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Abstract

We consider a pure exchange economy in which individual utility depends
on own consumption as well as on the consumption of friends, colleagues and
relatives, i.e., the neighbours. These effects may be due to social rank consider-
ations. We model these local consumption externalities in terms of a network of
social ties. Our aim is to study how prices, allocations and welfare are shaped
by social interaction in the general equilibrium of such an economy. The role
of wealth inequality is also explored.

We first study an example in which there are two goods, one of which is
subject to consumption externalities while the other is not. In this setting we
show that equilibrium prices can be expressed as a function of the sum of social
network centralities of the agents. We then show that individual allocations
are proportional to individual network centralities. New social connections
lead to a larger sum of centrality and this generates higher prices for goods
which exhibit externalities. Finally, additional social connections give rise to
changes in consumption of different agents which are a function of their network
centrality.

We then discuss alternative specifications of consumption externalities, e.g.,
where the externalities depend solely on the average of neighbours, or the max-
imum of neighbours, or where externalities arise in the consumption of both
goods. We find that in such economies there exists equilibria which are insen-
sitive to patterns of social interaction.
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1 Introduction

One of the recurrent themes in the study of individual well being is that, in addition to
own consumption, it appears also to depend on the consumption of others with whom
we interact and compare ourselves. But the happiness and therefore the consumption
of these “close by” others in turn depends on the consumption of their friends and so
on. Individual decisions on consumption are therefore shaped by the overall pattern
of connections which obtain in the society. In a market economy these decisions also
reflect the prices of different goods. In order to understand consumption and welfare
we therefore need a framework which takes into account social structure along with
the familiar fundamentals of the economy — endowments, technology and preferences.

In this paper, we propose a simple example, in which we extend the classical pure
exchange model of general equilibrium to allow for social interaction. There is a finite
group of individuals who all have identical initial endowments and are price takers.
Each of the individuals is also directly affected by the consumption of a subset of the
other individuals, whom we shall refer to as her neighbours. The structure of individ-
ual neighbourhoods is modeled as a network. In this network, two individuals 7 and j
have a link if and only if they are mutually affected by each other’s consumption of a
good which displays externality. For a fixed set of prices, individual demand depends
on consumption of neighbours, whose demand in turn depends on the demand of their
neighbours and so on. This suggests that an agent with more neighbours may face
more externality as compared to someone with few connections. However, the choices
of neighbours will reflect the connections of the neighbours and so on. In particular,
notice that a change in the demand of agent ¢ will have an effect on the demand of
her neighbours which will in turn affect the demand of their neighbours, and these
changes will in turn feedback on agent i. Thus a study of individual consumption
requires us to take into account paths of different lengths via which individual agents
are linked in the network. It turns out that a well known concept of centrality in
sociology, due to Bonacich (1987), defines the centrality of a node precisely as the
weighted sum of paths of different lengths. We are thus led to investigate the rela-
tionship between this form of centrality and individual consumption and equilibrium
prices.

We start with the result that individual consumption of the two goods can be ex-
pressed as a function of (an affine transformation of) her Bonacich network centrality.
Second, we show that equilibrium price for the good is proportional to the sum of net-
work centralities and is indeed increasing in this sum. Thus more connected networks
will exhibit higher prices of the good subject to consumption externality. Thirdly,
we show that an increase in the aggregate supply of a good leads to an increase in
consumption which is proportional to the centrality of different agents. Fourth, we
study how adding new social connections affects consumption and welfare. To see the
issues at work here, it is useful to focus on the case where starting at a network, a



link is added between two agents ¢ and j. Our main result is that changes in the con-
sumption of these agents can be expressed as a function of their network centrality:
in particular, the consumption of the “positional” good 2 goes up for both agents,
but the increase in consumption is larger for the agent who started with the lower
centrality in the original network. The consumption of good 2 goes down for all other

agents. The decrease being larger for agents with larger centrality. The converse
holds for good 1.

We then discuss alternative specifications of consumption externalities, e.g., where
the externalities depend solely on the average of neighbours, or the maximum of
neighbours, or where externalities arise in the consumption of both goods. We find
that in such economies there exists equilibria which are insensitive to patterns of
social interaction.

There is a vast literature in economics, as well as in other disciplines, on the impor-
tance of relative consumption for individual well being. There are a range of models
which have been proposed over the years, see e.g., Abel (1990), Arrow and Das-
gupta (2007), Easterlin (1974), Cres, Ghiglino and Tvede (1997), Frank (1985), Frey
and Stutzer (2002), Hopkins and Kornienko (2004), Layard (2005), Veblen (1899)
and Dussenbery (1949). While these models differ in many ways, they share one
common feature: they suppose that individual utility or well being depends on own
consumption and average social consumption. However, the motivation for relative
consumption effects in this literature typically arises at a local level, i.e., when we
compare our consumption with the consumption of friends, colleagues and relatives.
This formulation of average consumption is thus restrictive on two counts: one, it
precludes the study of size effects which is likely to be important when we are faced
with ”physical externalities” where what matters is the sum of the individual effects
and not the average. Two, the average formulation precludes the study of changing
patterns of social interaction and comparison which has been the topic of public de-
bate. These considerations motivate our attempt at developing a framework in which
local consumption effects can be studied systematically.?

Our paper builds on two earlier papers, Ballester, Calvo-Armengol and Zenou (2006)
and Tan (2006). Tan (2006) studies the effect of social networks in a general equilib-
rium model. There are two main differences between the papers. One, he looks at
specific networks — such as star and regular networks — while we allow for arbitrary
networks. Our study of general equilibrium in arbitrary networks is made possible
due to our key result that the social network effects are summarized in a simple mea-
sure of network centrality. In obtaining this result on network centrality, we exploit

!For an interesting empirical paper on neighbourhood income effects, see Luttmer (2005).
2Qur interest is in consumption externalities; there is an interesting line of research which exam-
ines the effects of trading restrictions, modeled in terms of networks, on equilibrium outcomes. See

e.g., Gale and Kariv (2007) and Kakade, Kearns, and Ortiz (2005).



a simplifying feature of our example: for fixed prices, individual demand is a linear
function of neighbours’ consumptions.

