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Abstract: We analyze a dynamic monotone game with discounting over the implemen-
tation of a pure public good. After discussing the general model, we apply the model to the
analysis of a breakthrough technology with increasing returns. Our results suggest that if
the number of countries (agents) is small, the technology will be adopted without the need of
any treaty. Nevertheless, the technology will not necessarily be adopted immediately and the
potential delay is proportional to the number of countries. On the contrary, if the number of
countries is large the technology may never be adopted. In this case, a treaty can improve
the situation since a small stable coalition of countries would be interested in adopting the
technology and launching the process that ultimately leads to the universal adoption of the
technology:.
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1 Introduction

Game theoretic analysis of international cooperation on climate change has generally reached
rather negative conclusions, showing that only a handful of countries would join a treaty fo-
cused on abatement targets (Carraro and Siniscalco, 1993; Barrett, 1994). Recent research
has raised the question whether or not focusing on R&D and “breakthrough” technologies
may change this conclusion. Barrett (2006) has shown that the answer is yes if this break-
through technologies exhibit increasing returns to scale, while the answer is no otherwise.
Hoel and Zeeuw (2009), by introducing the assumption that the adoption costs of a break-
through technology vary with the level of R&D, find that even without increasing returns to
scale a focus on R&D may yield better results than those obtained focusing on abatement
targets (the path followed by the Kyoto Protocol).

The papers just mentioned are static games where all countries decide simultaneously
whether or not to invest in R&D. More precisely, these papers assume two or three stages
(the precise stages vary from one paper to another) but adoption decision are taken simul-
taneously. For example, in Barrett (2006) first countries decide whether to be party to a
technology adoption agreement, then signatories decide collectively whether to adopt the
new technology and finally non-parties decide individually whether to adopt the technology.
However, adoption of breakthrough technologies and investment in R&D decisions will, in
reality, not follow such a simultaneous pattern. Windmills, or electric cars, or second gen-
eration biofuels are going to have different cost in different moments in time, at least partly
due to the efforts done by those who decided to move on earlier.

To analyze this issue we propose a model that represents the adoption of breakthrough



technologies with increasing returns to scale (the most favorable case discussed above) in a
dynamic context. We first present a general model and then discuss the implications in our
framework of the X-type technology proposed in Barrett (2006). Our model builds on Gale
(1995) by taking into account the pure public good nature of the problem under consideration
(Gale (2001) analyzes environments with positive spillovers but without discounting). In our
framework, countries do not only benefit once they have decided to invest since abatement
efforts done by others are benefitting them from the moment when they were done. On the
costs side, maintenance costs are independent of previous investments but installation costs

depend on the number of other countries which have adopted the new technology.

2 The model

2.1 Implementation phase

There are N identical players (i = 1,2, ..., N) which have to decide when to start investing
in the new technology. Once they decide to invest, all countries benefit from the abatement
obtained but only those which have invested incur in costs (initial costs at the year when the
investment starts and maintenance costs thereafter). Once a country has decided to adopt
the new technology it will continue to use it indefinitely (i.e. the initial costs are large enough
to preclude starting the investment and then abandoning the technology). This implies to
have a monotone game (Gale, 1995). Formally, the play of the game occurs at a countable
set of dates, indexed by ¢t = 1, ..., oo, and player i’s action at any moment in time is defined

by z;; = {0,1}, with z;; > x;;1 Vt > 1 and x;0 = 0. The discount factor is J, with



0 < 0 < 1, and the proportion of countries that have already invested in ¢ is defined by:
N .
o = =E—— (]_)

B(a) is the benefit function, increasing in the proportion of players that have already
invested. All players benefit as soon as «; > 0, not only those investing in the new technology.
Costs C'(«) are assumed to be a decreasing function of the countries that have already
invested. To simplify we assume that there are only costs in the initial period of investment
s (constant maintainance costs are assumed to be capitalized in this value). Thus, country

1’s net benefit function is:

My =Y 6" Blay) — Clas) (2)

We make the following assumptions:
AI: B(0)=0and C(0)=0

AIL: B1)-B(1-1+)>C(1)(1-9)

AIIL: B(5) <C (%) (1 -94)

A.IV: B(«) is continuous, increasing and non-negative.

