman and Park (2003), Palla et al. (2005) and Copi¢, Jackson, and Kirman (2005).



Monderer and Samet (1996) and Kajii and Morris (1998).6 We study a similar question
as Kajii and Morris (1998),” but we restrict attention to the class of network games of
incomplete information. We are able to substantially weaken the conditions of Kajii and
Morris by exploiting the symmetry of the probability space and the payoff functions and the
fact that payoffs only depend on the actions and types of the direct neighbors of a player.
That this can be done is not obvious. While payoffs only depend directly on the actions
of neighbors in our setting, actions and beliefs of those further away in the network may
have a considerable effect on the payoffs of a player, through the effect on the neighbors
of those players and the neighbors of the neighbors of those players, and so on. There is
thus a tension between the local nature of the payoffs and the interdependencies intrinsic
to the network setting. By formulating the problem in terms of a “reduced” probability
space, we are able to resolve this tension: rather than to the full network belief system,
our conditions for continuity refer to the probability space of the types of a player and
his direct neighbors. This allows us to show that a necessary and sufficient condition is
that two network belief systems are similar in terms of the degree distribution and degree
correlation they induce.

This work thus contributes to the literature on network games of incomplete informa-
tion.® An important result from the literature on network games of incomplete information
is that the assumptions on the information players have can have critical effect on the re-
sults. For instance, Galeotti, Goyal, Jackson, Vega-Redondo, and Yariv (2006) analyze
a local public goods game under different informational assumptions. They obtain qual-
itatively different results under different informational assumptions. The message of the
current paper is that the assumptions on the beliefs of players are also very important: the
game-theoretical predictions may crucially hinge on the specification of the network belief

system.

6These authors study lower hemicontinuity of the Bayesian-Nash equilibrium correspondence, as we do.

Milgrom and Weber (1985) study upper hemicontinuity of the correspondence.
"Like we do, Kajii and Morris (1998) study a setting in which the state space and players’ information

partitions are fixed, and the common prior varies. By contrast, Monderer and Samet (1996) consider the

case in which the common prior is fixed, but information partitions vary.
8This literature started with the early papers of Kirman (1986), Kirman et al. (1986) and Ioannides

(1990). More recently, Galeotti et al. (2006) provide a general framework for analyzing strategic interactions
on networks both under complete and incomplete information about the network structure; Lépez-Pintado
(2004), Sundararajan (2006), Galeotti and Vega-Redondo (2005), Jackson and Yariv (2005), and Ioannides
and Soetevent (2006) develop specific models. See Jackson (2005) and Vega-Redondo (2006) for a survey

of the literature.



The outline of this paper is as follows. Network belief systems are introduced in Section 2.
Network games of incomplete information are discussed in Section 3, where we also discuss
random networks with a given asymptotic degree distribution in some detail. The main
result is presented in Section 4. Section 5 concludes. Proofs that are not included in the

main text can be found in Appendix A.

2. Network belief systems

In our framework, players are located on a network. An (unweighted and undirected)
network g is a triple consisting of a finite, nonempty set of vertices and a finite, nonempty
set of edges or links, and a relation that associates with each edge two vertices (not nec-
essarily distinct), called its endpoints. Players are thus identified with vertices, with edges
representing the relations between players. A network may contain multiple edges, i.e.,
distinct edges that connect the same pair of vertices, or self-loops, edges whose endpoints
are equal. A network is simple if it does not contain multiple edges or self-loops. In simple
networks, an edge is determined by its endpoints, so that we can denote an edge as an
unordered pair of vertices. Let g be a simple network with vertex set V' and edge set E. If

{i,j} € E, where i,j € V, then i and j are neighbors in network g.

We focus on a setting where the network is not fixed, but instead drawn from a class
of networks according to some probability distribution. Let n € N,n > 2, and let V =
{1,...,n} be a vertex set with n vertices. Let G be the set of all simple networks with
vertex set V', and let .%#g be the set of all subsets of G. Let v be a probability measure on
(G, Zg). The probability space (G,.Zg, v) defines a network belief system.”

We define some random variables that will be useful in the following. The edge set is
now a random variable. More specifically, let P, = {S C V : |S| = 2} be the set of all
possible links given vertex set V' and let @)y be the set of all subsets of Py,. The edge set
is then a measurable function F : G — Qy, with E(g) € Qv the edge set of network g.
We are particularly interested in the local environment of vertices. Fix ¢ € V and g € G.
Define

Ni(g) :=={j € V| {i,j} € E(9)}

90f course, one could alternatively take G to be the set of all networks with n vertices, and set v(g) = 0

if g is not simple. For notational simplicity and to avoid measurability problems, we have chosen the

present approach.



to be the neighborhood of ¢ in network g. Let

Di(g) == |Ni(9)|

be the number of neighbors of 7 in g. We refer to D; as the degree of i. The degree sequence
of a network is a vector of the degrees of the vertices in a nonincreasing order. Formally,
let g € G. Define

N1 =V
j(1) = max{j € Ni: D;(g) > Dy(g) for all kK € Ny}

and for all £ € {2,...,n}:

Ne == Nea \{j(—-1)}
j(0) = max{j € Ny: D;j(g) > Di(g) for all k € N,}

.....

neighbors of a given player. The neighbor degree profile for a player ¢ € V in a network
g € G is the vector of the degrees of the neighbors of ¢ in g, in a nonincreasing order.
Formally, for t = 0, set Q% = (0). Fort € {1,...,n — 1}, let

Ql}( 2:{<k'17...,]€t)E{l,...,n—l}t|l€12k‘22...2]€t_12kt}.
Let

= |J 9

and let %k be the set of all subsets of Q. For i € V, we can define the function

K; : G — Qp, with K;(g) the neighbor degree profile of i in g € G, as follows. Let g € G,

.....

Example 2.1. Let n = 4, and consider the vertex set V' = {1,2, 3,4}, and let the network
be g. Suppose that E(g) = {{1, 2}, {1,3},{2,4},{3,4}}. This gives rise to the network in
Figure 1. The degree of 1 is D;(g) = 2, the neighborhood of 1 is Ny(g) = {2,3} and the
neighbor degree profile of 1 is K;(g) = (2, 2) since players 2 and 3 both have two neighbors.
The degree sequence of g is (2,2,2,2). <

Throughout this paper, we make the following assumption on network belief systems:
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Figure 1: The network of Example 2.1.

Assumption 1. (Exchangeability) The degrees Di, Ds,... are exchangeable, that is,
for any k € N, ¢1,...,%; € V, the random variables D;,, D;,, ..., D;, have the same joint
distribution as Dr(;,), Dr(iy), - - - » Dr(iy) for any permutation = : {1,...,k} — {1,...,k}.
In particular, for all 4,5 € V, for all § € {0,...,n — 1},

v({g € G| Di(g) =0}) =v({g € G| Di(g) = 0}),
i.e., the probability that a vertex has a certain degree is the same for each vertex. <

Network belief systems (G, .%g,v) with this property exist. For instance, let v be the
uniform distribution on the finite set G.