Our paper is similar to Ballester et al. (2006) in one respect: both the papers use
the linearity of individual actions as a function of their neighbours actions to obtain
the connection between network centrality and equilibrium. However, the nature of
the results is quiet different. In particular, our interest is in studying the effects of
social interaction on market prices and allocations and we show that equilibrium price
is an increasing function of the sum of network centralities. Moreover, our study of
the effects of adding connections yields novel insights about changes in prices as well
as the relative rates of increase and decrease in the consumption of different goods by
agents as a function of their respective network centralities. By contrast, in Ballester
et al. (2006), the games have a single dimensional effort /strategy and the addition of
links raises the sum total of efforts.

The rest of the paper is organized as follows: section 2 sets out the basic model of
network based consumption externality. Section 3 solves the model and obtains our
main results. Section 4 discusses some alternative formulations and concludes.

2 Model

We consider a pure exchange economy populated with N consumers, ¢ = 1,..., N.
Let N (i) be the set of neighbours of consumer i and let n; = |N(7)|. There are two
consumption goods. We denote by p the price of good 2, good 1 being the numeraire.
Consumers care about their own consumption of good 1 and good 2. We note z;
the consumption of good 1 by agent ¢ and y; the consumption of good 2 by agent .
Consumers also care about the consumption of good 2 by their direct neighbours, i.e.
consumer 7 cares also about {y;};en(). Consumer ¢ is endowed with a bundle of the
two goods (w;, ;). We will represent the pattern of neighbourhoods by G, which is a
n x n matrix of 1’s and 0’s. An {4, j} square in this matrix takes value 1 if and only if
1 and j are direct neighbours. We will assume that in this matrix the diagonal terms
are all set equal 0. The complete network will be denoted by G°.

In order to model interpersonal comparisons in consumption we let the utility depends
on own consumption in the two goods as well as the consumption of the neighbours
in the second good. More specifically, we let

Ui(l’z‘, yi,yfi) = ui('xia (I)(yia y—i))

where ® : R x R" — R and —1 is the set of neighbours to agent . The function ® is
expected to be increasing in y; and decreasing in each element of the vector y_;. It is



also natural to assume that when all neighbours consume y;, that is each component
of y_; is set to y;, then the effect of the neighbours vanishes, i.e. ®(y;,y;) = v;.

As all agents have identical preferences and endowments we put ourselves in a situ-
ation in which the variations in consumption are small. Subject to this condition we
may linearize ® in respect to y_; near y; and keep only the first order terms. We then
have

Oy y—i) ~ Py yi) + > 0(yi i)y — i)

JEN()

where 0;®(y;, y;) stands for the partial derivative of ® in respect to jth neighbour’s
consumption, evaluated at the point where all consumptions are y;, i.e. y_; = y;. As
all agents are identical we may assume that 0;®(y;,y—;) = —a where —a < 0 is the
common value of all the partial derivatives of ® with respect to —¢. Assuming that
a is small we get

D(yiy—i) ~ yi—a Z i = Yi)

JEN(7)

yi(1+na) — Z Yj

JEN(i)

12

Finally, we assume that u; has the familiar form

ui(z,y) = 27y =7
with 0 < ¢ < 1. The utility function can then be written as
l1-0o

ui(xiayh@/fi) = ui(xiayi: {yj}jeN(i)) =z yi[l + Omz Z Yj (1)
JEN(4)

The specific form of the utility function is a consequence of the introduction of inter-
personal comparisons. The function can be written in a way that allows for a more
intuitive interpretation in which the effect of departures from the average is weighted
by the number of neighbours, i.e. the social pressure. Indeed, we can write

l—0o

Ui(xi,yi, yfi) = ui<xi7yi7 {yj}jEN(i)) =a) | yi+an; |y — Z Yj (2)
]GN

The utility function in (2) is derived from the general form w;(z;, ®(y;, y_;)) as-
suming that the effect of interpersonal comparisons are small. However, we could



just as well assume that the utility takes the form (2) without any restriction. The
utility function u; does not explicitly vary across individuals so we might be tempted
to drop the subscript i. However, we should be aware that the set of neighbours N (7)
do depend on 1.

Remarks: The case where @ = 0 corresponds to the benchmark no externality
model and « may be interpreted as a measure of the strength of comparison (or
externality). In principle a could also be assumed to be negative, in which case we
would have a situation of a positive externality. At the end of the paper we will also
briefly consider situations where individuals care about average consumption of their
neighbours, i.e. without introducing the “size effect”, and the case in which each
agent cares about the maximum consumption of her neighbours.

A recent strand of the literature on conspicuous consumption (Frank (1985), Rob-
son (1992), Hopkins and Kornienko (2004)) assume that status (which gives utility)
is determined by the position of the agent in the distribution of consumption of the
positional good. A rationale for this is that this quantity gives the probability that
the agent consumes more of a positional good than a randomly chosen other agent.
The formulation adopted in the present paper is different as interpersonal compar-
isons are determined by the network and their effect is weighted by the size of the
difference in consumption in the positional good.

A consumer i’s optimization program reads

Ma“r(fi,yz‘) ui<xi7 Yi, {yj}jGN(i)>

Let (Z;, ;) solve this problem.

A general equilibrium is a strictly positive price p and a vector of allocations (Z;, ¥ )ien
such that

1. Markets clear: ZieN T = ZieN Wi, Zz‘eN Yi = ZieN Vi

2. For each i € N, (7;,¥;) solves the optimization problem outlined above.

At equilibrium we need to have z; > 0,y; > 0 as well as y;+an; [yi — n% ZjeN(i) yi| >
0 for all 4.



3 Analysis

The first order conditions associated to the optimization problem are

1-0o
0 = axf_l yi[1 + an;] — Z Yj + A
JEN(?)
0 = 27(1—o)[1+an] | w[l+an]— Z Y; + A\p
JEN(4)
0 = @ +pyi — [wi + pvi]
The demand for good 2 is
1—0 o «
2 _ . :

Fip Wikienw) = — = | witprit 7 7P > U (3)

JEN (i)

An important property is that the demand depends linearly on the externality. Sim-
ilarly, the demand for good 1 is

«
Fi o Aysbiene) =0 | witpri— P Y.y (4)
+ amny; N )

The first expression above implies that for each i we have

ao 1—0

i —  — i i) =0 3]

b= T 3 gy ) )
JEN(i)

This can be written as

yi_fgi.y_T”(wi+pui)_o (6)

where Y is the N-dimensional vector of good 2 consumption, G; is the ith row of the
N x N matrix of connections, i.e. the adjacency matrix.
The set of equations can be written in matrix form as

l1—0

[I—OéO'GN]Y—

W =0 (7)

where GV is the N x N matrix of connections in which every row is normalized so that
the sum of the elements add to 7 , and W the N-dimensional vector of individual
wealth.