A.V: C(«a) is continuous, decreasing and non-negative.

Assumption I implies that if nobody invests nobody gains, and that there are no economies
of scale if nobody invested previously. Assumptions IT and III just ensure that there is an
economically interesting problem. A.IT implies that when there is only one player remaining
he will be interested in investing. A.IIl means that for a singleton the abatement achieved

would not cover the costs (i.e. there is no incentive to invest unilaterally). The last two



assumptions just allow the mathematical treatment of the model and are satisfied by most
benefit or cost functions proposed in previous literature.
These assumptions and (2) ensure that for some 0 < o* < 1,

By(o*) = By (o — )
(1-0)

— (o) 3)

Thus, o* represents the proportion of countries that need to invest before it becomes
profitable doing so.

We have assumed that the decisions are taken at countable dates, i.e., countries need
some time to take their decision. The next Theorem shows that the amount of time needed
is in fact relevant since it has a strong impact on the delay until the agreement is reached

(the delay is obviously costly since we have a positive discount rate).

Theorem 1 As the period length tends to 0, the delay until all players invest and hence

reach the full investment equilibrium tends to 0.

Proof. Let 7 > 0 denote the period length. The revenue flow per period is B(«)7r and
the discount factor 6 = e *7, with p > 0 being the fixed discount rate. Let I',, denote
the equivalence class of subgames in which exactly n players have already invested and let
T, (1) denote the supremum of the time taken for all players to invest, taken over all SPE
of I';,(7). As induction hypothesis, assume that for n = k,..., N, T,,(1) — 0 as 7 — 0. This
is clearly true for £ = N — 1 since, by assumption II, once that all but one players have
invested it is a dominant strategy for the remaining player to invest as soon as he can (in

other words, he would wait at most one period). Thus: Tx_1(7) = 7. Suppose that the



induction hypothesis is true for some arbitrary £ < N (at least the one previously shown).
Then we need to show that it also holds for k£ — 1. If some players invest in the game I'y_,
then they will precipitate a subgame I';, with n > k — 1. And by the induction hypothesis,
delay in this game I, is bounded by 7,,(7), so the induction hypothesis can be proved for
k — 1 by establishing a bound on the time until the first player invests in the subgame I'y,_;
(and then precipitates a subgame I’ that is bounded as shown before). This can be done by
contradiction. For any SPE of I'y_1, let d denote the time taken for the first player to invest
(that is, the delay). We need to prove that as 7 converges to zero, d converges uniformly to
zero for all SPE. Suppose the contrary: then we can find a sequence of period lengths {7,}
and corresponding equilibria {f,} with the property that 7, converges to zero as r — oo
and d, > d > 0 for all r sufficiently large (that is, there exists some equilibria when delay
and period length tends to zero). Consider some fixed but arbitrary equilibrium f, and the
following deviation from the equilibrium strategies: some player invests at the first date,
thus precipitating the subgame I'y beginning at the second date. By hypothesis, once T’
has started, all the players will invest within T} (7,) periods. The worst situation for him is
that all the others do not invest until T;(7,) periods have passed. Thus, in the first T} (7,)

periods he will receive at least Z?ﬁgﬂ) e P By(ay)T, —C ( ) T, , with o determined by how

k
N
many countries have invested until the date, that is % < a; < 1. Once all the others invest
e P B(1)T,

and the fully investment equilibrium is reached, he would obtain » ;°;. (r)+7r

Therefore, a deviating player would obtain at least:

Tk(T»,

B(1)r, k
e —p|Tp(Tr)+re] 2N 7' i Z e PTr Bt Oét] C( )Tr (4)