It will be convenient to define a probability distribution for neighbor degree profiles.
By Assumption 1, we only need to consider the probability distribution of the neighbor
degree profile of a fixed player, as the distribution of the neighbor degree profile is the
same for all players. Let (G, %g, v) be a network belief system, and recall that the sample
space of neighbor degree profiles is Qf, with associated o-field .# k. Define the probability
distribution pu, of the neighbor degree profile of player 1 by

VE € Fx: w(F)=v({ge G| Ki(g) € F}). (2.1)

With some common, minor abuse of notation, define u,(t), t € {0,...,n — 1}, to be the
marginal distribution pu,(t) := u, (%), and let, for F € F and ¢t € {0,...,n — 1} such
giving for each ¢t € {0,...,n — 1} the probability p,(t) that player 1 has degree t is the
degree distribution of the network belief system (G, %g,v). Henceforth, we will omit the
reference to player 1 when we speak about D; or K. This should not create any problems,
as by Assumption 1, the distribution of the neighbor degree profile is the same for all
players.



In the next section, we discuss a class of network belief systems that has been widely
studied in the literature on network games of incomplete information, the class of random

network models with a given asymptotic degree distribution.
2.1.  Ezxzample: Random networks with a given asymptotic degree distribution

Let & be a probability distribution with support the set of nonnegative integers Ny :=

N U {0}, and assume that £ has a finite mean, i.e., assume that

> t(t) < oo. (2.2)

t€Ng
Let n € N;n > 2, and let £ be a probability distribution on Ny such that (2.2) is satisfied. A
random network (model) with n players and asymptotic degree distribution £ is a network
belief system (G™, ﬁg(n), l/g(n)), where G™ is the set of all simple networks on vertex set
Ve = {1,... n}, gzg(") is the set of all subsets of G, and the probability measure
Vg(") on (GM, Z{M) is defined indirectly as follows.'® For each vertex i € V™, draw a
number D; independently from the distribution &, and attach D; “half-edges” to ¢. Then,
we form edges by selecting pairs of half-edges uniformly at random (without replacement)
and connecting them, until no half-edges are left.!! The probability that an edge selected
uniformly at random from the set of all edges in such a network has a vertex i € V(™
as one of its endpoints is proportional to D;. Similarly, the probability that two vertices
i,j € V™ are the endpoints of an edge selected uniformly at random from the edge set of
such a random graph is proportional to D;D;. However, the network constructed in this
way may not be simple, i.e., it may contain multiple edges between a given pair of players,
or edges from a given player to himself (self-loops). Let g be a network obtained by the
above procedure. For each vertex i € V(™ we erase all self-loops at i. Furthermore, if
two vertices 7, j, with ¢ # j, are connected by multiple edges, we merge these edges into
a single edge. We thus obtain a simple network ¢ corresponding to the network g. The

degrees of the vertices in the simple network g corresponding to the original network ¢ is

10We use the erased configuration model here (Britton, Deijfen, and Martin-Lof, 2006). Applications
often refer to the so-called configuration model (Bender and Canfield, 1978; Bollobds, 1980). For that
model, the degree distribution is exactly the given distribution xi, while in the erased configuration model,
the degree distribution only converges to & when n grows large. However, the configuration model as-
signs strictly positive probability to networks that contain multiple edges or self-loops. In game-theoretic

applications, this is of course problematic.
"1Of course, this only works if the total number of half-edges is even; if the sum Y, () D; is odd,

replace D1 by D1 + 1. The results we use are derived for i.i.d. sequences of n random variables in the

limit n — oco. These results are also valid if we change the degree of a single vertex.



given by Dl, ceey ﬁn, with
D; = D; — 2S; — M, (2.3)

for all i € V™ where S; is the number of self-loops of vertex 7 in the original network g,

and M; is the number of multiple edges of 7 in g.

This random construction procedure, which always produces a simple network, defines,
for given n € N and distribution £ on Ny such that (2.2) is satisfied, the network belief
system (G J’g( ), 1/5 ) Note that this network belief system satisfies the exchangeability
assumption (Assumption 1). The degree distribution of this network belief system is not
equal to &; however, its degree distribution comes arbitrarily close to & when n grows large,

as we show now. For t € Ny, define the random variable P (t) : G — {0,1,...,n} by

PO = L I[D; =],
(t) =~ ig(:n) [ ]
where I[A] is the indicator function of the event A. For § € G and t € Ny, P ( )(g) thus
counts the number of vertices with degree ¢ in the simple network §. We refer to (P™ (t)),en
as the empirical degree distribution of the network belief system (G, Jg(”) Vé( )). Note
that by definition, for any simple network g, P (t)(g) =0fort >n—1.

Taking expectations, we obtain the degree distrlbutlon of the network belief system
(g(”),ng(”), én)) That is, if we write Vén) (t) = 1/f ({g € G | Di(g) =t}),

teNy: I/g(n) (t) := Eén) []S(n)(t)} ,

where Eén) [-] is the expectation with respect to the probability measure Vén). To charac-

terize the degree distribution of the network belief system, we use Theorem 7.3 for the
empirical degree distribution of Van der Hofstad (2006):

Theorem 2.2. Van der Hofstad (2006, Th. 7.3)
Let & be a probabilz'ty distribution on Ny such that (2.2) is satisfied. For each n € N, let
(G Jg( ), ) be the network belief system defined above. Then, the empirical degree

distribution of the network belief system converges in probability to &:

V€>0:7LILIEOVE( ({geg Z!P f(t)|25}> =0.

teN
Proof. See Van der Hofstad (2006). O

A simple corollary of this result gives us a characterization of the degree distribution of

the network belief system:



Corollary 2.3. Let £ be a probability distribution on Ny such that (2.2) is satisfied. For
eachn € N, let (G™, ﬁg(n), Vén)) be the network belief system defined above. Then,

lim () = €(8)] = 0.
keNo
Proof. See Appendix A. O
In words, when the number of vertices n grows large, the degree distribution (1/5(") (t))ten,
of the network belief system (Q(”),gfg(”), Vg(")) comes arbitrarily close to the asymptotic
distribution &.

