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Abstract

We study group formation where agents’ preferences over group memberships are
defined on the identity of the other agents in the same group. We define identity to be
two-dimensional: on the one-hand, it is determined by the agent’s type, e.g., her race,
nationality, ethnic background; on the other hand, it is determined by the agent’s quality,
e.g., her skill level or material endowment. Specifically, we consider two types of agents
and view group formation as a coalitional two-sided matching problem where agents of
each type may form coalitions which can be matched to each other. Agents’ preferences
are dictated by status-seeking. Status can be either local or global. In this setting, we
consider four specific preference domains, show that on all of them core stable coalitional
matchings always exist, and fully characterize the corresponding cores.
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JEL Classification Numbers: CT78, J41, D71

1 Introduction

In many situations studied by social scientists and economists in particular, an individual’s
decision about taking a certain action hinges upon who the other individuals making the same
choice are. Membership in social groups, fan clubs, or internet forums, choice of residence and
fashion, political party affiliation, and even religion are all examples in which an individual’s
preference may be well-defined on the identities of the individuals with whom she will be
associated after making a choice.

The notion of identity is arguably a complex oneE| Traditionally, the individual in eco-

nomic analysis is identified by her preferences. This modeling of an individual, however, is
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being criticized for missing on the broader social context within which an individual functions
as an economic agent (see Sen, 1977 for an early critique). A remedy is offered by behavioral
economics. Akerlof and Kranton (2000), for example, illustrate how including in economic
analysis an individual’s sense of belonging to a salient social category may rationalize ob-
served facts and change the predictions of the classical theoretical model. A call for making a
further distinction between the individual’s identity as represented by her group membership,
and as reflected by her position within the group is coming from the sociological literature
(e.g., Baron and Hannan, 1994). Finally, Podolny (1993) argues that applying the distinction
between role and position to producers of different quality helps explaining the generation of
hierarchies in a market.

To address this critique, we distinguish between two components of one’s identity: on
the one hand, we use the type of an individual to define identity in terms of belonging to
a pre-defined larger group (one can think of this as gender, nationality, ethnic background,
language group, or skill type); and on the other hand, we take the quality of the individual to
dictate one’s self-perception relative to others in the same group (here quality may be thought
of as skill level or material endowment)ﬂ With these two dimensions of identity in mind, we
investigate what groups will form in a society of two distinct types of agents who differ in
terms of quality.

For this purpose we define a new notion, coalitional matching, that allows us to study the
formation of groups that may be homogeneous in type, i.e., contain agents of the same type,
or heterogeneous, i.e., contain both types of agents; differ in the quality of their members;
and may vary in size. What distinguishes coalitional matching from other settings studied in
the literature on group formation is the possibility to have simultaneous group formation of
agents of each type and matching of (groups of) agents of distinct types.

When discussing how individuals choose their affiliation with groups, socially-referenced
preferences are a natural candidate. That people tend to compare themselves in terms of

possessions, well-being, or achievement, to those in their immediate surrounding has been

2For the purpose of our work both type and quality are considered to be objective rather than subjective
measures of identity. Furthermore, in line with the literature on group formation, identity is treated as an
endowed characteristic rather than a choice. For an example of endogenous identity formation in the work
place, see Akerlof and Kranton (2005).



acknowledged theoretically and substantiated empirically (cf. Frank, 1985; Clark and Oswald,
1998; Blanchflower and Oswald, 2004; and Bowles and Park, 2005). In our work preferences
are founded on the status each agent attains by taking part in a coalitional matching. On
the one hand, an agent strives to attain a high local status as defined by her relative position
with respect to the other agents of the same type in the group. In this respect, we assume
that an agent’s local status is higher, the greater her quality is relative to the average quality
of the agents of the same type in the group. On the other hand, our agents seek a high global
status by being matched to a group in which the average quality of the agents of the other
type is as high as possible.

As agents are unconstrained in the type and size of groups they may form, and as they are
only motivated by status seeking, we employ the notion of the core to study the partitioning
of agents into groups. We discuss four cases of agents’ preferences over groups: when agents
seek only local status; when they seek only global status; and when both local and global
status affect preferences, we distinguish between the cases when they are substitutes and
complements. In all these cases, we show that the core is non-empty. More specifically,
we show that when preferences are defined on local-status, the core consists of partitions in
which each group has at most a single agent of each type. The same result holds when local
and global status are complements in agents’ preferences. In the case when global status
preferences dictate agents choice, stable partitions contain groups in which at least one type
of agents has only one representative. Finally, when global and local status are substitutes in
preferences, groups of more than one agent of each type may be stable. Moreover, we show
that segregated society, i.e., one in which high-quality individuals and low-quality individuals
form separate groups, is core stable under very special conditions. Instead, fully integrated
partitions, where all agents are part of a coalitional matching which has the same average
quality for agents of each type, when individually rational, are stable. This result is surprising
as seeking either local or global status would intuitively lead to the formation of elitist groups.
In this case, however, the trade-off between local and global status seen in the fact that high
local status for an agent of a certain type implies a lower global status for the agents of the

other type with whom the former is matched, sustains stable integration.