1 —e



On the other hand, in the original equilibrium the best that can be hoped for is that all

players invest after d, time units. In that situation, the player does not invest until d, units
of time have passed and his payoff cannot exceed Zf;l e B (%) 7, until d, time units
pass and )" e ?"r B(1)7, —e ?7"C (1) 7, thereafter. Hence, the total payoff cannot be more

than:

d

Z k—1 B(1)r,

E e "B <—N > T, + e P —( )7 —e ()T, (5)
=1

1—errr

To prevent a profitable deviation, the payoff from deviating cannot be higher than the payoff
of the original equilibrium, that is (4)<(5). Taking limits as r — oo yields (note that as

r — o0, T, — 0):

which is the contradiction that we were seeking. Then, a bound for the time taken for a first
player to invest in the game I';_; has been found and hence, by induction, this proves that
T.(r) = 0as7—0,forn=0,1,....,.N. m

The next theorem shows that the number of players involved is also relevant, and that
the larger the number of countries involved, the larger the delay in reaching an agreement

may be.

Theorem 2 There exists a SPE in which full investment is reached with a delay proportional

to N.

Proof. Let n* be the smallest integer greater than o*N (the number of players that should

invest before it is individually profitable doing so) and let I',, denote the equivalence class of



subgames in which exactly n players have already invested when the subgame begins, that
is, when t = 1.

Define the following equilibrium strategies:

-if n = 1,...,n* — 1, then the remaining players invest at date n* — n, if there is no
deviation.

- if n > n*, then the remaining players invest as soon as they can, that is, at date 1.

If these strategies constitute a SPE, then we would have an equilibrium with a delay
proportional to NV, because n* is determined by N. We will show that these strategies define
a SPE by induction on the number of players. For n > n* — 1, investing immediately is a
dominant strategy because of the definition of n*, so it is a SPE for this case. As induction
hypothesis, suppose that for every n = k, ..., n* — 1 these strategies define a SPE of I'),. Then,
we want to prove that the same holds for n = k£ — 1.

Using the strategies defined above, in I';_; every player should invest at date n* — k + 1
if nobody invest earlier, because in such a situation the strategy for the appropriate new
subgame would apply. If a player considers deviating, then he will not want to invest later
than n* — k + 1, because he would be worse off, so he would only consider deviating before
the date determined in the strategies for investing. If he in fact invests before n* — k + 1,
he would precipitate the subgame I'j, with the other players investing n* — k periods later.
If deviating is profitable, he would like to do it as soon as possible (i.e., in the first period).
Then, the subgame 'y would start in period 2 of the original game and the remaining
players would invest at date n* — k + 1, counted from the first period of the original game.
His payoff from deviating would be for the first n* — k periods ?:;k §'B (%) -C (%) and

Y ki1 §""'B(1) for the remaining periods (where he would obtain the fully cooperative

9



payoff). Hence, the total actual payoff from deviating is:

1§5HB <%) e (%) + i 571B(1) (6)

t=1 t=n*—k+1

On the other hand, if the player does not deviate, he would receive B (%) per period until
n* — k + 1, with no costs, and B(1) per period thereafter with a cost of C'(1) at the time of

investment. Thus, the total payment for not deviating is:

nz_k(st 1B< > Z STIB(1) — 6RO (1) (7)

t=n*—k+1

If the strategies define a SPE, we should have that (6)<(7). Simplifying and rearranging

terms, we need:

() em 555 (o(8) ()

Since % < o we have that C’(%) > ﬁ (B (%) - B (%)) Then, we clearly have

that C (£) (1—6) > (1-0""") (B(£) — B(%2)) and also that C (£) — " *C (1) >
C (%) (1 —9). So, we have shown that this inequality holds with our assumptions and thus,
by induction, we have proved that the proposed strategies constitute an equilibrium in every
subgame I[',,. m

The previous theorem has shown that, as in Gale (1995) for private goods, there exists
a SPE in which all players invest at date n*. As already discussed in Gale (1995), a similar

proof can be used to show that there exists a SPE in which all countries invest at date

t = 1,....,n" — 1. Furthermore, there are also SPEs in which countries invest at different

10



dates. For example, all players invest at date ¢, for all © = 1, ..., n* — 2 and the remaining
players invest at date n* — 1. However, although the build up can be slow, given that
immediate investment becomes a dominant strategy once cumulative investment reaches n*,
the investment process always ends with a "bang".