These results give us information about the distribution of the degrees of the individual
vertices in the network belief system, but nothing about the correlation between the degrees
of neighboring vertices. We now consider the degree correlation of the network belief
system, i.e., the correlation in the degrees of the neighbors of player 1. Formally, let £ be
a distribution with support in the nonnegative integers with a finite mean, i.e., £ satisfies
(2.2). Forn € N, n > 2, let (G™, ﬁg(n), Vén)) be the network belief system defined above.
Let the neighbor degree profile K7 of player 1 be defined as before. By Proposition A.3.1
of Van der Hofstad et al. (2005), the degrees of neighboring vertices are asymptotically

independent in the network belief system defined above:

Proposition 2.4. Let £ be a probability distribution on Ng such that (2.2) is satisfied. For
each n € N, let (G Jg( ), ) be the network belief system defined above. Then, for all
teN, forall (0,...,0;) € Nt,

lim (" ({5 € G | Ki(g) = (61,...00)}) = T H% (60),
9€N0

where the factor 8y in the product stems from the fact that one is 6 times more likely to

have a neighbor of degree 6 than to have a neighbor of degree 1.

Hence, in the limit of a large number of vertices, the correlation between the degrees
of neighboring nodes vanishes for random networks with a given degree asymptotic distri-

bution.

3. Network games of incomplete information

A network game of incomplete information is a standard Bayesian game where the states

of nature are networks drawn from a network belief system (G,.%g,v) and the players’
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types are their degrees: each player knows how many neighbors he has. Formally, let

n € Nyn > 2. A network game of incomplete information is a Bayesian game

<N7 g, (Ai)iENa (@i)iGNa (Ti)iENa v, (ui)i€N>7

where N = {1,...,n} is the set of players and (G, Zg,v) (with Zg = 29) a network belief
system on vertex set V' = N. FEach player « € N has a nonempty, finite set A; of pure
strategies or actions. If the state of nature/network is g € G, player i’s private information
is his degree: the set of types or signals is ©; = {0,...,n — 1} and the signal function
7; + G — O, assigns to each network g € G the degree 7;(g) := D;(g) of player . Finally,

each player ¢ € N has a von Neumann-Morgenstern wtility function u; : (X;en A;) XG — R.

Recall that by Assumption 1, the signals of players are exchangeable. Furthermore, we

make the following assumptions on the action sets and the payoff functions.

Assumption 2. (Identical actions) All players have the same set of actions: there exists
a nonempty, finite set A such that A; = A for all 1 € N. <

Assumption 3. (Local interactions) There is a set of functions V := {v; : Ax A'xO! —
R |t € ©} such that for alli € N, a € A", g € G,

) vng(ais (a5)jenie), (T5(9))jenig)  1fE>0
wila,9) = 0 i1 =0

That is, the utility of a player ¢ € N in network g € G only depends on the types and

actions of his neighbors and himself when he has a positive degree. <
In the following, we refer to V as a set of local payoff functions.

Assumption 4. (Symmetric interactions) Payoffs depend on neighbors’ actions and
types in a symmetric way. Formally, for all ¢ € © \ {0}, a € A, (ay,...,a;) € A",
(01,...,0;) € O, and all permutations 7 : {1,...,t} — {1,...,t},

vt(a, (al, Ce ,at), (91, Ce ,Qt)) = vt(a, (a,r(l), e ,CLﬂ-(t)), (eﬂ-(l), Ce ,Qﬂ(t))).

Assumptions 1-4 are fairly general; they are satisfied in e.g. Sundararajan (2006), Galeotti,
Goyal, Jackson, Vega-Redondo, and Yariv (2006) and Ioannides and Soetevent (2006).

Strategies are defined in the usual way. For ¢ € N, a (mixed) strategy for player i is a

function o; : © — A(A). The probability that action a; € A is played under strategy o;

11



by player ¢ € N given that he has type t; € © is denoted by o;(a;|t;). A strategy profile is
a function o = (0;);en, With o; a strategy of player i for each i € N. We extend utility
functions to mixed strategies in the usual way. For strategy profile o = (0);en and i € N,
we write o_; to denote the strategy profile o = (0;);en i} of the opponents of i. We say
that a strategy profile o is symmetric if 0;(-) = o;(-) for all 4,j € N.

We can now define expected payoffs. First, for notational simplicity, for ¢ € G and
t € O, define

v(glt) :==v(gl{g’ € G|Di(g") = 1}),
and
v(t) :==v({g € G|Di(g) = t}).
For player i € N, the interim expected payoff of action a; € A, given that he receives signal

t; € © when the other players play according to the strategy profile o_; and players’ prior

is v is given by

pi(ai, 05 ti,v) = Z v(glti)ui(ai, o-i, g)

geg

= Z V(g|ti)vti (ai7 ONi(g)> TNi(g))?
geg

where we have defined o) := (0;(7;(9)))jeni(g) and Tn,(g) := (75(9))jen;(g)- Similarly, the

ex ante expected payoff of a player i € N of the strategy profile ¢ when the prior is v is

bi(oiv) = Y v(guilo,g)

Y
= Z v(ti) Z oiailt:)pi(ai, o ti, v).
t, €0 a;EA

Definition 3.1. Let ¢ > 0, and let n € N,n > 2. Consider a network game of incomplete
information with n players and prior v. A strategy profile ¢ = (0y,0_;) is an (interim)
e-equilibrium of the game if for all players i € N, for all t; € © with v(t;) > 0, all a; € A
with o;(a;|t;) > 0,

vilai, o_;t,v) > @b, 0 it v) — €. (3.1)

for all b; € A. That is, in an e-equilibrium, a player can gain at most £ from unilateral

deviation. An e-equilibrium is symmetric if it is in symmetric strategies. <

A Bayesian-Nash equilibrium is a 0-equilibrium. By standard arguments, a symmetric

Bayesian-Nash equilibrium for a network game of incomplete information exists:!?

12See e.g. Becker and Damianov (2006).
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Proposition 3.2. Let n € Nyn > 2, and let T' = (N, G, (A)ien, (O)ien, (Ti)ien, Vs (Ui )ien)
be a network game of incomplete information with n players and prior v. Then there exists

a symmetric Bayesian-Nash equilibrium of the game I.

When players follow a symmetric strategy, we can simplify the expressions for players’
expected payoffs considerably. Recall that the sample space of neighbor degree profiles is
Q, with associated o-field .k, and that the distribution of the neighbor degree profile
of player 1 is y,(-). A symmetric strategy profile o with o;(-) = o;(-) for all i, € N can
be denoted by ¢ := (6¢)ico, with d,(a) = o;(+|t) for some i € N the probability that a
player of type t € © takes action a € A. Let o be a symmetric strategy profile, and let
7 = (6¢)co, with, for all t € ©, 6, = o;(:|t) for some i € N. For t € © and type profile
0 := (0,...,0,) € Qg, we write ¢ to denote (Gy,,...,7,). Then, for i € N, t € © such
that p,(t) > 0, and a € A, we define

@((l,&;t,uy) = QOZ'(CL,O'_Z';t7 V) (32)
= Y w(B[t)vi(a,e,0),
e,

to be the interim expected payoff of any player of type t of action a when players play
according to the symmetric strategy profile ¢ and the distribution of the neighbor degree

profile is y,,. Similarly, for ¢« € N and symmetric strategy profile o, we define

(5 p,) = (o) (3.3)
= Y Y aa)p(a,6;5t )

tcO acA
to be the ex ante expected payoff of any player when players play according to the sym-
metric strategy profile o and the distribution of the neighbor degree profile is p,,.