Whenever [[ — aocGN } is invertible we obtain

7



l—0
p
Assume now that all consumers have identical endowments so that

Yy —

[ — acG"] “w (8)

Wi =wi +pv; =w+pv (9)
which means that
W = (w+pv)J (10)
where J is the N-dimensional vector of ones. Then
1-— _
Y = ? [ — aoG™] 1J(cu + pv) (11)
p

It is now useful to introduce our notion of centrality.

Definition 1 Let GV be the N x N adjacency matriz in which a row i is normalized

by 1+}m¢’ where n; is the degree of agent i. Then we define the centrality vector B by

B=[I—-aocG"] " J (12)

where J is the N dimensional vector of ones.

When ao is smaller than the inverse of the modulo of the largest eigenvalue of G*,
the inverse [I — aocGN ] ~ can be expressed as a power series

11— aaGN]_l = Z (acGN)? (13)

The element (4, j) of this matrix can be written as

{[1 - a0G"] ‘1}@) =3 (o) {(GY) ) (14)

s=0

where {(G")*}(; ;) counts the number of path starting in ¢ and ending at j of length
s, weighted by the factors defined in Definition 1. This expression provides a nice
interpretation of centrality in terms of interactions with neighbours of increasing
distance. In fact the centrality of an individual B;, reflects the weighted sum of paths
of all the different possible lengths. We note that this is closely related to the well
known measure of network centrality defined in Bonacich (1987). We discuss this
measure in greater detail later in this section.

The vector of individual allocations is then collinear to B



Y:Bl_Ta(w +pv) (15)

In order to find the price p that equates supply and demand we solve the market
clearing equation:

N

Zyizl_Ta(w—l—pu)ZBi:Nl/ (16)

i=1 i=1

so that . N
—0 v
—(wtp) = (17)
p Z]Icvzl B,
Therefore
B B
Zk:l By, B
with B = & S V., B;. Equivalently we have
B; B;
Zk:l By, B

This equation contains the key result that at equilibrium, a consumer’s consump-
tion of good 2 is proportional to her centrality. Furthermore, her consumption is
proportional to the supply of good 2 but does not depend on the supply of good 1.
We note that this relation obtains when all agents are identical in preferences and
endowments.

Finally note that the equilibrium price is given by the equation

w Nv

l-0)—=———(1—-0)v 20
1=0)% =y (=0 (20)
or
1 v 1 N
—=—|—=x 1 (21)
p W 1_02i:132
or
1 N -
w
p:_ll_ N - (22)
v 0> i1 Bi

This expression shows that the price depends on the sum of centralities.

The vector of individual demand for good 1, denoted X, can also be computed. From
Ty =w+pv —pyi

9



we get

T

_1 -
1 N B;
w+ ¥ ~ — N Nv
L—0o% "\ B > k1 B
i N B B ]
w — —
Y Zgzl By, 21]::1 By,

(L-0)SY, B~ BN
I N—(1-0)3, B
N—-(1-0)NB;
w
N —(1 _U)Zglek

1-(1-0)B;
11—l yl B
1—(1-0)B;
C‘)1—(1—a)§

At this stage it is necessary to check that this allocation is indeed an equilibrium.
In other words we need to be sure p > 0, xz; > 0,y; > 0 and y;(14+an;)—« Z]EN(Z.) Y >
0 for all 4. This requires to evaluate the bounds on B; for all . Within the assumption
of the present paper it is possible to write B as a converging series. Consider an
arbitrary coordinate &

By,

1+ oza{GNJ}k + a2 {(GN) T + 04303{(GN)3J}k + ...

l—i-ozoz g+’ Zq 12 g +
S DNID DD DN R
1+ a0 Z]em)1+ank+0‘ Z gkqu Opg T
D DN SAND DA
1+ a0 +n0mk + oz2cr2z . gkp#gnp +
e 032 1 Jhp Zh 1gp’"‘1+nfxnh *

1+ oo

1 n
+a%0? L+
1+ any “ 1+ any ZpeN(k) 1+ an,

1 1 n
33 h
oo 1+ any ZpeN(k) 1+ an, ZheN(p) 1+ any +

10



The first term is the degree n; of the agent k scaled down by 1 + ang. The
quantity ; +";nk is increasing in n; and bounded by 0 and 1. The second term is the
sum over the neighbours N (k) of the degrees of the neighbours (also scaled down).

This decomposition also allows to define B recursively

1
1+omk Z Bj

JEN(k)

Bk:1+CYO'

Now, from the series decomposition and since 5 +”§nk < 1, we have that

[e.9]

ang ANy o
B, <1 =1
F +1+Oznk LZ;U] +1+cmk1—a

We then get the bounds

1
1< B, < —
l1—0

We are now ready to look at our existence conditions. The condition for the price
to be positive is

1 N -1
l—0o Zf\il B;
or ]
> B
1—-0
which clearly holds as
! > B
1l—0o !

for all i. The condition x; > 0 is satisfied as both (1 —¢)B; < 1 and (1 —0)B < 1
hold. The condition y; > 0 is automatically satisfied as By > 1. Finally, we consider
the condition y;(1 + an;) —a N() ¥ > 0 which may be rewritten as

1
Yo > ;>0
1 .
(1+amn) FEN(3)

or

1
Bi—a—— % B;>0
3 1 ) J
(1+ am;) FJEN()

11



Using the recursive formulation for B, we see that the condition indeed holds

1
1+a01—|—omz ZB 1+oml ZB

JEN(4) JEN(3)
= 1 -1 B;
+(o )1—|—omilz‘ J
JEN(i)
an; 1
> 1 -1 ‘
(o )1—|—om,1—0
> 1-—1
> 0

The results obtained so far are summarized as follows.