Our next result shows that n* — n is in fact the maximum delay that is always robust,
independently of the parameters of the model. Larger delays are possible, but not indepen-

dently of the parameters of the model, as the next propositions shows.

Proposition 3 Forn > n*—1, any strategy involving delay is not a SPE. For anyn = n*—x,
with n* > x > 1, a strategy to invest int = n*—n+d, with d > 1, is not a SPE of the I",,«_,

subgame if the following condition holds for any n > n* — x.

r—14+d z—1+d

nt—x+1 r+d—1 t—1 $+1 t—1
C(———)-C)s <Z(5 pr—rT> Z §1B(1

%)
(8)

Proof. Investing immediately is a dominant strategy for n > n* —1 because of the definition

1) in the first period, with a cost of

of n*. For z = 2, deviating implies to obtain B( ”]\7

C( ”*]\71), and to obtain full investment in the second period since it will launch the I",«_;

subgame where all players invest in one period. On the other hand, following the proposed

strategy yields 717 6t~ 'B(m22) 4+ 3750 6" B(1) — O(1)6' . Deviating is profitable if

*

Thus, if this condition holds the maximum delay in the I';» 5 subgame is n* — (n* —
2) = 2. In the I'+_3 subgame, and assuming that condition (9) holds, deviating implies

11



to receive B(“+2) in the first period, with a cost of C’(”*]f) and to launch the I'p«_

which will reach full investment in less than two periods. That is, deviation yields at least

)+ 0T B(

yield —C(1)6“™Y 4 377 6" ' B~

—C(™5 2) + 3°5° 61 B(1), while following the proposed strategy would

3) + 3757 6" "' B(1). Therefore, deviating is profitable if

2 2+d

) —ca 52+d<25t g™ +Z5t 'B(1 ZB(R*]\;?)) (10)

n*—2
( N

Condition (8) rewrites conditions (9) and (10) in a general form and ensures that for any
subgame with n > n* — x the argument just used holds. =

Note that condition (8) never holds for d = 0 since the second term on the RHS vanishes
and the remaining of the expression is the one analyzed at the end of Theorem 1. That is,
with a delay of n* — n in any subgame we are not giving up periods with full investment
benefits, B(1), since by deviating the players cannot reach the full investment equilibrium
earlier. On the contrary, if the delay is n* — n plus an additional delay d, following the
strategy implies to give up d periods with the full investment benefit. In fact, since the
second term on the RHS becomes very large for large values of d the delay before reaching
an agreement is bounded. Furtheremore, if the value of the full investment benefit is large
enough condition (8) will always hold for any d and the maximum delay to reach a full
investment outcome is n* — n. More precisely, for this to hold we need B(1) to check, for

any n* >z > 1:

(1 - 5) (C(%> - C(l)amﬂrdfl) —+ (1 — 5m71+d) B(n*]\?:c) — (1 _ 535*1) B(n*—x-ﬁ-l)
(5x—1 _ 5m—1+d)

B(1) >

(11)

12



To simplify the exposition, we will assume that this holds from now on.

The previous results have implicitly assumed that full investment will ultimately prevail.
Nevertheless, the next two results will show that we can also have a situation where nobody
ever invest (corollary 3), a result already obtained in Gale (1995) for his framework without
spillovers, or even a situation were nobody continues investing even though some countries

already invested (proposition 4).

Corollary 4 For an N sufficiently large, there exists an equilibrium in which no player ever

1nvest.

Proof. Consider the following equilibrium strategies:

- if n = 0, no player ever invest.

-if n = 1,...,n* — 1, then the remaining players invest at date n* — n, if there is no
deviation.

- if n > n*, then the remaining players invest as soon as they can, that is, at date 1.