Some remarks are in order. In (3.2) and (3.3), respectively, interim and ex ante expected
payoffs are defined solely in terms of the probability distribution u,, defined on the “re-
duced” space (g, rather than in terms of the prior v, which is defined on the full state space
G. This has two notable implications. Firstly, all network games of incomplete information
with the same action set, the same set of local payoff functions and the same probability
distribution for the neighbor degree profile give the same expected payoffs when players
follow a symmetric strategy. We can thus define classes of network games of incomplete in-
formation by specifying the action set, the set of local payoff functions and the probability

distribution of the neighbor degree profile. This we will use in the next section.
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Secondly, the current representation of expected payoffs allows us to analyze play in
terms of overlapping “local” games, consisting of a player and his neighbors. In network
games of incomplete information, each player plays a game with his neighbors in each state,
who in turn interact with their neighbors, who in turn interact with their neighbors, and
so on. In the next section, we show that each of these local games can nevertheless be

viewed in isolation for our purposes.

4. Continuity of beliefs

Our objective is to define a “measure” of similarity of network belief systems such
that if two network belief systems are similar according to this measure, then, for each
network game of incomplete information, for each symmetric equilibrium of the game in
which beliefs are given by one of these network belief systems, there exists an approximate
equilibrium of the game with beliefs given by the other network belief system, such that
ex ante payoffs are similar under both equilibria. If that is the case, then, for all possible
payoff functions, can obtain approximately the same payoffs (ex ante) under both belief
systems: from the players’ (ex ante) perspective, the two network belief systems are very
similar. At the same time, we do not want to make the conditions on network belief systems
to be similar any stricter than necessary — when we say that two network belief systems are
similar if and only if they are identical, the above holds trivially. We thus want to define
a measure that guarantees that the above holds, but that is no stricter than necessary.
In this section, we define such a measure. To get a feeling for the issues that play a role,

consider the local investment game described in the next section.
4.1.  Local investment

Let ki, ko € Noky > ko > 1. Let n = (k1 + 1)(ka + 2) + (k2 + 1) (k2 + 2), and let G be
the set of all simple networks with n players, with % its associated o-field. The set of
player types is thus © = {0,1,..., (k1 + 1)(ka + 2) + (ko + 1)(k2 + 2) — 1}. We consider
two different network belief systems with n players, (G, #g, vins) and (G, Zg, Veont):

Infection The network belief system (G, .%g, vins) puts equal probability on all networks

with n players that consist of

e k1 + 2 players of degree ky, each linked with k; players of degree 1, and
e Ly + 2 players of degree ks, each linked with ks players of degree 1.
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Figure 2: (a) A network that is realized with positive probability under (G, .%g, vins). (b)
A network that is realized with positive probability under (G, %g, Veont). The numbers in
brackets below the components give the multiplicity of those components in the network.
For instance, there are 5 “star components” in the network in (a), consisting of a central

player with degree 3 and three players of degree 1.

Containment The network belief system (G, .%g, vi,s) puts equal probability on all net-

works with n players that consist of

k1 + 1 players of degree k; that are connected to each other,

ko + 1 players of degree ko that are connected to each other,

a player of degree k; who is linked with k; players of degree 1,

a player of degree ks who is linked with ks players of degree 1, and

1/2(ky(k1+ 1)+ ko(ko + 1)) players of degree 1, each linked with one of the other
players of degree 1.

The name we have chosen for the two different belief systems will become clear when
we discuss the possible equilibria of the local investment game under both network belief
systems. Note that all networks that are realized with positive probability under a given
network belief system are isomorphic: they only differ in the labels of the players. In
Figure 2(a) and (b), we show two networks that are realized with positive probability
when k1 = 3 and ko = 2 under the “infection” and “containment” network belief system,

respectively.
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Note that these two network belief systems are identical in terms of their degree (type)
distribution: in both network belief systems, there are k; + 2 players with degree kq, ko +2
players with degree ko, and kj (k1 +2)+ko(ko+2) players with degree 1. However, they differ
considerably in terms of the correlation between neighbor types. In particular, consider
the conditional probability that a player with degree 1 is linked with a player of degree
k1. Denote the event that player 1 is connected to at least one player of degree t € © by
A;. Then, the conditional probability that a player with degree 1 is linked with a player

of degree k; is
ki(ky +2)

ky(ky 4 2) + ka(ky 4 2)

Vi”f<Ak1 ‘ 1) -

and

k1
con A 1 1) =
Veont (A1) = e T T D)

for the infection network belief system and the containment network belief system, respec-

tively.

Consider the following game. Let N be a set of n players, and suppose that the players are
located on a network, drawn from the set of all simple networks with n players according
to either v;,¢ or Voo Each player has two actions, S and R. Action S is the safe action:
it always gives a payoff of 0. The payoffs of the risky action R depend on a player’s type,
the prevailing network and the actions of other players. Let ©g be a nonempty subset of
N. For player i € N, the payoffs to action R in network g when the action profile of i’s

opponents is a_; are given by

-1 if 7;(g) € B9
Ui(R,a—i,9) =S Veont(As|1) if 7;(g) € ©p and a; = R for all j € N;(g)
—(1 — Veont(As]1))  otherwise.

One interpretation of this game is that players need to decide whether to invest (play R)
or not (play S). For players of type t € O, action R always gives a negative payoff,
independent of the network or other players’ actions. For other types, investment is risky:
if all neighbors invest, a player earns a positive payoff if he has a type in O™ \ O, but if
there is a neighbor who opts out, he receives a negative payoft.

We compare the infection and containment network belief systems in terms of their
predictions for this game. Suppose that ©g = {k;}. First note that, under the containment
network belief system, there is a symmetric equilibrium ¢ in which players invest if they
they have type t # ki, and play S if they have the ‘bad’ type t = k;. Consider a player
who has type t = 1. The safe action always gives a payoff of 0. When all players with type
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t € {1,ky} play R, and players with type t = k; play S, the interim expected payoffs of
action R to a player of type t =1 are

@(R7 5-7 15 ,ucont) = (1 - Mcont(A?)']-))Vcont(A?)l]-) - ﬂcont(ASH-) (]- - Vcont<A3|]-))
=0

Hence, a player with type ¢ = 1 cannot gain by deviating if all players play according to
this strategy. Now consider a player of type t = ky. Given other players strategies, playing
R always gives him a payoff of v (As|1) > 0. Hence, it is optimal for him to play R.
Finally, players with type t = k; have a dominant strategy to play S.