This work has its place within the vast literature on group formation when agents’ prefer-
ences over groups of which they can be members depend on the identity of the other members
of the group. Group formation by heterogeneous types of agents has been analyzed in two-
sided matching problems (here, Shapley and Shubik, 1972, is a seminal reference). The
hedonic coalition formation literature (cf. Dreze and Greenberg, 1980) studies group forma-
tion when agents are homogeneous and their preferences depend on group membership only.
Our work may be viewed as marrying these two strands of the literatureﬂ Another strand
of the literature that combines matching and coalition formation is the literature on effective
coalitions (cf. Kaneko and Wooders, 1982). Like that literature, we use the notion of core to
study stability, however, we do not impose any restrictions on the type of coalitions that may
form.

Within the matching literature, our work is closely related to the class of papers on many-
to-one matchings with peer effects (see Dutta, and Massé, 1997; and more recently Echenique
and Yenmez, 2007; Pycia, 2007; and Revilla, 2007). The difference between our work and
theirs is that in our framework group formation occurs on both sides of the market while
in theirs it happens on one side of the market only. Our paper is also related to the work
of Kaneko and Kimura (1992) who study group formation by heterogeneous types agents,
black and white, whose preferences over groups depend on the size of the group. Similarly,
Karni and Schmeidler (1990) study the splitting of the population which contains two types
of agents into three groups when preferences depend on the relative size of each group. In
contrast, in our work peer effects are not size-based.

We use the notion of the core to study stability where identity is conceptualized as a hedo-
nic trait, thus our work is related to the literature on hedonic coalition formation. Banerjee et
al. (2001), Bogomolnaia and Jackson (2002), and Thlé (2007), among others, introduce various
notions of stability and provide sufficient conditions for the existence of stable partitions in
hedonic games. In this literature, however, identity is summarized in the index of each agent
and authors do not discuss heterogeneous types of agents. Moreover, the preference profiles

studied here differ from those usually analyzed in the literature such as separable, size-based,
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and symmetric preferences.

As we employ socially referenced preferences, our work is also related to the literature
inspired by Schelling (1978) that studies group formation where identity is summarized by the
spacial location of an agent. More closely, our work is related to Milchtiach and Winter (2002)
who discuss the issues of segregation and integration in group formation when preferences
of individuals depend on the distance of each individual from the group average. In their
framework, an agent prefers to be in a group in which his quality is closer to the group
average quality. While there are many situations where these preferences are a good proxy
for reality, e.g., voting on the level of public good, there are other situations in which being
higher than the average is desirable, e.g., when reward is based on relative performance.
More importantly, our work differs from that of Milchtiach and Winter (2002) in that we
study agents who have heterogeneous types. Furthermore, unlike these authors, we do not
restrict the number of partition elements that agents may form in their group formation
exercise.

Our notions of local and global status are adopted from the work of Watts (2007). As
in Watts (2007), agents in our setting prefer to have a higher local status measured by their
relative position in the group; while we measured relative position as the distance to the
average, she captures that by the rank of the individual in the group. While global status in
her work is measure by the average quality of agents in the group, here, global status is given
by the average quality of agents of the other type members of the same group. Therefore,
an agent’s quality affects the group global status directly in Watts’s sense, but it affects it
only in strategic terms here. Like Milchtiach and Winter (2002), Watts (2007) studies group
formation with a restriction on the number of groups that may be formed when agents are of
a homogeneous type. Finally, as both Milchtiach and Winter (2002) and Watts (2007) study
group formation where the number of groups that may be formed is restricted, the notion
of the core is not applicable for their works. Both sets of authors also find that segregating
outcomes are stable, while in our framework integrated outcomes are more easily stable.

Finally, this paper is related to to the literature on local public goods (cf. Tiebout, 1956;

and, more recently, Conley and Wooders, 2001) as we, too, study group membership by



heterogeneous types of agents. We, however, do not discuss public group production and the
size of the partition in our model is not restricted as in the case of jurisdictions.

The rest of the paper is organized as follows. The next section introduces the basic
concepts used in our analysis. In Section 3 we characterize the set of core stable coalitional
matchings when agents look only at the groups of their own type by taking the distance
between their own quality and the average quality of the group or only at groups of the
opposite type seeking a match to a group with a higher average quality. We consider in
Sections 4 and 5 the situations in which, given a coalitional matching, each agent perceives
the two types of groups — the one he is member of and the one he is matched to — as being
either perfect substitutes or perfect complements. We show that a core stable coalitional
matching in both cases always exists, and fully characterize the corresponding sets of core

stable coalitional matchings. We conclude in Section 6 with some final remarks.