Proposition 2 Assume that ao is smaller than the inverse of the modulo of the
largest eigenvalue of GN.Let B = % fo:l By.. Then there exists an equilibrium and
this is unique. The equilibrium allocations are

1—0 Bz
y S W) =2 (23)
and
1-(1-0)B;
T, = W —
1-(1-0)B
with the equilibrium price being given by
wl 1 1 -
= — =—1 24
P=3 {1 —0B } (24)

From the proposition we see that conspicuous consumption y; is proportional to
the centrality of agent ¢ and is decreasing in the price p. Consequently, whenever
B can be considered as given, 1, is proportional to the centrality of the agent i.
Symmetrically, the consumption of the standard good x decreases with the centrality.

The implications of the result can be fully appreciated by considering the recursive
formulation for B
B,=1+ OéO' Z B

JEN(K)

Indeed, it shows that the consumption y; in the positional good by agent i is increasing
in the number of direct neighbours and also positively affected by the centrality of
these. Recursively, y; also depends on the number of second level neighbours and
their own centrality.

The result also implies that her consumption in good 1 is larger than her initial
endowment if and only if her centrality is below the average, i.e. Z,ivzl By > NB,; or

12



% Zgil By > B;. Of course the converse is true for good 2. The intuition is that the
more central she is the more she consumes of good 2 in order to cope with the larger
negative externality, i.e. the larger number of comparisons, and the less she consumes
of good 1. Furthermore, as the equilibrium price depends on the average centrality it
is in general not much affected by the details of the network but is clearly increasing
with the overall density of neighbourhood links. The Proposition also implies that
the price p is increasing with vazl B; while it is decreasing with o.

The price p (which is the relative price of good 2 over good 1) decreases as the
supply of good 2 (relative to good 1) increases. Proposition 2 tells us that equilibrium
individual consumption for good 1 increases proportionately with the supply in good
1 according to:

dw 1-(1-0)B

(25)

Furthermore, as x; is independent of v we get % = 0. Consequently, an increase
in the total supply of good 2 does not affect her consumption of good 1. The effect
of a rise in v on the consumption of good 2 can also be computed. From Proposition
2 we also get
dy; B,

(26)

dv B

In this case the effect is straightforward as an increase in the total supply of the
externality good 2 increases the demand for good 2 proportionally for all consumers.
Note that this demand does not depend on the supply of good 1.

3.1 Wealth heterogeneity

In this section we extend the model to the case with heterogenous agents. The
aim is to evaluate the impact of variations in wealth on the patterns of conspicuous
consumption. As agents are heterogenous W is not anymore collinear to the vector
of ones J, though we still have

1—0
p

Y = [I—aoGN] ' W (27)

If we note M = [I — ozaGN}_l then

1—0 N 1—0 N
vio= = Zj:1 M;;W; = ’ Zj:1 Mij(w; + pv;y)

= (1-o0) Zjv_l Mz’j(% + ;)

13



Conspicuous consumption depends both on the general structure of the network, via
the price effects, and on the local patterns of links, via the M;;’s.
In order to get some intuition consider the series expansion of M

y = w10 aee T w (28)
p p
= 127 (e w (29)
p s=0

where {(G")*}; ;) counts the number of paths starting in ¢ and ending at j of length
s, weighted by the normalizing factors appearing in GV. The notion of weighted
centrality [I — aocGN } "W used here characterizes then the sum of all paths leading
to agent k starting at all possible j, weighted by the income of 7 and of all possible
length s.

We are now ready to analyze the role of wealth and centrality at a local level. To
simplify the analysis assume that the price is fixed. Consider coordinate k of Y. Then

1—0]! >
" [ ] = Yo (@YW,
p s=0
= 1+ ag{GNW}k + a202{(GN)2W}k + a303{(GN)3W}k + ...
= 1 + «o Z gqu —+ 0520-2 Zp 1 Zq 1 gkpgpq
N
Y Zh:1 Z TipTonIngWy + -
1
W,
1+ any, quzvoc) ot

1 1
2 2
_ |44
oo 14+ ang ZPGN(k) 1+ an, quN(p) 7t

1 1 1
33 Z W
D — - e
tate 14+ ang ZpeN(k) 1+ an, ZheN(p) 14 any gen(m) 1 *

= l4ao

Denote [, = Eq L G We = D geN (k) 1+Om the weighted degree of agent k, i.e. the
sum of incomes of the neighbours to agent £ normalized by 1 + ang. Then

W= - Sawiom,

1
I
1+ ang ZpEN(k) p T

1 1
3 3
—_— I
rate 1+ ang ZPEN(k) 1+ an, ZheN(p) Tt

= 1+ acl, + o?c?

14



This expression shows that for a given price, the consumption of the conspicuous good
is increasing with the number and wealth of the neighbours as well as the number
and wealth of the neighbours of the neighbours, and so on. For small o the series
decreases very fast and the direct effect is expected to dominate. Consequently, an
individual immersed in a rich and dense neighbourhood will be induced to consume
more of the conspicuous good. The results obtained so far are summarized as follows

Proposition 3 For a given price p, the consumption y; in the positional good is
increasing in the centrality and the wealth of the agent i, in the centrality and wealth
of his neighbours, of his neighbours’ neighbours, etc.

We now consider the effect of local redistributions of endowments on the conspicu-
ous consumption. Clearly, for a given network the equilibrium price p is a continuous
function of (w;, ;)Y ;. Therefore we may again assume that p stays constant for any
small local change in (w;,7v;). The previous expression shows that a redistribution
of incomes within neighbours of the agent k has no effect on his conspicuous con-
sumption. The same is true for a redistribution among the neighbours of a given
neighbour A of agent k. However, more general redistributions will affect conspicuous
consumption of agent k. For example, a redistribution from a neighbour of a neigh-
bour h (of agent k) to a neighbour of a neighbour h' (of agent k) will have an effect.
Conspicuous consumption g, will increase if the degree of h is larger than the degree
of h'. Note that this logic only applies to situations in which the neighbourhoods do
not intersect.