Now consider the infection network belief system. If € < v, r(A3|1) — Veont(As|1), then
in any symmetric e-equilibrium, all types will choose the safe action with probability 1.
To see this, first note that, as under the containment network belief system, players with
degree t = k; will always play the safe action. Interim expected payoffs to a player with

type t = 1 of playing R are then

PR, 051, ping) = (1= ping (A3]1))Veont (A3]1) — pting (A3|1) (1 = Veont(A3]1))
= _(Vznf(A?)ll) - Vcont(A?)ll))
< —¢

Hence, in any symmetric e-equilibrium, players with type ¢t = 1 will play S. Then, in any
symmetric e-equilibrium, the conditional probability that a player with type ¢t = ko has at
least one neighbor that plays the safe action is 1. Given other players’ strategies, playing

R gives a player with type t = ks interim expected payoffs of

PR, 032, pring) = = (1 = Veont(As[1))
< = Wing (As]1) = veon (A3[1))
< —€

Hence, in any symmetric e-equilibrium, players with type t = ko play S.

Hence, while under the containment network belief system, there is a symmetric equilibrium
in which only the ‘bad’ type t = k; chooses the safe action, and all other types invest, under
the infection network belief system, other player types are ‘infected’: if ¢ is sufficiently
small, in any symmetric e-equilibrium, all types will choose the safe action. This example
suggests that, while the payoffs are determined by a player’s degree, the degree correlation

of network belief systems also plays an important role. Of course, this stylized example is
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only suggestive. In the next section, we make precise what we mean by game-theoretical
‘outcomes’ being ‘similar’ or ‘different’, and we show that the degree distribution and the
degree correlation of network belief systems are crucial for game-theoretical predictions to

be similar.
4.2.  Results

Before establishing our main result, we need some more definitions. Fix the player set
N, and consequently the measurable space (G,.%g), the type set O, and for each i € N the
signal functions 7;(+). Let Mg be the set of all probability distributions on the measurable
space (G, %g), and let Mg be the set of all probability distributions on the measurable
space (Qg, Fr) of neighbor degree profiles. For each v € Mg, the associated probability
distribution p, € Mk is defined unambiguously by (2.1). Let u € My be feasible if there
exists a v € Mg such that p = p,. Define

Ag ={peMg|IveMg:n=u}

to be the set of all distributions p that are feasible/attainable. For a finite action set A,
for a set of local payoff functions V := {v; : A x A* x ©' | t € ©} and for u € A, define

(A, V, 1) to be the set of all network games of incomplete information

<N; g, (A)i€N7 (@>ieN7 (Ti)ieN; v, (Uz‘)ieN>
such that

(a) Players utility is given by V. That is, for each i € N,

ui(a, 9) = vryg) (i, (a5)jeni9)s (75(9)) jeni(g))
for a € A" and g € G.
(b) It holds that v € {v € Mg | u = s}

Let ;1 € Ak be a feasible prior. For finite action set A and set of local payoff functions V,
consider the class 9 (A, V, u) of network games of incomplete information. As all network
games of incomplete information with the same action set, the same set of local payoff
functions and the same prior over the neighbor degree profile give the same expected payoffs
under symmetric strategy, the set of symmetric (approximate) Bayesian-Nash equilibria
coincides for all games in the set (A, V, u). For € > 0, we denote by N¢(A,V, ) the set
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of symmetric e-equilibria of games in 4(A,V, ). Hence, the set N°(A,V, ) denotes the
set of symmetric Bayesian-Nash equilibria of games in the set ¢(A, V), ).

For finite action set A and set of local payoff functions V), define
G(AV) = T €9(A,V,0) | p € Ax}

to be the set of all possible network games of incomplete information with that action set
and set of payoff functions. Then, for such a class of games, we can define its bound M by:
M = max ve(a,0) —v(d, 0)]. 4.1
tE@;OE@t;a,a’EA'H'1| t( ) t( )| ( )
This maximum exists, as the signal set © and the action set A are finite. Assume that
there exists t € ©,0 € ©' and a € A" such that v(a, 8) = 0.

We want to formalize the idea that two feasible network belief systems are “close” or
similar in a strategic sense if for each network game of incomplete information, for each
symmetric equilibrium of the game in which beliefs are given by one of these network
belief systems, there exists an approximate equilibrium of the game with beliefs given by
the other network belief system, such that ex ante payoffs are similar under both equilibria.
To that end, let u, 1/ be two feasible priors, and let A be a finite action set. Let )V be a set
of local payoff functions. For ¢ > 0, define

AV )= sup inf (5, 1) — @(6", 1)),
X (s o ) &GNO(AV’M)&,W(AW)|( ) — @' 1))

and let
X (s AV €) i=max {x(p, p's A, V,e), x (i, i, A, V,€) }

Hence, for two feasible priors and a given action set and set of local payoff functions, x*(+)
is a measure of the difference in outcomes under p and g/ when players play according
to a symmetric strategy. That is, for a given ¢ > 0, x*(u, i/; A, V, ) gives the absolute
difference in ex ante payoffs when players have beliefs p or 1/ and we allow for e-equilibria.
To obtain y(u, 1'; A, V, ¢) for given u, ' € Ak, given A,V and ¢ > 0, for each symmetric
equilibrium under u, we find a symmetric e-equilibrium under g’ which minimizes the
(absolute) difference in ex ante payoffs under both equilibria, and then we look for the
symmetric equilibrium under g which maximizes this difference. This formalizes the idea
that for each symmetric equilibrium of the game in which beliefs are given by one prior,
there exists some approximate equilibrium of the game with the other prior, such that

ex ante payoffs are similar under both equilibria. To obtain a symmetric measure, we
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do the same for p and p’ with their roles reversed. Finally, when ¢ increases, the set of
approximate equilibria weakly increases, as more and more symmetric strategies will satisfy
the equilibrium criterion, and the (absolute) difference in ex ante payoffs will decrease
weakly. Hence, the interesting case is when € becomes very small.

The local investment game of the previous section suggests that not only the ex ante
probability that a player has a certain type matters for the outcomes in a network game
with different network belief systems, but that also the correlation between neighbor types
plays an important role.

Define

Sy ={t€ 0| ut)>0and u(t) > 0}

to be the set of types that occur with positive probability under both p and p'. Then, for
two feasible priors u, i’ € Ak, define

di(p, ') = max|p(t) — 4 (1)] (4.2)
do(p,p) = max  |u(F[t) — (/(F[t)] (4.3)

FeZk ’tESH,H/

We can combine (4.2) and (4.3) to obtain

d*(p, p') := max{d (p, '), do(p, 1) }-

The function d*(-) is nonnegative and symmetric, and it holds that d*(u, ') = 0 if and
only if = p'. 13 However, d*(-) need not satisfy the triangle inequality and is therefore
not a metric. However, the function d*(-) generates a topology in the following sense (cf.
Kajii and Morris, 1998): a generalized sequence of feasible priors (u?),cq with Q a directed
index set with partial order > converges to a feasible prior y if and only if for all € > 0,
there exists @ € Q such that d*(u?, u) < e for all ¢ > Q.