2 Notation and definitions

Let N = {1%,2% ... ,m"} and N° = {17,280 ... nP} with m < n be two disjoint and finite
sets of agents of type a and type (3, respectively. For v € {a, 5}, each agent i¥ € N*U NP ig
endowed with quality level ¢;. Without loss of generality, we assume and index the agents in
such a way that ¢f > ¢5 > ... > ¢, > 0 and qlﬁ >q§ > > qg > 0; thus, 17 is the member
of N7 with the highest quality, 27 is the member of N7 with the second highest quality, and
SO on.

An a-group A is a non-empty subset of N and a (-group B is a non-empty subset of
NB. We denote by 2V the set of all a-groups, and by N{¥ the set of all a-groups containing
agent i® € N®. Correspondingly, 2V ” stands for the set of all (B-groups, while Niﬁ is the set
of all B-groups containing agent i® € N7,

Each agent seeks an a-group and a S-group. Thus, each agent i € N® has a complete
and transitive preference >;o defined over N/* x oN ﬁ, and each agent i® € N® has a complete

and transitive preference ;s defined over 2V" x N f . The corresponding strict preference and

indifference relations are denoted, for v € {a, 3}, by ;v and ~;~, respectively.



A coalitional matching is a function g from N® U N# into subsets of N® U N?, such that
for v € {a, 3} and for all i € N® and i’ € N7 :

(1) (i) € Ne x 2V,

(2) p (%) € 2V x N7,

(3) If u (i7) = (A, B) for some i¥ € N®U NP, then 1 (57) = (A, B) for all j7 € AU B.

In what follows, we write u (i) = (u (17) > 1t (W)ﬁ) to denote the match of agent ¥ €
N®U N” under p.

We say that a pair (C, i), where C C N*UN® and /' is a coalitional matching, is blocking
w if for v € {a, 5} and all i¥ € C,

(1) ' (i) U’ (7)) € C;

(2) 1 () =0 1 (7).

Thus, the pair (C, ') is blocking p if each agent in C strictly prefers his corresponding
match under p/ (which contains only agents belonging to C') over his match under p. A

coalitional matching is core stable if it cannot be blocked.

3 Local status vs global status

We start our analysis by considering two extreme cases of how the quality levels of the
agents guide their preferences over compositions of a- and S-groups. In the first extreme
case we assume that agents are interested in local status only, i.e., when judging two such
compositions, each agent looks only at the distance between his own quality and the average
quality of the group of agents of his own type in such a way that he prefers to be the member
with the highest quality in a group in which the average quality is as low as possible. In
the second case we suppose that agents are interested in global status only, i.e., they look at
the groups of the opposite type and prefer to be matched to a group with a highest average

quality.



3.1 Local status

If agents look only at the groups of their own type and are guided by the distance between
their own quality and the average quality of the group, their preferences over compositions of

a- and (-groups are formally specified as follows:

e for all :“ € and a ,B), (A, € N X , (A4, o , iff ¢ —
for all i € N® and all (A,B), (A, B') € N* x 2’ (A,B A’ B') iff ¢

2 readf > g0 — 20en 4
AL 4]

o for all i® € NP and all (4,B),(4,B) € 2N x N?, (A,B) =5 (A, B') iff ¢ —
>ieB CJE > 0 _ D ien qf

B =T B
In this case is easily seen that the core consists only of matchings p for which the following
holds:
e for all i* € N%, u (i), ={i}t and p (i), € {{i"},0} for some i’ € NP,
o foralli® € N8 o (iﬁ)a e {{i*},0} for some i* € N® and p (iﬂ)ﬁ = {i?}.
In other words, in a core stable coalitional matching there are no two members (of the same

type) who are grouped together - if this were the case, then the agent with the lowest quality

in the group would prefer to stay single and hence, to block the corresponding matchingﬁ

3.2 Global status

Consider next the other extreme case in which there are no peer effects and each agent looks
only at groups of the opposite type seeking a match to a group with a highest average qualityﬂ

Agents’ preferences are thus specified as follows:

B
o for all i € N® and all (4, B), (A, B') € N® x 2N (A, B) = (A, B') iff Z‘g"q’f >
>t q?
| B'|

41t is straightforward to see that the core of an analogous hedonic game which consists of either a- or S-type
agents contains only the partition of singletons.

5Note that this type of problem has not been previously studied in the matching literature because here
coalition formation happens on both sides of the market.
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e for all i € N? and all (4, B),(A’, B') € 2V x N’ (A, B) =;5 (A, B') iff =Erz

D ven d
|A'|

The core in this case is again non-empty as for instance the following three coalitional

matchings are core stable.

w o {({193, NP), (N {12}, 0)},
PN (1)), (0, NP\ {17])),
P ({10, {17)), ({293, {2°)), - ({m? ), {mP)), (0, NP\ {17, mP )}

Clearly, the coalitional matching p’ is the most preferred one by the (-agents as they

" is the most

are all matched to the a-group with the highest average quality. Similarly,
preferred core stable coalitional matching by the a-agents. One can think of the third element
p” as a “fair” coalitional matching as the best set of a-agents are matched to the best set of
b-agents.