Proposition 4 Assume that the considered neighbourhoods are disjoints. For a given
equilibrium price p, redistributions among neighbours of an agent k does not affect his
consumption of the positional good. The same is true for redistributions among any
given neighbourhood of any of the neighbours or neighbours of neighbours (and so
on) of agent k. On the other hand, redistributions across neighbourhoods affect the
consumption. Furthermore, a redistribution from a neighbour to a “far” agent reduces
the conspicuous consumption of agent k.

We now consider the general equilibrium effects channelled by the equilibrium
price. From the expression giving y; it is clear that an increase in the price reduces
the conspicuous consumption. To see how the equilibrium price depends on the
wealth distribution we need to find an expression for p. In order to find the price p

15



that equates supply and demand we solve the market clearing equation:

N N
Z v = R, = Z Yi (30)
i=1 =1

i=

l1—0 N N
= > ijl Mij(w; + pvj) (31)

p

1-o0) Zj\; Zjvl Mij(]l)wj +5) (32)

Il
—

1 N N N N
= 5(1 — O') Zi:l Zj:l Mijwj + (1 — O') Zi:l Zj:1 Mijyj (33)
Therefore
1_R—-(1-0) Sy Y My, _ R, B Y Y My,
p (1—0) >, Yoo, Mijw; (1=0) 3 Y Myjw; o, S0, Mijw;

To simplify the analysis suppose that only endowments in the positional good are
redistributed. Then the price is an increasing function of Zf\;l Zj\;l M;;v;. This is
evaluated as follows.

D INRTIRED S o
I
i=1 j=1" 477 i=1 j=1
ij

N 1
_ , 2 2
— Zi:1(1 +acY; +a‘o T anm ZpeN(i) T, +

1 1
3 3 T
e 1+ an; ZpeN(i) 1+ an, ZheN(p) pt )

Z OésOs(GN)S

s=0

Vj

where
N 1

_ N
Te= Zqzl Tkq¥a = 14 ang quN(k) Ya

Of course, at a global level the assumption of disjoints neighbourhoods should be
dropped. In fact, as central agents have many neighbours they automatically belongs
to several neighbourhoods simultaneously. Consequently, a redistribution of endow-
ments from the less connected to the more connected would certainly rise the price
of the positional good.

Proposition 5 For a given network the equilibrium price p decreases when resources
are redistributed from more central agents to less central agents.
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Finally the expression for p can be inserted in the expression for y;. We get

N 1
yi = (1-0)> lMij(]—)ijer)

i
(1—-0) Zjv_l Mijw; + (1 = o) Zjv_l M;;v;

R, B PO D Mij”j]
(1—0) Y, S Miyw; Yo, S0 Mijw;
(1—0) Zjv_l Myw; + (1 - o) Zj_l My;v;

N N N
= R > jm1 Mijw; (-0 2 i 2j=1 Mis? ZN Mo ZN o
sz'vzl Zjvﬂ Mijw; le\il Zj\le M jw; =1 I3 g Y

3.2 Changes in the network

We now analyze how modifications in the network affect the equilibrium demand and
price. We first consider the effects of the addition of a link between two agents.

We observe that the addition of a link reflects the local externality and this directly
affects the demand of the individuals. The change in demand of the two linked
individuals then affects the demands of others indirectly and these changes work
themselves into the price which in turn is mediated via the network again. We know
that demands are related to the centrality of agents, and so it is natural to start by
asking how the addition of a link affects B;. Formally, if a link is added between ¢ and
J, the matrix G is modified into G = G + A;; + Aj; where A;; is the matrix defined
by Ay = {tpg}) =1 with t;; = 1 and t,, = 0 otherwise. In order to evaluate how the
vector B is modified by the addition of the link it is useful to note that

GN = (GTA)"
where (.)7 means transpose and A is defined as
SR
A=l T L o
0 0 0 o

Then the addition of a link between i and j implies that GV becomes GV and
- T
¢v = (G"R)
- <(G A+ AT 7\)

T
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with A defined as A but with the elements at position ¢ and j modified to become

1

1
) and Tta(n,+1)

1+a(n;+1

Therefore, introducing a link between ¢ and j modifies B as follows

B = iOéSO'S(éN)S
L s=0

— 2 e {((G + A+ A" K)Tl S

Clearly, introducing a connection between ¢ and j affects the value of all the
elements of the vector B. However, this effect is vanishing with the distance and as
aoc — 0. It is then useful to look at the first terms in the expression for B noting
that all terms are positive. We consider an arbitrary coordinate k. As shown before
we get for the first three terms

J (34)

J (35)

25 2 o\ Ny
B, = 1+a0c——— +a‘c +
F 1+ any Zp=1 Iip 1+ an,

N N n
3.3 N N h
+a’o Zp:1 Ikp Zh:l gph1+anh +

g 2 9 Tp
- 1 0 -
+a01+ank tae 1+ any ZpeN(k) 1+ an, *

1 1 n
33 h
o 14 any ZpeN(k) 1+ an, ZheN(]ﬂ) 14 any +

The expansion for By allows us to evaluate the effect of the introduction of a link
between ¢ and j. Denote this change as ABj. Using the series expansion we then
define ABy, = >~ ABj where the suffix indicates the power of ao. For the first
term in the series we have

AB — oo n; +1 oy
’ l+af{n; +1} 1+an
ao

14+ a{n; + 1} [1 + any]

Let N (i) denote the set of neighbours to agent i before the new link i «— j is added.
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Then the second order term AB? is

1 n n;
AB2 = o202 P j
‘ i 1+ a(n;+1) ZpeN(i) 1+ any, i 1+ an;

1
202 Z np
1+ an; “=peNG) 1 4+ an,

_ @202 1 B 1 Z np
l+a(mn+1) 14 an; pEN() 1 4+ an,,
1 n;
2 2 j
T N a(m )1+ an
2 2 —a p
= oo
(1+a(n; +1)) (1 + an;) ZpeN(i) 1+ an,
1 alg? 1 )

14+ a(n; +1) 1+ an;

1 an; o an
2 i P
“ 1+ a(n; +1) {1+omj 1+ an, ZpeN(i) 1+omp}

An upper bound on AB? can be obtained noting that 0 < 2 < 1. We get

14+any
—1 an
AB2 = o202 P
‘ e (1+ a(n; +1)) (1 + any) ZpeN(z') 1+ an,
1 an;
2 j
T am )1+ an
a0 1 an;

o
14+ a(n; +1) 1+ an;