We are now ready to state our main result.

Theorem 4.1. Let j1 be a feasible prior, and let (119),c0 be a generalized sequence of feasible
priors, where Q is a directed index set with partial order >=. For all finite action sets A

and all sets of local payoff functions V, for all e > 0, we have that
(@ (p'p) = 0) <= (X"(0', 13 4,V,2) — 0).

The proof of Theorem 4.1 follows from the Proposition 4.4 and Lemma 4.5. Proposition

4.4 shows that if d*(u, ') is small for two feasible priors pu, i/, then for any network game

13The latter claim follows from Lemma 4.2 below.
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of incomplete information, for any symmetric equilibrium of the game in which players
hold prior i, there exists an approximate equilibrium in the associated game with prior
i such that ex ante payoffs are similar. We then show in Lemma 4.5 that both d;(-) and
dy(+) need to be small for this result to hold. Before proceeding to Proposition 4.4 and

Lemma 4.5, we first state Lemma 4.2, that will be used at various stages.

Lemma 4.2. Let p € Ak, and let (1?),en € (Ag)>®. For T C O, assume that there exists
¢ > 0 such that pui(t) > ¢ for allt € T uniformly over q. Then,

lim max |u(F) — pd(F)| =0

qg—oo FeF g

if and only iof
lim max|u(t) — p(t)| =0

qg—oo teO
and
lim max max|u(F|t) — p?(Ft)| = 0.

qg—oo FeFi te©

Proof. See Appendix A. O

We now proceed to Proposition 4.4. Proposition 4.4 uses Lemma 4.3.

Lemma 4.3. Let p, 1/ € Ak, and let § € [0,1]. Let A be a finite action set and let V be a
set of local payoff functions. Let the bound M € R be defined as in (4.1). LetT' € G(A,V, u)
and I" € G(A,V, 1) be two network games of incomplete information. If & is a symmetric
equilibrium of T and da(u, ') < &, then there exists a symmetric 30 M -equilibrium &' of TV,
with 6, = &, for allt € Sy .

Proof. Set 6; = 6, for t € 5, v. For t ¢ S, v, take &; such that (63)igs, , is a symmetric
equilibrium of the reduced game where each player with a type ¢t € S, ,/ is required to
play &; = ;. Such an equilibrium exists by Proposition 3.2. By construction, &, is a best
response to ¢’ for t € S, . It thus remains to show that o, is a 36M-best response for a
type t € S,,v. First, let

Sy ={teo |yt >0}

be the set of types that have positive probability under p/. Also, let H be the event that
a player interacts with at least one player with a type that has positive probability under

i/ but not under p, i.e.,

H={0€Qx|3:0,€ S\ Suu}
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and let H¢ be the complement (relative to Qx) of H. By definition, pu(H|t) = 0 for all
te S, and
u(Elt) — W (Elt)] <6

for all E' € Fk and t € S, ,». Hence,
Vte S, p(H|t) <. (4.4)

Let t € S, s, and a,b € A with ;(a) > 0. Consider the difference

95(6% 7';t, :u,) - @(bv o';t, :u,) =

Z W (8|t) [vy(a,ce,0) — vy(b, 5g, 0)] +
6cH

> 1 (0]t) [vi(a, 5o, 0) — vi(b, 56, 0)] . (4.5)

6cHe
By (4.4), recalling that the bound on the class ¥(A,V) of games is M, the first sum
in (4.5) is at least —dM. To evaluate the second sum, first note that the neighbors of a
player with neighbor degree profile @ € H¢ play according to 6. As a lies in the support of
the symmetric equilibrium & of I'; and p(0[t) = 0 for all @ € H, it follows that
Z M(e‘t) [Ut(av Jo, 0) o Ut(ba T, 0)] 2 Z :u(e‘t) [vt<a7 e, 0) - Ut(ba Je, 0)]
ocHe ocH
=0
Define Gy := {0 € H® | (0]t) — 1/ (0|t) > 0} and let GY be the complement of Gy relative

to H¢. For notational simplicity, define

VMN/(CL, b; 6) =

> (u(Blt) — 1(81¢)) (vi(a, 5o, 8) — vi(b, o, 9))‘-

OcHce

By the triangle inequality, and using that da(u, 1) < 4, it follows that

Vew(a,bi5) < 6;<u<ert>—u'wrt))(vt(a,&o,e)—w(b,&e,e»'+
3 (610~ 1010) 4050.0) ~ 0 50.0)
> (1010) — (610) ({0, 30.6) — (0,50, 6))
S 0(610) — 610 (54(0:0.6) — .60
< QCSMQGGg
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Combining these results gives

ola,d’st, 1) — (b, a5t 1') > —30M.

Proposition 4.4. Let pu, i/ € Ak, and let 6 € [0,1]. Let A be a finite action set and
let V be a set of local payoff functions. Let the bound M € R be as defined in (4.1). Let
I'e 9(AV,p) and T" € G(A,V, 1) be two network games of incomplete information.
Suppose that d*(p, ') < 6. If ¢ is a symmetric equilibrium of T, then there exists a
symmetric 30 M -equilibrium &' of T such that

|B(5: 1) — B(6"; 1)| < 3ndM,
where n is the number of players.

Proof. Define
G :={6 € Qi | u(0) — 1/'(6) > 0},
and let G° be the complement of G. Also, define the function ¢ : Qx — © by £(0) =t for
0.
Let & be any symmetric equilibrium of I'. By Lemma 4.3, there exists a 30 M-equilibrium

o' of I'" such that 6; = 5, for t € S, ,». By Lemma 4.2,

/
— < .
fax |p(F) — p'(F)| < on, (4.6)
and thus
(55 1) — ®(5; )] < Z (n(0) — 1/(0)) Z@(e)(a)ve(e)(a,&e,e)‘ +
0eCG acA
Z ZU@(Q ’Ug(g) a 09,0)‘
0cGe acA
= Z ZO‘g(g |Ugg) a 0’9,0)|+
0cG ac€A
Z ZO’g |Ug(9 a, 0'9,0>|
0eGe acA
< 2néM. (4.7)

where we have used the triangle inequality in the first line. For puq, us € Ak, define
Fyy =10 € Qk | 11 (£(0)) > 0},
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and

B = {8 € Quc | 1 (£(6)) > 0, 15(£(8)) > 0}.