Theorem 2 has proven that the last two strategies are a SPE. It remains to be shown that
the first one is also a SPE. If n = 0, a player can consider deviating and investing, starting
then a subgame I'; in which all the other players would invest in n* — 1 periods (the period
n* of the original game). So, by deviating the player would face C (%) in the first period

and get B (%) per period until n* and B (1) per period thereafter. That is, the total payoff

PEORIE

On the other hand, if the player does not deviate he obtains nothing because n = 0 and no

when deviating is:

- i §1B(1) (12)

player ever invests and, by Assumption I, B(0) = 0. Therefore, for that strategy to be a

13



SPE (12) needs to be negative. For a large enough value of n* we have that (12)< 0, since
by assumptions A.III the term in square bracket is negative for any value of n* and the last
term tends to zero for large values of n*. Recalling that n* is a non-decreasing function of N
we know that proposed strategy is a SPE. That is, no player would ever invest when n = 0

if N is sufficiently large (N > N). m

The next proposition generalizes the result in the previous corollary to a situation where
some countries have already invested, for whatever reason, but the remaining countries are

not interested in investing.

Proposition 5 For N sufficiently large, perpetual non-investment is a SPE in any subgame
where less than k* players have invested, with k* defined as the largest positive integer that
checks:

(S ()5 ()] -e (D) £ oo ()

<0

(13)

Proof. Consider the following strategy (and call it strategy S from now on):
- if n < k* nobody else invests.
-if n = k¥, ...,n* — 1, then the remaining players invest at date n* — n, if there is no
deviation.
- if n > n*, then the remaining players invest as soon as they can, that is, at date 1.
The two last parts of this strategy form a SPE as shown in theorem 2. Player k* — 1 can

consider deviating and investing, starting then a subgame I'y+ in which all the other players

14



would invest in n* — k* periods (the period n* — k* 41 of the original game). So, by deviating

the player would have a cost of C (%) and get B (%) per period until n*— k and B (1) per

period thereafter. That is, the total payoff when deviating is:

n*—k* k k )
[Z 5 'B (N) —-C (N) + Y 8B
t=1 n*—k*+1

On the other hand, if the player does not deviate he obtains B (%) for ever. Therefore,
for that strategy to be a SPE (13) needs to be negative. For a large enough value of n*
the above expression is true at least for some values of k£*. Corrollay 3 has shown that it
will always hold for £* = 1, but more generally we know that the term in curly-brackets is
negative for any £* < n* because of the definition of n*, while the second term gets smaller
the larger n* and the smaller £*. Thus, it may also hold for 1 < £* < n*. Futhermore, if

this holds for a given £* and a given N, or its corresponding n*, it will also hold for any any

k<k* m

2.2 Coalition formation

We are now going to assume that before the implementation phase described in the previous
sub-section takes place, countries can form a coalition (to simplify the exposition we will
assume that only one coalition can be formed). The game has now two stages, a one-
shot coalition formation stage as in Barrett (2006), followed by the implementation stage
described above. We assume that if a coalition is formed with K members, it has K units of
investment and that all the units have to be invested at once. If no coalition is formed the

second stage of the game is exactly as the one described above. However, even if a coalition

15



is formed the analysis stays essentially unchanged as long as n defines the units already
invested (whether by singletons or by the coalition).

We further assume that all countries act using the worst possible strategy that is a SPE,
namely strategy S, or that in stage 1 of the game (coalition formation stage) all play act as
if all players would play strategy S during the second stage. That is, we use a pessimistic
assumption:

A.VI During the first stage of the game all players act as if all players would

play strategy S during the second stage of the game (pessimistic assumption).

Our Theorem 1 has shown that if we assume short intervals we will reach full cooperation
immediately. Refinements based on the assumption that players will favour Pareto efficient
outcomes will also reach full cooperation immediately, since this outcome Pareto dominates
all other alternatives. However, this implies solving the coordination problem almost by
assumption. We are interested here in analyzing possible outcomes and possible solutions
when, for whatever reasons, countries find themselves playing a SPE which will reach a
Pareto sub-optimal outcome. To complicate the situation even further, we will assume that
we are in a situation where N > N , that is, a situation where perpetual non-investment is
an SPE for individual countries.

In this situation, a coalition of K > n* countries will always invest immediately since
it can solve the coordination problem by its own (this is essentially Barrett’s proposal).
Nevertheless, even in the worst possible situation, where initially the number of countries
is larger than N a coalition of less than n* countries may be interested in investing, as the

following Lemma shows:

16



Lemma 6 A coalition of K countries will invest if K > k* —n.