We now evaluate the contribution of the second term relative to the first term. We
have

2 1 an;
ABZQ ao 1+a(n;+1) 1+a§1j
ABI < ao
{ [1+a{n;+1}][1+an;]
an;
< l—lianj
14+an;
1+ an;
< o (any) :
1+ an;
< o(1+an;)

Therefore, if 0 << 1 and aon; << 1 then all the terms beyond the first can be
neglected.
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Consider now how the centralities of the neighbours of 7 and j are affected. Denote
by h a generical neighbour of i, i.e. h € N(i). Then, the addition of a link between
agent 7 and j has no effect on ny, so that AB;} = 0. The second term in the expression

2.2 1 np
of By, is a0 o= X e Ny o SO that

1 n; + 1 n
AB2 = o202 i P
h "1+ am, 14+ a(n; +1) +Zp€p];i(ih) 1+ an,
1 n n
2 2 ? P
_a S
7 1+ any, 1+ani+zp€p]jﬁgh) 14 an,
2 9 1 nz—i—l n;
= a‘c —
l+an, [1+a(n+1) 1+an;
1 1
— o252

L+ any (1+a(n; +1)) (14 an,)

For further neighbours, only higher order terms are non-zero.

We are now in a position to evaluate how Z]kvzl By is affected by the new link.
Let fo:l By, be the value of the sum after the new link is introduced. If we keep only
the first two terms of the expansion we have

N N N
SIS 3
k=1 k=1 k=1
~ AB! +AB!+AB!+AB+ Y AB}+ Y AB
kEN (i) kEN(5)
Now,
AB} + AB} ~ ac nitl n+1 S L —_
J l+a(n+1) 14+an;+1) 14+an; 14 an;

(+am+ 1)) tam)  (+a(m 1) (1+an)

12

On the other hand,

AB2+AB? ~ o%0? @
i + j oo (1 i a(ni + 1)) (1 + Oéni) ZheN(i)
9 1 an;

o
1—{—0[(’)7,14—1)14-0471]

np

1+anh

+«

— np
+a’o?
? (1+a(n;+1)) (14 an,) ZheN(J’) 1+ any,
9 1 amn;

tao I1+a(nj+1)1+an,
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Finally,

> an e 2T
h - . . 11 o
NN G) (1+a(n; +1)) (1 + any) Nty 1+ any,
n a’o? 1
(1+a(n;+1)) (14 an,) Nt 1+ any,
Therefore,
al ac ao
A B, = 4
; g (1+a(m;+1)(1+an;)  (1+aln;+1))(1+an,)
+aoc® ! ik
1+ a(n;+1)1+an;
1 on;
2 j
oty +a(n;+1)1+an;
1 n
2 2 h
1— T
oo (1+a(n;+1)) (1+an) (1=-a) ZheN(i) 1+ any,

1 n
2 9 h

oo 1—aqa E "
(1+a(n;+1)) (14 an,) ( ) heN(j) 1 + any,

This expression shows an important pattern. Adding a new link between ¢ and
J increases the first term in the series expansion of B; and B;. The second term of
the expansion is reduced but at a rate a®. On the other hand the second term of the
expansion for the neighbours to 7 and j are increased but at a rate o?. Consequently,
the overall impact on the second term of the series is also positive. By a similar
pattern as expected the entire sum increases when a new link is added.

We can now obtain the result concerning the effect of the addition of a new
link on the equilibrium price. As the addition of a new link increases Zf\il B; this
push up the demand for good 2, everything else equal (including the relative price).
Since aggregate endowment is constant, the price for good 2 has to increase to restore
market clearing. This intuition is captured in the above result on the relation between
equilibrium price for good 2 and the sum of the centralities.

A straightforward implication of this result is that the price of good 2 is minimized
in the empty network and maximized in the complete network. We summarize these
observations in the following result.

Proposition 6 Starting from any network G # G¢, an addition of a link raises p; it

therefore follows that this price is minimized in the empty network and maximized in
the complete network.
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We now turn to the effects of link addition on different individuals. Denote
A Zszl B; the first term of the expansion concerning the effect of the new link on
the sum of centralities and A Zszl B? denote the second term. Then, the relative
contribution of the different terms of the expansion still satisfies

N
A i Bi
N
A>T B
provided o << 1 and aon; << 1. In the sequel we will then keep only the first term

of the expansion, which implies that only the effect on the centralities B; and B; of
the newly connected agents are considered, i.e.

<< 1

s ,; Pe= (14 a(n; +1)) (1 + an;) - (1+a(n; +1)) (1+an;)

Denote this term by AX.

From this expression we see that the effect of a new link on the equilibrium price
p is lower the higher is the degree of the connected agent.

The effect on the allocations can also be worked out. The first order correction to
the value of y when a link is added between 7 and j can then be computed as follows.
Let y; denote the first-order corrected value of 1;. A similar convention is used for the
other variables. For a node h with h # i, j, we have

- B
Un = _ 2 _Nuv< Yn (36)

25:1 B,

because AY = Zi\;l By — ngv:l By > 0. This is intuitive as the increase in y; and
y; need to be balanced by a similar decrease in the conspicuous consumption of the
other agents. The extent of this decrease is computed as follows.

Un —Yp = AT +?§£{1 BkNV — %NV
(B) (o Be) = (B) (A3 + 2, By
(ax+ X By (S0 Br)
—B,AY

(AE + 25:1 Bk) <Z£[:1 Bk)
B,

(chvzl Bk) 2
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If an; << 1 so that (1 + a(n; +1)) (1 4+ an;) ~ 1 for all 7 then

By,

N 2
<Zk:1 Bk)
So the more central is the agent the larger is the decrease in his consumption of the
second good when a new connection is added that does not involve him directly. The
intuition for this result is as follows. Because central agents consume more of the

second good they are more affected by the rise in the price of good 2 induced by the
increase in the total number of connections.