Then, by (4.6), as pu(F,y \ F,,v) = 0 by definition,
W (Fuw \ Fyw) < né.
Recalling that &, = &; for t such that p(¢) > 0 and z/(t) > 0, this gives us

(55 1) — ®(6; )] <

S [Z% 0010, (0.5,0) — 3 610 (@)0100)(a.56.0) ‘+
BGFM’ acA acA
3 [Z 50 ()0106) (0, 5. 8) — " 40 (@010 &g,e))“
OEFH/\FM acA acA
— Z '(0) 252(9)(@”@ a,cg,0 Zag (a 69,9)‘
Ok \F,, ./ acA acA
<M ) 40
GEFM’\FM,M/
<noM (4.8)

where we have used the triangle inequality in the first line. Combining (4.7) and (4.8) gives

|B(5; 1) — D(&"; 1)| < 3ndM.

O
We now establish that if either dy(p, ') or do(p, ') is large for two feasible priors p, g/,

then ex ante payoffs can be very different under p and p'.

Lemma 4.5. Fiz § € [0,1], and let p, 1’ € Ag. If

max|u(t) — p'(t)] > 0

or
max _ |p(F[t) — @' (F[t)] > 6

tGSH}H/,FEgK
there exists a network game of incomplete information I' € G (A, V,u) for some A and
V with bound 1 and an equilibrium & of T' such that for any T" € G(A,V, 1), for any

symmetric d-equilibrium &' of I it holds that
(55 1) — B(&"; )| > 6.
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Proof. By Lemma 4.2, if either

max|p(t) — w'(t)] >0

or
max _ |u(F|t) — @/ (Flt)] > 6

tESH’M/,Feg‘\K

then, for ¢ > 0,
1
Flt) -/ (F|t 1+-1]9¢
Dax |p(F|t) — p'( !)\>< +c)

Hence, there exists a nonempty set of types T' C O, and, for each t € T', an event F;, € F
such that |u(Fi|t) — /' (Fft)| > 0. Let A be a finite action set and consider the set
Vi={v;A x A" x O | t € ©} of local payoff functions with

vt(a,a(t),O):{ 1 ifteT and 0 € F;,

0 otherwise

A game in the set 4(A,V) is bounded by 1, and |®(5; u) — ®(6'; 1) > & for any two
symmetric strategy profiles & and &', where ®(-) is the ex ante expected payoff under V.
0

We can now prove Theorem 4.1.

Proof. (If) Let A be a finite action set and let V be a set of local payoff functions. Let
M € R be as defined in (4.1). By Proposition 4.4, for ¢ > 5Md*(pu, u4), x*(u, u% A, V,¢) <
3nd*(u, p?). Hence, for all finite action sets A and sets of local payoff functions V and for
all e > 0, if d*(u, p?) — 0, then xx*(u, u%; A, V,e) — 0.

(Only if) For 6 € [0,1), if dy(p, /) > & or da(u, ') > 9§, then, by Lemma 4.5, there
exists a finite action set A and set of local payoff functions V such that there exists a
symmetric equilibrium & for a game I'Y(A,V, 1) such that in any d-equilibrium &’ of a
game [V € G(A,V, )/, we have |®(5, ) — ®(&', 1) > 0. O

Some remarks are in order. Firstly, an important question is how strong our conditions
are. On the one hand, not very strong: the conditions we obtain for the class of network
games of incomplete information are much weaker than those of Kajii and Morris (1998)
for general Bayesian games with countable type sets. Kajii and Morris give two conditions.
Firstly, priors need to be close in the weak topology, and, in addition, with high ex ante
probability, it needs to be approximate common knowledge that players’ posterior beliefs

are close. It can be shown that only the first condition is relevant in the current context,
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as the type space is finite in our case.'* Hence, Kajii and Morris thus require that network
belief systems are close in the weak topology. By contrast, we require only that the degree
distribution and the degree correlation of network belief systems are close. That is, rather
than requiring closeness on a global scale — for the network belief system as a whole — we
require only closeness on a more local scale, the “reduced” probability space. Hence, while
it is not very surprising that we obtain weaker conditions than Kajii and Morris, given that
we restrict attention to a subclass of this general class, the main value of our approach is
that we exploit the local nature of the payoffs and the symmetry of the probability space
and the payoff functions so that we can compare network belief systems on a local scale,
rather than on a global scale. “Global” closeness is a very restrictive condition, while our
conditions only require network belief systems to be close on a local scale.

On the other hand, our conditions can be rather restrictive. As discussed before, the
literature on network games of incomplete information mostly focuses on games on ran-
dom networks with a given asymptotic degree distribution (see Section 2.1). Theorem 4.4
essentially states that results from random network models with a given asymptotic de-
gree distribution cannot be translated directly to network belief systems with a different
(asymptotic) degree distribution (as in that case d;(-) would remain large when the num-
ber of players grows large) or to network belief systems in which player types are not
(asymptotically) independent (as then dy(-) would remain large).

A second remark is that is straightforward to generalize the results to more general
classes of local payoff functions when some restrictions on the network belief system are
satisfied. We have assumed that a player’s payoffs only depend on the actions and types
of his direct neighbors, in a symmetric way (Assumption 3 and 4). Alternatively, we could
assume that payoffs depend on the actions of types of a players’ neighbors up to the kth
degree for some k € N, again in a symmetric way. Formally, for k € N, 7 € N and g € G, the
set N¥(g) of kth degree neighbors of player i in network g is defined inductively as follows.
Let N!(g) := Ni(g), and for k € {2,3,...}, let NF(g) := {N;(9)|j € N ()} \ NI (g).
To rule out cases where a player is a kth degree neighbor of himself, or where a given
player is both a kth and an fth degree neighbor of another player, where k,¢ € N, k £ /,
we need to restrict G to be a subset of the set of all acyclic networks.!> We can then

define a degree profile for a player’s neighbors up to the kth degree analogously to our

14 As uniform convergence of prior probabilities implies uniform convergence of conditional probabilities

on a finite event, weak convergence is necessary and sufficient in Bayesian games with a finite type space.
15 An acyclic network is a network without any cycles, i.e., a network such that there is no sequence

(v1,v2,...,v¢) of vertices for £ € N, ¢ > 2 such that {v;,v;11} is an edge for all i € {1,...,¢} and ¢ = 1.
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definition of a player’s neighbor degree profile. For the restricted state space G, results
remain essentially unchanged if we replace the distribution of the neighbor degree profile
by the distribution of the degree profile of neighbors up to kth degree. Note that even as k
approaches the number of players n, our conditions remain weaker than those of Kajii and
Morris (1998), as we essentially require weak convergence of degree profiles, while Kajii

and Morris require weak convergence on the state space when the type set is finite.