Keeping these three examples in mind, let us now fully describe the set of core stable

coalitional matching for this extreme case. We precede by first providing an algorithm which

delivers a partition 7 of the set of agents N® U N? into compositions of a- and 3-groups.

Algorithm 1
e Set N := N® N:= N8 and 7 := 0.

e Repeat the following until N U N® = {):
- Find a group AU B with A C N® and B C Nb s.t.
either

A= {i“ € N®: g > ¢ for all j* € Na} and

P
BE{B’QNb:Mzmax{qﬂ'iﬂer\B’}},

i

|B'|
or
/ a.ZiEA’ qéx a . s« a /
Ae JA'CN AT > max {¢f' : i € N*\ A’} and

B:{i[}ENb:quqf foralljﬂGNb}.
- Set N®:= N®\ A, N*:= N®\ B and 7 := nU{AU B}.



e Return .

We denote by II the set of all partitions delivered by the algorithm and, for any partition
7 of N U NP, we define the coalitional matching p™ by p™ (i7) = (7 () N N*, m (i7) N NP)

for all 1Y € N*U NP,

Proposition 1 A coalitional matching 1 is core stable for the above matching problem if and
only if pe{p™:mell}.

Proof. Let m = {A; UB;, A2 U By,...,Ap U Bp} € Il and u™ be as defined above. We show
that u™ is core stable.

Notice first that by construction the average quality of the groups A, and B,,p=1,..., P,
is non-negative. Suppose now that (C,p’) is blocking p™. Then it has to be the case that
CAN® £ 0, CNNP # 0 with [/ (i7),] > 1 and ]u’ (m)ﬁ) > 1 for all 7 € C. Let
p=min{p: (A, UB,) NC # 0}.

Case 1 (ApNC # 0 and ByNC = 0): Take i® € AN C and let i € 4/ (i) be the agent

with the highest quality level in 4/’ (i) 4. Since p' is blocking p™ we have

B
qﬁ - Ziﬁeu’(ia)ﬁ 4; ZiBEBﬁQE
" % (ia)ﬁ‘ | Byl

(1)

Note in addition that u' (i%); C N LA\ (ngpr) and that, by construction, we have either

B
Zi@€B5 G y )
| Byl "

with qf** being the -agent with the highest quality level in N&\ (U?;in) or

B
D8 eBp %

B, > max {qzﬁ :iP e NP\ (ngpr)} . (3)

By ql.ﬁ* cu (i%), C NP\ (ngpr> C NP\ <U§;}Bp) and combining with either or
(3), we have a contradiction to the construction of the partition 7.

Case 2 (AP NC = () and BN C # ()): The proof is analogous to the one in Case 1.

10



Case 3 (AP NC # ) and BrNC # 0)): The proof is again analogous to the one in Case 1
with the additional remark that p' (i), C NP\ (Ug;in)

We conclude that ™ is a core stable coalitional matching.

Suppose now that u is core stable but p ¢ {u™ : 7 € II}. That is, there is a partition
7 ¢ II with u = ™. Notice first that if there is C' € T containing at least two a-agents
and at least two (3-agents, then p™ will be not core stable as the higher quality a- and 3-
agents in C' would form a blocking pair. Thus, AU B = C € 7 implies either |A| € {0,1}
and |B| > 1, or |A| > 1 and |B| € {0,1}. Order the elements of 7 in such a way that

ﬁ:{AlUBl,AQUBQ,...,ARUBR} with

5
Zz‘ﬁeBT %‘6 > ZiﬁeBTH q;
|Br| N |Br+1|
forr=1,..., R — 1 with the average quality of the empty set being equal to zero.
Take A1 U B and consider the following possible cases.
Case 1 (A1 = 0): The pair ({1*,1°},4/) where y/ is defined by p/ (i%) = p/ (i¥) =
A A . A . a
ZZBEBl 4q; > ZZﬁEBT 4q; and qtll > Zz cA, 4 hold for
| B1] | Br|

|4y
all r =1,..., R. Thus, we have a contradiction to the core stability of u.

({1“} , {15}) is blocking p since qlﬁ >

Case 2 (4| = 1): If A; # {ia € N g > ¢ for all j eNa} = {1} and A; ¢
{A/ C N« W > max {¢{" : i% € NO‘\A/}} 5 {1?}, then, by the same reasoning as
in Case 1, the pair ({10‘, 1ﬁ} ,,u’) is blocking 1, a contradiction. Hence, we conclude that A;
has to have the structure as indicated in the above algorithm.

Furthermore, if A; = {z’“ € N“:q) > qf for all j* € NO‘} = {1%} and By ¢ {B’ C NP

B
ZZ|€BBI'|% Zmax{qf:iﬁ € Nﬁ\B’} E) {1/3}, then the pair ({la,lﬂ},u’) with ¢/ as in

B o
Case 1 is blocking p since qlﬁ > M M
| B1 Ay

(note that p (lﬁ)a = A, for some r € {2,..., R}). Thus, we have again a contradiction to

and qf* > hold for all » = 2,..., R

the core stability of u.