Yn — yn ~ —2Nvao

We now analyze the effect on the agents who have formed a link. The previous
result clearly implies that y; > y; or/and y; > y;. However, are both inequalities true?
We know that

B; + - -
Ui~ (1+a(nﬂ]rvl))(1+anz) Nu (37)
and B4 oo
gj ~ J A(l—i—a(nj—&]-vl))(l-&-anj) Ny (38)
Y+ Zk:1 By,
Therefore, again
B + ‘ oo — B
’y"i _ yz ~ ? (1+a(n1+1))(1+ z) N 7 NV

AT B X B
(BZ- + (1+a(mfl(;)(1+ani)) (ij:l Bk) — (By) (AZ N Bk)
(a2 + 5 ) (S )
<<1+a<mf5><1+ani>) (fozl Bk) —(B) AY
(az+ 2, B) (2 B)

If an; << 1 so that (14 a(n; +1)) (1 + an;) ~ 1 for all ¢ then

~ Ny

Nv

12

N
Ui —vy; ~ Nvao Zk:l Bi = 2B,
<AZ + chvzl Bk) (lequl Bk)
SV, By — 2B,
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The question is then whether Zgil By, — 2B; is always positive, i.e. does B; <
%Zivzl By always hold? The answer is yes, since every path of any length between
two agents [ and m generates a path of equal length from m to [.

The most interesting property obtained from the previous expression is that the in-
crease in the consumption of the externality good for the newly connected agents is
larger for the less central agent of the two. In general, the effect of a new connec-
tion is inversely proportional to the centrality of the agent before the connection is
established. The intuition is as follows. The rise in the price of good 2 due to the
new connection tends to lower the consumption of good 2. However, the increase in
the centrality of agents i and j over-compensate this effect. In fact, the less central is
the agent before the new connection is added, the bigger is the relative jump in her
centrality and consequently her increase in consumption of good 2.

We now examine the effects on demand of good 1, when a single connection is
added to the network between ¢ and j. Assume that (1 + a(n; +1)) (1 4+ an;) ~ 1 or
equivalently that an; << 1, for all 7 then. For agent i, we have

1_ N —(1—-0)NB;
—T; = =
w N—(l—a)fo:lBk

N — (1 —0)N(ac + B;)

N —(1—0)[2a0 + 3N | By]

Therefore
1 1
SN = oyt
1-(1-0)(ac+ B;)
N —(1—0)[2a0 + 3N | By]
N — (1 _U)Ziv:lBk

After reducing to a common denominator, the numerator becomes

Num =[1— (1—0)(ao+ BN - (1-0) S By

L- (1= 0)B]N ~ (1~ 0)200+ 3 By

Let N
Ai=1-(1-0)B; andAgzN—(l—U)Z B,

Then
Num = [A; — (1 —o0)ao)][As] — [A1][A2 — (1 — 0)2a0]
= [-(1—=o0)(ao)]As+ A1 (1 — 0)2c0
= [(1 — 0')010'] [2A1 — AQ]
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Then
Num = [(1-o0)ao]
[2—2(1—0)B2~—N+(1—U)Z:[ By]

= [(1-0)a0] (2= N+(1-0) [Z; B, 25 )
Finally we get
2—N+(1-0)>N, B, —2B|]
(N—(1-0) T, B)

Note that the condition for a positive price is (1 — o) S, Br < N (see page 9)
and that B; > 1 by construction. Therefore, Az; < 0. It is worth noticing that the
loss in the consumption of good 1 is larger for more central agents. We observe that
this effect is the mirror image of the effect of an additional link on the demand of
good 2.

Az; =wN|[(1 —0)ao]

For a node h with h # i, j, the increase in consumption of first good is computed
as follows.

1 1 .
—A[Eh = —( h—l‘h)
w w

N —(1-0)NB,
N —(1—0)[2a0 + 3N | By
 N—(1-0)NB,
N—(1-0)[3, B

First observe that Azy/w > 0, as N — (1 — o)[>.a, B] > 0. After reducing to
the same denominator, the numerator becomes:

Num = [N —(1—0)NBjy]

[(N— (1 —o—)[ZBk]> - (N— (1 —o)[2aU+ZBk]>
= [N—=(1—-0)NBy][(1 - 0)2a0]
= N(1-0)2a0 —(1—-0)*200NB,

N1 —o0)2a0[1 — (1 —0)B}]

Therefore the increase in z;, decreases with the (relative) centrality of h; in other
words, for fixed > B;, an increase in By, reduces the increase in demand for good 1.
These findings are summarized in the following proposition and the related corollary.
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Proposition 7 Assume that a new link is added between agents © and j. Then the
first order correction to the consumption of agent i is

2—N+(1-0)>N, By —2B|] <0

Az; ~ wN|[(1 —0)ao] 5 <
(V-(-0 %k, B)

and
S, B — 2B,

<Z;§V:1 Bk‘) 2

Similar expressions obtain for agent 5. The first order correction for the agent h # 1, j
are

>0

Ay; ~ Nvao

1—(1—0‘)Bh >0

Azxy, ~ 2a0wN(1 — o) 5 >
h (V= -, B)

and

—2By, i <0
N
<Zk:1 Bk)

The first order correction is dominant whenever o << 1 and an; << 1.

Ay, ~ Nvao

Corollary 8 For a sufficiently small values of o and o the effect of a new link i < j
on the equilibrium consumption is as follows:

i) y; increases and the effect is smaller for more central agents
ii) For h # 1,7, yn decreases and the effect is larger for more central agents
ii1) x; decreases and the effect is larger for more central agents

i) For h #1,j, x), increases and the effect is smaller for more central agents

From the Corollary we see that the densification of some of the regions of the
network increases the consumption in the positional good in those regions, the larger
increase affecting the less connected (central) agents. On the other hand, the general
equilibrium effect channeled by the price decreases the conspicuous consumption of
the agents non affected by the densification, the larger effect being on the more central
of these agents.

Remark: Of course there is a second order effect on the gents in the neighbourhood
of agent ¢ and agent j. For these the reduction in conspicuous consumption due to
the rise in the price is less noticeable because of the offsetting effect of the increase
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in the centrality of their neighbours (this can be seen from the recursive formulation

of B).