5. Conclusions

Social networks are ubiquitous, and they may have a large effect on economic outcomes.
We study a setting in which players are located on a social network and play a fixed game
with their neighbors. Given the complexity of social networks, it is important to study
whether game-theoretical predictions are robust in some sense to assumptions on players’
beliefs and information. We have studied the robustness of game-theoretical predictions to
assumptions on players’ beliefs for the class of network games of incomplete information.
In this class of games, players have incomplete information on the network structure: they
have a common prior, and in addition, they know the number of contacts they have, i.e.,
their degree. We have asked what the conditions are on two priors such that for any
network game of incomplete information in which players hold one of these priors, for any
equilibrium in that game, there is an approximate equilibrium in the associated game with
where players hold the other prior such that ex ante expected payoffs are close. Our main
result (Theorem 4.1) states that the strategic behavior of a player is sensitive to the degree
distribution, as well as to the correlation in the degrees of neighbors. Hence, the essential
features of a prior in terms of game-theoretical predictions are the degree distribution and
the degree correlation.

The present work can be extended in several directions. Firstly, a natural direction for
future work would be to consider different classes of payoff functions. In the class of games
we consider, payoffs only depend on the types and actions of a player and his neighbors in
the network. In many settings, other properties of the network structure also affect payoffs.
Such settings have been studied by some authors for the case that the network structure
is common knowledge,'® but not for the case when there is uncertainty about the network.

Another natural direction is to consider an alternative way to model players’ beliefs over

different networks. In the current framework, the number of players is common knowledge.

16See e.g. Ballester, Calvé-Armengol, and Zenou (2006).
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The argument of Myerson (1998) that this is not always a natural assumption in general
games holds a fortiori for network games. In general games, players typically interact with
all other players, while in network games, players only interact with a small subset of
the population. Hence, it is natural to assume that players do not know the size of the
full network. In such “network games with population uncertainty” (cf. Myerson, 1998),
players’ type sets are countably infinite. In that case, our conditions for beliefs to be close
will not be sufficient (see the discussion in Section 4 and Kajii and Morris (1998)). It
is possible to show that in that case, priors need to be close in the weak topology, and,
in addition, it needs to be the case that with high ex ante probability, a player has a
type such that his posterior beliefs are close under both priors, and he interacts with high
probability only with types for which posteriors are close, and that with high probability
interact only with. .., etcetera.!” The local investment game we discussed in Section 4.1
gives some hint for why this is the case. In that game, players need to choose whether to
invest or not. For some types, investing is never profitable, but for others, investment is
profitable if all their neighbors invest. We have seen that even if a player has a type such
that investing is profitable, and he is quite sure that his neighbor has a type such that
investment is profitable, he might not invest, as he may think that his neighbor thinks that
the neighbor of his neighbor thinks. ..that his neighbor has a type such that investment
is not profitable. However, note that this “contagion” stems from correlation between
players’ types, not from the physical link between two given players, as in e.g. Morris
(2000). In our setting, the actual network structure is irrelevant, it is the beliefs induced
by the network belief system that count. This implies for instance that contagion can
“jump” from component to component. In Section 4.1, we saw an example of a network
belief system in which there were network components in which no player invests, even if all
players in that component are connected to types for which investment could be profitable.

To establish our results, we have applied ideas and concepts from the literature on higher
order beliefs in the setting of network games of incomplete information. There are other
important questions in the setting of network games of incomplete information that can be
answered using ideas from this literature. One important question is how sensitive game-

theoretical predictions are to the assumptions on players’ information about the network

1"These conditions mirror the conditions of Kajii and Morris (1998) for general Bayesian games. This
latter condition is the network analogon of the requirement of Kajii and Morris for general Bayesian games
that with high ex ante probability, it needs to be approximate common knowledge that players’ posterior
beliefs are close. The condition of Kajii and Morris can be translated to a network context by replacing
the belief operator they use by a variant of the neighborhood operator of Morris (1997, 2000).
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structure. As in much of the literature on network games of incomplete information, we
have assumed that players only know their degree. Indeed, Friedkin (1983) argues that the
“observational horizon” of individuals is limited: they only know their local environment in
the network. But how local is local? Some people may know only their direct friends, while
others may know some of the friends of their friends, etcetera. As this observational horizon
is hard to measure empirically and may vary considerably among agents in the network,
it is important to investigate the robustness of predictions to informational assumptions
in network games. Also, such a study may give insights under what conditions individuals
have an incentive to learn about the network structure. Galeotti, Goyal, Jackson, Vega-
Redondo, and Yariv (2006) have studied this issue in a specific setting, but these issues
have not been studied systematically. The results of Galeotti et al. (2006) indicate that
informational assumptions are far from innocuous. The link with the literature on higher
order beliefs may also be helpful here. The present results suggest that such robustness
questions are important to study in network games of incomplete information. Moreover,
this paper shows how one can utilize ideas from the literature on higher order beliefs to

study such issues.

Appendix A Proofs

Proof of Corollary 2.3
Using p{"(t) = EYV[P™(t)], we find that

St - €(t)] < E

teNg

A )I] : (A1)

By Theorem 2.2, the random variable | P () — £(¢)| converges in probability to 0.

Also, this random variable is bounded:

DIPIM =g < Y IPM) + (1)

teNp teNg
= 2

where the last equality follows from the definitions of & and P™. Hence, by dominated
convergence,

lim E(n

n—oo

> 1P €(t)|] =0,

teNp
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and thus, from (A.1),

Tim 3 (1) = €()] = 0,

teNg

Proof of Lemma 4.2

(If) Suppose that lim, o maxpe 7, |(t(F) — u(F)| = 0. Then, it is easy to see that for all

g €N,
< —
max|u(t) — p(t)] < max |u(F) — u(F),
and thus
Jlim max|u(t) — u(t)] = 0.
Also, for all ¢ € N,
q < t q t
max max |u(F|t) — pi(F[t)] < max max I )IM(F Q) — wI(F, Q)| +

max max
teT FeFrx pa(t)

(2) maxlur) - )

C FeZg

and thus

1 Flt) — pi(Ft)| =
lim max ma [5(FJt) = (P

(Only if) Suppose that

q pu—
Jim max|u(t) — wi(t)] =0 (A.2)
and
lim max max |u(F|t) — p?(Ft)| = 0. (A.3)

g—oo teT FeFy
Fix € > 0. For each F € Zx and each ¢ € N, it holds that

(F) = (F)| = > [u(F[t) = g (FI0)] p(t) + Y p (Pl () — (1))
< O J(F) = g (F)|u(t) + > pt(FIE)|ult) — ()]

By (A.2) and (A.3), there exists ) € N such that for all t € 7, ¢ > @ implies that

uFle) ~ (i) < ()

30



and

) - 0] <=+ ().

1+4+c¢
Hence, for ¢ > @),

uE) =) < e (1) [ ut+ Swre
teT teT
<= (7)) +§;m<mtw<t>]

IN

5'(1ic)'[”ﬂ

= ¢
and hence lim,_, |u(F) — p?(F)| = 0. As this holds for all F' € Ff, we have

lim max |p(F) — p?(F)| = 0.

q—o0 FEF K
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