The case in which |Bj| = 1 can be treated similarly. In an analogous way one can show

that all elements of T have the structure provided by the above algorithm. We conclude that

11



the core stability of y implies p € {p™ : 7 € II}. m

4 Local and global status as substitutes

In this section we study the structure of core stable coalitional matching when agents look
both at the groups of their own type and at the groups of the opposite type. More precisely,
we assume that, given any coalitional matching p, each agent i¥ € N® U N? perceives the two

types of groups — the group pu (i7), of a-agents and the group pu (i7) 5 of B-agents as being

a

substitutable. Agents’ preferences are thus specified as follows:

e for all i € N® and all (4, B),(A,B') € N* x 2V’ (A, B) = (A, B') iff ¢* —
B B

Liecadd 21eB Y > g0 _ Liceard | 2ren

g B =t B

o for all i € NP and all (4,B),(A,B) € 2" x N’ (A,B) =5 (A, B') iff ¢’ —

K2
B B
2 e i 2readf > ¢ — 2 v o 4 2ren 4f
Bl A B 4]

In order to state our next result we will need the following additional notation. For

any A C N® and B C NP let A\gp := Z"‘Tf"“q? — Ziﬁg’fq’@ (if either A or B is empty,
we set the corresponding average quality level to be equal to zero). Given a coalitional
matching p, we write A}, for the difference in the average qualities of the groups A and
B with p(:7) = (A, B) for all i7 € AU B. Moreover, for any coalitional matching u, we
let I} = {ﬂ € N“UNP: (i), =0 or p(i"); = (Z)} be the set of agents that are matched

under p to the empty set.

Theorem 1 An individually rational coalitional matching p is core stable for the above match-
ing problem if and only if the following two conditions are satisfied:

(1) INNN* =0 or I§ N NP = ().

(2) For any two non-empty a- and B-groups A" and B with ju(i*)5 € B' for all i* € A’
the following two implications hold:

(2.1) Aarpr > maxpnpeg Nap = Aarp = mingnazp Nypg-

(22) g < minAmA#m )\ZB = Mg < MaXp/nB-£p )\'L;‘B

Proof. Let i be a coalitional matching satisfying (1) and (2). We show that it is core stable.

12



Suppose not, i.e., there is a pair (C, ') with C' = AU B that blocks p. That is, we have

G = Aoy w (i) > G — M) (i) 5

for all ¢* € A, and

B B
G A () (), 7 G ) i),

for all i € B.

Suppose first that A = (). Notice then that the lowest quality agent in B can attain at
most zero utility in the blocking coalition. As p is individually rational, a coalition consisting
of B-type agents only cannot be blocking p. For a similar reason, a coalition which consist of
only a-type agents cannot be blocking u either.

Next, suppose that the blocking coalition consists of both a- and (-type agents, and that
there are i € C N N® and i’ € C N NP such that ¥ € p (ia)ﬁ. Simple algebra shows that
the above two inequalities cannot hold simultaneously for these two agents.

Last, suppose that the blocking coalition consists of both a- and S-type agents such that
there are no two agents of two distinct types who are matched to each other under p. Such
blocking possibilities are ruled out by item (2) in the statement of the theorem. To see this

notice that agent ¢* gets under p exactly g — A, o) Similarly, any agent i® gets

k(i) "
qf-g + /\M(i,@)au(iﬁ)ﬁ under p. Hence, for the incentives of agents i® and i to be part of a
blocking coalition C, it must be that )\H(Zﬂ)a”(iﬁ)ﬁ < Au/(ia)au/(ia)ﬂ < Au(ia)au(ia)ﬁ. Therefore,
item (2) guarantees that there is an a-agent (condition (2.1)) or a f-agent (condition (2.2))
for which such A (ja) (i), Cannot be found.

As to show that items (1) and (2) are also necessary for a coalitional matching to be core
stable, let u be core stable and do not satisfy (1). This implies the existence of i* € N¢
and ¥ € NP with p (i) = ({i®},0) and p (i) = (0,{i®}). Notice however that the
pair ({i% %} 1), where y/ is defined by p/ (i) = p/ (i") = ({i*},{i"}) is blocking p
in contradiction to its core stability.