Proof. A coalition of K > k* —n countries reverses condition (13) and is therefore interested

in investing. We call the smallest coalition willing to invest K. m

It remains to be seen which coalitions are stable, and the next proposition is useful for

that purpose.

Proposition 7 Assume that N > N , the smallest coalition willing to invest ([A( ) is internally

stable and externally stable if
K+1 K
Bl|—— | -B|—=

Proof. A stable coalitions needs to meet the internal stability, 7°(K) > 7« (K —1), and the

n*—K—1

z 51571

t=1

external stability, 77 (K) > 75(K + 1), criteria. A coalition of K = K members is always
internally stable since 75 (K) is positive by definition while 7 (K — 1) is zero, since nobody

ever invests (when N > N). External stability implies 77 (K) — 75(K + 1) > 0, with

==

F®) — Y op (%) - i 61 B(1) — st K)o (-)

t=n*—K+1

n*f(f(le) -~ 00 ~
K +1) = ) 0B <—K;1>+ > 5*13(1)—0(—[(;1)

t:n*—(f(+1)+1

Algebraical manipulation yields (14). =
Although it is impossible to prove this with general functions, in general the marginal
gain from having one additional member producing the benefits of cooperating immediately

17



(and thus provoking full cooperation one year earlier) will be lower than the increase in cost
associated with investing immediately versus investing in t = n* — K + 1. Thus, in general
this coalition K* = K will also be externally stable.

To have larger coalitions stable we would need to check not only the external stability
condition (which would be similar to the one just described) but also the internal stability
condition, which will not anymore hold always since 7' (K — 1) will not be zero for K > K.
In fact, the same argument just used shows that the incentive to stay in the fringe may be
larger than the marginal incentive of increasing a coalition that is already willing to invest.
Hence, we might frequently have the situation where the smallest coalition willing to invest is

the only internally and externally stable coalition. Our conjecture can be written as follows:
Conjecture 8 The smallest coalition willing to invest is internally and externally stable.

Furthermore, it is the only internally and externally stable coalition willing to invest.

To check this conjecture, we will analyze in the next section a dynamic version of the

more specific framework analyzed in Barrett (2006).

3 Application to a breakthrough technology with in-

creasing returns

Barrett (2006) reaches highly positive results for breakthrough technologies with increasing
returns to scales (what he calls X-type technologies). As a consequence, he recommends

that future negotiations should focus on these type of technologies. The benefit and cost

18



functions that he uses are:

being b, the marginal benefit of the technology, b, the marginal benefit of making an
abatement, 7; = 0,1 player i’s action, with value 0 when doing an abatement and 1 when
adopting the new technology and g; = % the amount of abatement carried out. On the cost
side, ¢, is the cost of adopting the new technology and ¢, is the marginal cost of abatement?®.
The player only incurs in one kind of cost depending on his action: if he abates, then z; = 0
and he only faces an abatement cost equal to Ea%’z = % If he decides to adopt the new
technology rather than abating using more conventional measures, he would have a cost equal
to ¢, (1 — @&). As in our general model, the cost of adopting the new technology decreases

with the number of players that have already adopted it. Multiplying and dividing by N

were appropriate these functions can be written in terms of @:

N

> T Ty T —\= _ —_ _

Bi = me (N + Oé_Z) + ba ((1 — 171) q; + z;ﬁ:(l — xj)qj) y Ly Xy € {O, 1} (15)
J#i

G = Em(l—a)fi—i-ﬁa(l—fi)%, 7;,7; € {0,1} (16)

However, Barrett (2006) is a one-shot game, so that all the variables shown with a hat
in (15) and (16) summarize the abatement benefits and costs from now to infinite. Since

we are working in a dynamic framework, b,,b,,cq, ¢,z and « will refer to the annualized

3See Barrett (2006) for further details on the base model
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equivalent to the variables described above. Given that the benefit of abatement is linear
we are implicitly neglecting the stock nature of the climate change problem and we can still
show that abating each year ¢; = l;—z is a dominant strategy. As before, we assume that the
cost of adopting the technology is faced in the period when it is adopted and this cost is
given by C' = ¢, (1 — ). Thus, in our dynamic framework the discounted payoff for player