Welfare effects: We now turn to the study of welfare effects of additional new links.
The individual welfare in logarithmic terms is

log u(xi, i, {yk tren ()

= ologz; + (1 —0)log(y;(1+ an;) — a Z Y)
kEN(i)

= Ulog<w N—(l—a)]]\\ZBi )
N—=(1-0)>- Bn

N
+(1—o)log | v |(1 +an;) B; — Z B,
n=1 Bn kEN (i)

Note that y;+an; [yz — ni ZjeN(i) yj] needs to be positive for the utility to be defined.

Prior to the new connection, agent j was not a neighbour to i, i.e. j ¢ N (7). The effect
on welfare of increases in total supply is straightforward. The effect of an increase in
the supply of good 1 is clearly beneficial. An increase in v is also beneficial for the
utility of consuming good 2. The overall effect is positive.

The role of centrality in defining the change in welfare can now be analyzed. The effect
of the new connection on agent’s ¢ welfare comes from the change in his consumptions
of good 1 and good 2 but also from the change in the comparison with the neighbours,
Le. in D7y Br This term changes as a consequence of changes in the By and also

because now agent i has one more neighbour, j € N (i), where N (i) is the updated
set of neighbours. In fact, an increase in the centrality of an agent, everything else
equal, seems to have an ambiguous effect as it increases his equilibrium utility from
consuming good 2 (provided « is small enough so that (1 + an;)B; — a iy B;
increases) but reduces her utility from consuming good 1. A formal analysis is as
follows. Let as before Z]kvzl By, = NB. Consider agent i.
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Alog ui(2:, Yis {Yk bren())
1—0

g
= —Al’l + |:<1 + anz)Ayz - Ayk —ay :|
z; (L4 ani)ys — ad e Ye Z ’

= 0 (w(ll—_o-))B> wN[(l _ 0')040]2 — N+ (1 - U)[NB__QZBi]
9 (N—(1—-0)NB)

-1
1—0( [1—1—0471Z —aZkN Bk])
NB —2B;

—2DBy
O W ]

Let us rewrite this in order to highlight the terms specific to agent ¢

Alog u; (x4, yi, {y; }jeN(i))

= o’wN(1 — o)« <(N_ (- o)NB) >_

1-(1-0)B
2—-N+(1-0)[NB] 2(1-0)B;
{ 1—(1—0)B; _1—(1—0)31}

(- o) <% {(1 +an)Bi —a ZkEN(i) Bk] > 71

NB —2B; —2B
N 1 ) — Nvoo———_ _ qu.
[ vao(l+ an;) (NE)Q o E peny YYO (N§)2 ay]]
Now, the expression
NB — 2B, —2B;,
N 1 J—— — N TR s
[ vao (1l + any) (NE)Q « E reny VYO (N§)2 ay]]

_ Nvao ' = on . «a —2 [ NvB;
= (NE)Q (14 an) (NB 281) +2azkeN(i) By Nvao (NB) ( NB >

Nvao

- (vBY

{(1 +an;) (NB —2B;) + 2042 o B —B NB}

We are not able to find out whether or not the change in welfare is in general positive
or negative. However, some interesting results can still be obtained.
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First, from the above expression it is clear that the more central is j the worst, or
less beneficial, is the addition of the new connection i «— j as far as the the welfare
of i is concerned. The incentive for an agent 7 is then to connect with non-central
agents. The role of the centrality of agent ¢ on her welfare is more difficult because
it causes the term in x; to rise and the term in y; to fall. However, when 0 — 0 the
above expression tends to

Nvao 1 N NvaB;
(Z]kvzl Bk) 4 - Zk:l Bi

which is a fixed negative number when o — 0. We then get that

513(1) Alogu; (x4, yis {yj }iene))

v -1 NvaB;
= —(=|Q+an)Bi—a) By —
B kEN (i) Zk:l Bk

Note that the denominator is positive (otherwise the utility would not be defined).
We summarize the findings as follows.

Proposition 9 Given a network g. For any given pair i,j and any sufficiently small
value of a there exists 1 > & > 0 such that for all 0 < 0 < 7, adding a connection
between i and j reduces the welfare of agents i and j.

4 Alternative specifications and open issues
In this section we comment on alternative formulations of the externality.

Suppose that individuals care about their consumption relative to the average con-
sumption of their neighbours. In this case,

ulas i (3Yien) = o= D2 )" (39)

i jeni(g)
The average formulation suggests a natural outcome: every consumer chooses the
same bundle of goods. Clearly then the externality faced by every consumer is the
same and so the optimal consumption bundle under a common set of prices will be
the same as well. The market clearing equations are then nz; = nw and ny, = nv.
The equilibrium allocation is then (w, v) . The equilibrium price can be obtained from

eq. (3)

1
w=o0|w+pr+a—p Z v| =o0(w+pr+apr) (40)
" jeNG)
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giving

w(l—o0)=plov+oav) =po(l+ a) (41)
so that
_ 1-0
b= o(l1+ a)

Note that it is independent of the network, as is to be expected since demands are
independent of the network connections. However, note that the equilibrium price is
related to the magnitude of the externality, and is indeed decreasing in the value of
a.

We now turn to another possibility: comparison with the maximum of neighbour’s
consumption. In this case, we can write utility as:

w(ws, Yis (i tjene) = 27 (yi — o max y;)' =7 (42)

JEN()
Now again we can check that there is an equilibrium in which as in the previous case,
individuals all choose the same demand and the equilibrium price is given p = 0(11:’&).

Finally suppose that consumption externalities are relevant in a symmetric way for
both goods. In that case, the utility is given by

o 1—0o

Ui (T3, T, Yir Y—i) = | [l + ang] — a Z x; yill +an] — a Z Yj
JEN() JEN()

(43)
Then there exists an equilibrium which is identical in prices and allocations to an
equilibrium in the economy with no consumption externalities. This is analogous to
a point made in a recent paper by Arrow and Dasgupta (2007). They consider a
dynamic model of work, leisure and savings, and find that if consumption and leisure
are equally susceptible to consumption externalities then there is no distortion in
equilibrium.
The discussion in this section has shown that if externality generated by individual
consumption takes an average form or a maximum form then the network structure
does not matter; the equilibrium price and allocation is independent of the network
of interaction. However, the price is related to the magnitude of the externality
parameter «. In a pure exchange framework with identical agents this plays no role.
However, in a model with heterogenous agents or production the change in the relative
price is expected to matter for the equilibrium allocation.
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