Suppose finally that u is core stable and does not satisfy (2). Consider first the case in

which there are a- and 3-groups A" and B’ with i (i%); € B’ for all i* € A’ such that A\ apr >

13



maxpnp2p Ny g and Aapr < mingna29 Ay g hold (ie., (2.1) is violated). Consider then the
pair (A" U B, i'), where ' is defined by p/ (i7) = (A’, B’) for all i” € A’UB’. To see that this
pair is blocking y, notice that all i € B’ get under ' exactly qf—}—)\A/B/ > qf—i—)\u(ig)au(iﬁ)ﬂ (as
Aarpr > maxpgnpsg Ay g holds). Furthermore, all i € A" get ¢ — Aarp > ¢ — )\u(ig)au(zﬂ)ﬁ
because of Aa/pr < mingna-g M- Similarly, one can show how A’ and B’ can be used to

form a blocking pair if condition (2.2) is violated. m
The significance of Condition (2) in Theorem 1 is illustrated in the example below.
Example 1 Let N® = {1%,2* 3%} and NP = {1°,2°} with ¢ = 4, ¢° =3, ¢¢ = ¢ =

2, and ¢§¢ = 1. Consider the coalitional matching p with p(1%) = p(1%) = ({12}, {1°}),
p(2%) = u(28) = ({22}, {2%)), and wu(3%) = ({3*},0). This coalitional matching is not stable

as it is blocked by the pair ({1%,3%,2%}, ') where i’ is such that p'(1%) = p/(3%) = p/(2°) =

)
2
one can show that both agents 3% and 2° strictly prefer matching 1’ to matching p.

({1,32},{2°Y). Clearly, i’ =10 p1 as ¢ — qf —l—qlﬁ =3<3,5=¢} —i—qzﬂ. Similarly,

Special classes of core-stable coalitional matchings can be derived as corollaries to Theorem

1.

Corollary 1 Let A € [— ﬁ,q%] and  be a partition of N® U NP s.t. Mg = X for all

A C N® and B C NP with AU B € . Then the coalitional matching u™ is core stable.

The proof is easy to see. The condition —qg < A < g% ensures that the coalitional

matching is individually rational, while the fact that the corresponding a- and (-groups have
equal average quality (= \) guarantees that conditions (1) and (2) of Theorem 1 hold.
Furthermore, Corollary 1 describes conditions under which a segregating coalitional match-
ing is in the core. Here segregation refers to a situation in which coalitions of the same type of
agents may have different average quality. Formallylﬂ7 a coalitional matching u is segregated
if (1) given any three agents ¢7,;7,k7 € N7 with v = {a, 3} such that j7 € u(i?), and
Qv € (¢, qjv), we have k7 € p(i7),; and (2) given any four agents 7,7, kY,¢Y € N7 with
v = {a, B} where ¢iv,q» > ¢ and qiv, g < ¢” with ¢ < ¢, it cannot be that k7 € pu(i?),,

0 € p(gjv)y and j7 & p(gi)y. Corollary 1 then states that such segregated coalitional

SHere we adopt Definition 3 of segregated partitions in Watts (2007).
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matching are in the core if the difference between the average quality of the a- and (-groups
matched to one another is the same for all elements in the matching. This result implies that
in a stable segregated matching an a-group with higher average quality than another a-group
in the coalitional matching has to be matched to a B-group with higher average quality than
the [-group with which the latter a-group is matched. It is not only that higher ranked
agents on each side of the market are matched to each other under this condition, but also
that a certain fairness requirement is satisfied: the average quality of each a-group in the
coalitional matching exceeds/falls under the average quality of the S-group with which it is
matched by the same amount.

To illustrate the significance of Corollary 1 for the stability of segregating outcomes, we
refer again to Example 1 above. In this example, we study a segregated outcome in which
the highest ranked individuals from each type are matched to each other, the second highest
individuals of each type are also matched to each other, and the lowest ranked a-agent is
matched to the empty set. As the analysis shows this segregated matching is not in the core,
and indeed Corollary 1’s condition, the differences between the average quality of a- and
[B-groups matched to each other must be equal, is not satisfied for this coalitional matching:
Afiey 15y = 1, and Agay 199y = 0. The following example shows a coalitional matching

problem in which the core contains a segregated outcome.

Example 2 Let N® = {1%,2% 3%} and N° = {1,280} with ¢ = 4, ¢/ = 3, ¢§ = 2, and
qg = ¢ = 1. Consider the coalitional matching p with p(1%) = p(1%) = ({1¢},{1°}),
w(2%) = w(28) = ({2°},{2°})), and w(3%) = ({3%},0). It is easy to see that p is in the core
of this coalitional matching problem as there exists no blocking pair. Notice that Af1e} {18} =
Aoy 20} = Mg = 1

The next corollary describes conditions under which a fully integrated coalitional matching

is stable. A coalitional matching p is fully integrated if for any two agents i7,j7 € N7 with

8 8
. A . A Dokening e Dken(ing 4
v € {a, 5}, we have that Zkeu(w)a ko Zke“m)“ K and keu()p Tk cken(i)s Tk

(@)l p(Mal w(@)sl sl
a B . B . =
Corollary 2 Let % — Zin\/XT % —i—ZiT]f;gT %>, qﬁ— ZITEJZT Kl +E’T§/ZT % >0, and K < m.
Let 1 = {AyUBy,...,Ax UBg} be a partition of N® U NP s.t. Z“ﬁf‘k % _ ZZTEQT{F %
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B B

forall k=1,..., K —1. Then the coalitional matching p™ is

core stable.