1 of adopting the new technology at time s is: .

i1 = Bi,l_oi,l

0 N
Bix = Z 5t (ba)N (% + a—i,t) + ba ((1 — Tig) ¢ + Z(l - %,t)%))

t=1 ji

00 2
s— — %
Cix = 0 Le, (1—oy)m;s+ tg_l gt {ca (1 —xi4) E]

0ift < s
with z;; = and x;; > x;y VE=1,...,00

lift>s

The following lemma gives the conditions under which our assumptions hold with our

dynamic version of Barrett’s functions.

Lemma 9 Assumptions Il to V hold for the benefit and cost functions defined in (15) and

(16) if

1 b? b2
1—=)1- 4>, > = 1
cx< N)( 6)+2€a>x>6a (17)

Proof. Appendix A. =
Note, however, that Assumption I does not hold for the benefit side, since in Barrett’s

model the country abates if it decides not to invest in the technology. Nevertheless, this does
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not change our main results so far, since it essentially implies rescaling the benefit function.

Hence, if the parameter values check these inequalities, we know that for some 0 < n* < N:

D0 T b + (N = ) bugi] = [(27 = 1) be + (N = (0" = 1) bugi]} = s (1 B nﬁ) —an%g

t=s

or
b, — ba
* — 1 _ r 2Ca N
" ( (1 — 5))
With a set of parameters satisfying (17), Theorem 2, Corollary 4 and Proposition 5 hold.
Thus, for N large enough there exists a SPE in which no player ever invest. In particular,

with the functional forms used in this section the latter strategy is a SPE if the benefit of

not investing

iatl bJ\%—cﬁ —iatlb—g Nt (18)
— a q7, a 2 - — Ca 2

is larger than the benefit of investing

*

n*—1 00
b 1
t—1 a _ t—1
> o <bz by (N —1) —Ca) Co (1 - —N) +> 67, N (19)

t=1

That is, we need (19)<(18):

2

SN = 1) <bz—b—“) + (bm+%(5—1)(z\f—1)cz——g) <0 (20)

Ca

Equation (20) cannot be solved analytically for N, and we therefore resort to simulations
with values of the parameters satisfying (17). Figure 1 plots the value of the LHS of (20)

for the parameters shown. With these parameters, for N > 51 = N the value of the LHS of
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(20) becomes negative. Hence, (20) holds and not investing when nobody else has invested

(n=0) is a SPE.
[Figure 1]

3.1 The role of treaty design

The last section has shown that, for the parameters used in Figure 2, if there are more that
N = 51 countries no country will ever invest. Can a treaty improve this situation? As
stated above, usually treaties are modeled in this literature (Barrett, 2006) assuming that
all the countries form a coalition that from now on maximizes its joint welfare. Suppose
N = 100 and that countries can get together and form a single coalition with K members.
Then, for each one of the members of the coalition not investing implies to follow the optimal
abatement policy, which yields the following net benefits (if K < n*):

SN(K)zics“ KquJr(N—K)bq»—c@ _ N N+£2—K (21)
pa . D) (1—0)ca 2

with ¢; = ﬁ—z and qx = Ii—i“ That is, as in the canonical model the coalition would abate
more than any singleton in the eventually of choosing to abate instead of investing in the
new technology.

The net benefit of investing in the new technology the K units that the coalition has

22



available is (if K < n*)

n*—K 2 oo
SI<K) — Z 5t—1 (Kba: + (N — K) i_a) — Cp (1 — %) + Z 5t_1b$N (22)
t=1 @

t=n*—K+1

I b2 oK K

= — (K N-K)=%)+—bN — - =
T3 ( by + ( )ca)+1_5be cx(l N>

since the remaining players will invest after n* — K periods, or in period n* — K + 1 of
the original game. That is, investing is optimal when SY (K) < S?(K), or:

2

"R (N - K) (bw—@) - (sz+%(6—1)(N—K)cm—

Ca

K?b?

2¢,

) >0 (23)

Computing this equation, for N = 100, figure 2 shows that only coalitions between 4 and

9 members would invest.