Notice here that the condition that all a- and (-groups in the partition 7 have the same

average quality implies that this average quality equals the (positive) average quality of N¢

B
. & . q;
EZTEIZT q; ZZTEJET L>0 and qﬁ _

and NP, respectively. Therefore, the conditions an, —

B
2ifenB i + 2icena 45

N7 TNa] > 0 imply that this type of coalitional matching is individually rational.

B B8
EiﬁeBk q; _ ZiﬁeBk+1 q;
| B [Bry1l

guarantees that condition (2) of Theorem 1 is satisfied as well. In other words, condition (2)

ZiaeAk+1 i
|[Akt1]

e ea, 4
Furthermore, ]

and foral k=1,..., K —1
of Theorem 1 is satisfied in all fully integrated coalitional matchings, and, therefore for such a
matching to be in the core, only the individually rationality condition may be a constraining
factor.

As an example of a coalitional matching problem in which a fully integrated outcome is
in the core, consider again Example 1. The coalitional matching in which all a-agents are
matched as a group to the group consisting of all G-agents is fully integrated and it is in the
core.

Our next and last result finally shows that under perfect substitutability of the a- and

(B-groups, there always exists a core stable coalitional matching.

Theorem 2 There always exists a core stable coalitional matching for the above matching

problem.
Proof. Consider the following algorithm for delivering a coalitional matching.
Algorithm 2

We initialize the algorithm by setting Ag = N, By = N?, Ay = 0, and By = 0. In the k"
step of the algorithm, we set Ay = Ag_1\ Ax_1, Br = By_1 \ Br_1, Ap = Ap_1 U {i% € Ay :

dia @ .8 fI? — — . 228 ‘15 e q;
q— |j:|k + ‘gff <0}, and By, = By U{i’ € By : ¢’ — ‘;,fr T ‘;:r <0}

oY

The algorithm stops when A, = A,_; and By = By_; and we set K = /. Define the
coalitional matching u by u(i?) = (Ak, Bi) for all i7 € Axg U B, p(i®) = ({i*},0) for all
i € A = N®\ Ag, and u(i®%) = (0, {i®}) for all i® € Bx = N°\ Bg.
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We show that u is core stable.
First, we will show that K is finite, and, in particular that it is an integer at most
equal to n + 1. Notice that either A1 = () or B; = 0; otherwise there is an agent with

negative quality, which is not possible. For ease of exposition, suppose that A; = (). Since

q’»B— feby oy Licea 4 < 0 for some i € NP it is clear that qﬁg < Zfen b and, therefore,
i \gll |Aﬂl\ i |B1] 5
ZzﬂeBQ 4; ZiBEBl q; .. o EiaeAQ q; EzﬂeBQ q; ..
5| > B This is why for all a-agents ¢f* — A T8 > 0. Similarly,

one can show that Ax = N® and Ag = (). The above analysis and the fact that N7 is finite
proves that K is finite. Moreover, as % > 0 and W > 0, implies that Ax # ()
and Bg # 0, and, therefore K < n + 1.

Next, we will show that there is no pair (C, ') that blocks the constructed matching
. Suppose, on the contrary, that such a pair exists. First, suppose that C' consists of
homogeneous type agents, i.e., C C N® or C C NP. Notice that by construction all agents in
Ag and By have at least zero utility under p. Furthermore, all agents in Ax and By have
also zero utility under p. Since the agents with the lowest quality in C can obtain at most
zero utility under 1/, the pair (C, ') cannot be blocking.

Suppose next that there are at least two agents i®,i” € C' who are matched to each other

under both p and p'. For (C, ') to be blocking p it must be that

B
“ Zi’ae;ﬂ(ia)a a4y Ziﬂey’(i“)@ 4 S g0 — ZiaeAK 4 ZiﬁeBK C]f
' |1 (1) o o (ia)ﬁ‘ ' [ Ak | Bi|
and 5
o , , a
4 Zi"geﬂ/(iﬁ)g 4 El"‘eu’(lﬁ)a 4 S P D ifeBy CI%B + Diccay 4
Z W (@) W (%)) T Bk [Ax]

Simple algebra shows that the above two inequalities cannot hold simultaneously.
Last suppose that there are at least two agents i%,i® € C' who are matched to each under
1/ but not under p. W.lo.g., suppose that i® € Ax and i® € Bg. It is easy to see that the

agent with the highest quality level in Ay, is one who is in Ax (and therefore in Ay _1) but
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not in Ag_o. Denote this agent by i¢. Then, by construction, we have

B
qa < ZiD‘EAK,Q qla + ZiBGBK72 q’L < Z’io‘eAK qla _ Z’LﬂEBK qlﬁ (4)
' | Ak | | Brc—2| [ Ak [Br|

Furthermore, notice that by definition of %, % < gt for all AC Ag. Therefore, for

(C, i) to be blocking p it must be that for the S-agent in C' with the lowest quality, denoted

by zf , it must hold that

24 18 qﬁ’ . i q‘a
q@ _ ZWGBK qiﬂ I ZiO‘GAK qz‘?‘ < q@ B i"Beu <l*>ﬂ ) Zzae,u (zf)a 7
' |Br| [AK| ' ,(ﬂ) ‘
o\ T 3

<¢d+q, 5

/ ﬂ)
70}

where the last inequality follows from p’ (zf ) C Ak (note that ' (zf ) N Ag # () would
(6% (0%

mean that there are a J-agent (zf ) and an a-agent who are matched to each other under both

p and g’ implying, as shown above, that (C,u’) is not blocking u). Clearly, expressions

and lead to a contradiction. m

5 Local and global status as complements

Let us now consider the situation in which agents perceive the two types of groups — the
one they are members of and the one they are matched to — as being complements. Agents’

preferences over compositions of a- and g-groups are then formally specified as follows:

e for all i* € N* and all (A, B),(A",B') € N x oN? (A, B) =0 (A, B') iff
« Ié] a 3
min {qf‘ — ZKEA gl ZZGB £/ } > min{ a Z(ieA/ 4y ZEEB/ dy }

’ q; )
Al | B ' Al | B'|

o for all i¥ € N° and all (A, B), (A, B") € 2V* x N’ (A, B) =5 (4, B) iff
. {ZZEA’ qa - > ien qeﬁ} > min { Deen 47 - 2 eep qéﬂ }

min , Qs » 4
A | Bl A |B'|
It is then easily seen that, as in the case when agents look only at the groups of their own

type and are guided by the distance between their own quality and the average quality of the

group, the core consists only of matchings p for which the following holds:
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o for all i* € N%, p(i%), = {i} and pu (i%)4 € {{i?},0} for some i’ € NP,
o for all i € NP, 1 (i) € {{i*},0} for some i* € N* and p (iﬁ)ﬁ = {i’}.

Notice first that the utility obtained by each agent in a matching u of the above type is
zero. Thus, p can be blocked by (C, i’) only if C contains at least two agents 7 and "7 from
the same type such that p' (i7), = p' (i'7).,. As the agent with the lowest quality in p'(i7),
will have a negative utility, (C, ') cannot be blocking p. By the reverse argument, no other

matchings are core stable.

6 Conclusion

We study group formation when agents’ preferences are dictated by the identity of the other
agents in the group and in particular by the local and global status they may achieve in a
group membership. Our theoretical results show that in all four cases: when agents only
care about their local status; when the agents only care about their global status; when local
and global status are treated as substitutes; and when the two types of status are treated as
complements, a core stable outcome exists.

Furthermore, we can identify the types of outcomes which are stable in light of segregation
and integration. As segregated we define those outcomes in which the higher quality agents
of each type are matched to each other and there are at least two groups of agents containing
each type. Corollary 1 shows that such segregated outcomes may be stable if and only if
the difference in average quality between the groups of a- and (-agents matched with each
other is the same for all elements in the partition. Whether or not this condition may be
satisfied hinges crucially on the distribution of qualities of agents of each type. Corollary 2,
instead, may be viewed as describing coalitional matchings characterized by full integration
since all groups in the partition have the same average quality of their c-members and the
same average quality of their S-members. This coalitional matching can also be interpreted
in the light of ‘social equality’ between groups and one which is envy-free. Notice that the
coalitional matching derived by the algorithm in the proof of Theorem 2 can be one of the

type of matchings described in Corollary 2 in case the coalitional matching in which the grand
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coalitions from both market sides are matched to each other is individually rational for all
agents. When this is not the case, this algorithm derives a stable coalitional matching of what
we may call a ‘hybrid’ construct. In this matching all agents of one type are matched as a
grand coalition to a strict subset of the agents of the other type, hence, these agents are in an
integrated state. The other type of agents, instead, are in a segregated state because there is
a quality threshold such that all agents of this type whose quality is higher than the threshold
are matched as a group to the grand coalition of the former type and all those whose quality
is lower stay single.

Furthermore, our results show that in all other cases but the one in which local and global
status are substitutes stable outcomes involve a partition of the agent set in groups in which
at least one of the types is represented by a single agent. This result does no longer hold
when agents may substitute local for global status.

Finally, our results may be seen as providing an alternative mechanism to the one discussed
by Frank (1985) for gluing individuals together in social groups when they care for local
status. Frank argues that what keeps a low-ranked individual in a group with higher ranked
individuals are transaction costs (see Frank, 1985, p. 10). These transaction costs outweigh
the gains such an individual might reap from moving to another group where her local status
will be higher. In our setting transaction costs are zero. What keeps low-ranked individuals
in a group with higher ranked individuals is the access to a matching with another type of

agents that this membership provides.
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