[Figure 2]

But, which coalitions would be stable? As indicated in the previous section, a stable
coalitions needs to meet the internal stability, m5(K*) > 7¥'(K* — 1), and the external
stability, 7 (K*) > 7 (K* +1), criteria. To compute this we need to take into account that:

SIK) if SN(K) < SI(K)
™(K) =

SN(K) if SV(K) > S!(K)

Assuming that we are in the part where singletons are not interested in investing (i.e.
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that N > N ) the net benefit of those not investing is

n*—K [e's) n*—K

b2 2 .
FiE) = 3 0 (Kbx (N~ ) —“) T D R S S L
t=1 Ca t=n*—K+1 t=1
11— " AN 1—5 5 .
= ——— | K N-K)-=*% N_——— o K
=0 ( b+ )ca)+1—5bx 1—6 2, 0
if the members of the coalition invest and
N - t—1 q2
FY(K) = S Kb, N — K)byq; — -
(K) tz; ( qx + ( Ybagi — € 5 >
b? 1
= —9% (N4+K’-K-—=
(1 - 5) Cq ( * 2)

if the members of the coalition do not invest. That is, we have that

FI(K) if SY(K) < SY(K)
oK) =

FN(K) if SY(K) > S1(K)

Computing these values shows that, as in the canonical model, a coalitions of 2 and 3
members is internally and externally stable but only abates. Thus, with these coalitions
the new technology may never be implemented. However, we also find that a coalition
with 4 members is internally and externally stable and that this is the only internally and
externally stable coalition willing to invest (confirming Conjecture 8 for this particular case).
In addition, this coalition invests in the new technology and therefore launches the process

that will eventually allow universal adoption of the new technology.
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4 Conclusions

This paper has analyzed a monotone game over the implementation of a pure public good.
After discussing the general model, we have applied this model to the analysis of a break-
through technology with increasing returns. Our results suggest that if the number of coun-
tries (agents) is small, the technology will be adopted without the need of any treaty. Never-
theless, the technology will not necessarily be adopted immediately and the potential delay
will be proportional to the number of countries. On the contrary, if the number of countries
is large the technology may never be adopted.

Accepting that a treaty can be modeled by assuming that all the countries signing an
agreement maximize their joint welfare, we have shown that even a small coalition of countries
would be interested in adopting the technology and launching the process that will ultimately

lead to the universal adoption of the technology.
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A Assumptions I to V with our dynamic version of

Barrett’s functions

With our dynamic version of Barrett’s (2006) X-type functions Assumption IT simplifies to

o 2

i 6571 (bm - ban') > = Z Ca%

s=1
or:

2

b
by > =2 24
> 2 (24)

Assumption III now simplifies to

1 b?
| 1——=(1=9 <
bz<c< N>( )+26a

Then, combining (24) with this inequality we need:

1 b? b?
1=—=1(1=0)+="2>0b,> -2
¢ ( N>( >+20a> >20a

These restrictions on the parameters are equivalent to those assumed by Barrett (2006),
differing only in the dynamic character of our model.

Assumption IV also holds since B; = b, N (% + oz,i) +0b, ((1 — ;) g + Zj\;l(l — xj)qJ) ,
z;,x; € {0,1} is continuous and non-negative for reasonable values of the parameters. The

incremental benefit for any player investing when n other players have already invested, for
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any 0 >n > N,is B(n+ 1) — B(n) = b, — b,q;. To have B(«a;) increasing in a;/number of
player investing, we need:

2

b, > =
Ca

Assumption V also holds. In our dynamic version of Barrett’s model C' = ¢, (1 — «) for
any t, so it is continuous and clearly decreasing on «. Finally, Assumption I holds for C' and

just needs a rescaling for B.
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Figure 1. Marginal payoff of investing for the first mover (parameters: b, = 1, b, = 2,

Ca =3, c; =50, 6=0.9)
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Figure 2. Marginal payoff of investing as the first mover for a coalition of K members

with N=100 (parameters: b, = 1, b, =2, ¢, = 3, ¢, =50, § = 0.9)

30



