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Abstract

Building on previous work on coalition formation in a Great Fish War Model under the farsightedness
assumption (Breton and Keoula, 2010), we take the analysis a step forward by allowing for asymmetry
among the players participating in the fishery. More precisely, we assume that players differ in their time
preferences and use different discount factors.

We derive analytically the equilibrium payoffs of this coalitional game with asymmetrical players. We
also investigate the impact of the asymmetry assumption on the extreme schemes of cooperative and
non-cooperative equilibria. We then proceed to the computation of Nash and farsighted stable coalitions
for the partial coordination scheme, in the case where players are divided into two groups (high and low
discount factors).

We find that, when players have different discount factors, it is no longer true that the grand coalition
is always profitable. We show that, however, the potential for large coalitions remains under farsighted-
ness, and that heterogeneous coalitions can form. Results are generally robust to the way players evaluate
their payoffs in some undecided cases of intermediate multiple outcomes.

Key Words: Coalition stability; fisheries; farsightedness; asymmetry.

Résumé

Nous étendons le modèle de formation de coalition dans un contexte de clairvoyance présenté dans
(Breton and Keoula, 2010) au cas où les joueurs sont asymétriques dans leur facteur d’actualisation. Le
modèle permet la caractérisation analytique des gains des joueurs à l’équilibre. Nous analysons l’impact
de l’hypothèse d’asymétrie sur la comparaison des solutions à l’équilibre coopératif et non coopératif.
Nous procédons par la suite à la détemination des coalitions stables, dans un contexte de Nash et dans
un contexte de clairvoyance, dans le cas où les joueurs se divisent en deux groupes homogènes (facteur
d’actualisation bas ou élevé).

Nous montrons que la grande coalition n’est pas nécessairement profitable quand les joueurs ont des
facteurs d’actualisation différents. Cependant, l’hypothèse de clairvoyance perment d’envisager la forma-
tion de grandes coalitions de joueurs, possiblement hétérogènes. Les résultats sont robustes à la façon
dont les joueurs prévoient d’éventuelles défection lorsqu’il existe de multiples possibilités.

Mots clés : Stabilité de coalitions, pêcheries, clairvoyance, asymétrie.
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1 Introduction

The great fish war model of Mirman (1979) and Levhari and Mirman (1980) is a parsimonious framework

that has been extensively used for analyzing open-access problems in fisheries. A well known result is that
the non-cooperative setting yields a prisoner’s dilemma type of result, and that coordination of international
fisheries is Pareto-improving, raising the question of stability of international coalitions. As it is the case in

environmental games (Barrett 1994) or in the cartel theory literature (d’Aspremont et al. 1983), stable large
membership in international coalitions cannot be obtained without the help of additional mechanisms, such
as sequential moves (Kwon 2006), transfers (Pintassilgo et al 2010), or farsightedness (Breton and Keoula

2010).

The farsightedness assumption in a coalitional game acknowledges the fact that a deviation of a single

player will lead to the formation of another coalition structure, as the result of possibly successive moves of her
rivals in order to improve their payoffs. As shown in Breton and Keoula (2010), this behavioral assumption,
an alternative to the traditional Nash conjectures, permits to overcome the puzzle of small coalitions in

fishery games by allowing the formation and stability of large coalitions up to the size of the grand coalition.

This paper extends the work of Breton and Keoula (2010) by assuming asymmetry among the players

participating in the fishery. Since, in the Great Fish War model, the players are characterized by their
discount factor, this amounts to allowing every player to have a discount factor of her own.

One common source of asymmetry in the fishery economics literature is the marginal cost of fishing: the
individual cost per unit of effort is different from one player to another. This kind of asymmetry is pervasive

in analyzes relying on textbook models such as the basic one presented in Clark (1990). In an n-player
setting, a recent example is the coalitional fishery game of Pintassilgo et al.(2010) addressing the resilience
of Regional Fishery Management Organizations (RFMOs).

Alternatively, a prominent example of asymmetry in the discount factor has been analyzed in a two-player
setting by Munro (1990), referring to the Pacific Islands Tuna Fishery. He identified two types of players

with different management objectives. Owing to a shift in the location of the fish runs, some of the islands
found themselves in a much more favorable position for the access to the resource. Thus, the so-called
“have’s” placed greater emphasis on future returns than did the “have not’s”, which would mean lower rates

of discount.

Plourde and Yeung (1989) analyze, in a differential game setting, n-player Great Fish War models with

players that are asymmetric both in their logarithmic utilities (up to a multiplicative constant) and in their
discount rates. In the continuous time model of Lohoues (2006) asymmetric players have constant elasticity
of substitution utility functions that are more general than the logarithmic utilities of the seminal Levhari

and Mirman fish war models. The paper provides another motivation for the use of differing discount rates in
fishery games by the example of big multinational firms versus local fishermen. Owing to better alternative
investment opportunities, the big firms might use a higher rate of return than the fishermen to discount

the yield over time of their fishing activities. Neither of the above papers address the question of coalition
stability.

Differing discount rates in cooperative games raise the problem of how to aggregate heterogeneous time
preferences. In a finite horizon setting, Gollier and Zeckhauser (2005) show that when individuals have
heterogeneous constant rates of impatience, the group time preference will not be constant in general. In

particular, heterogeneous individual exponential discounting yields a collective discount rate that decreases
with the time horizon. Finding the cooperative equilibrium is then related to hyperbolic discounting (Laibson
1997) and gives rise to a time-consistency problem (see Karp 2007 for a solution approach).

One of the main contributions of the present paper is the derivation of the coalition versus fringe equilib-
rium strategies in a n-player Great Fish War coordination game. With these prerequisites for the analysis of

any coalitional game in hand, previous results with Nash players and farsighted players are revisited.

This paper also contributes to the literature on heterogeneous time preference. Our approach, avoiding

the use of a representative agent or collective value function, yields a time-consistent solution by construction,
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and an analytical solution for the Great Fish War model. We find that, when players’ impatience rate differ,
the collective discount rate over an infinite horizon depends on the size of the fish stock, and that cooperation
is not necessarily welfare-enhancing for all players.

The rest of the paper is organized as follows. The model and assumptions are recalled in Section 2. We
then derive results for the general case of n asymmetric players in Section 3 in the fully cooperative and the
non-cooperative cases. Partial coordination and coalitional stability are studied in Section 4, where a special

case when the fishery involves two types of players characterized by contrasting discount factors is analyzed
in details under Nash as well as under farsighted conjectures.

2 Model and assumptions

We recall the bioeconomic model underlying the fishery coalition game consisting in a welfare function for

the fishery owner, and a growth function for the fish stock. The one-period welfare function of the fishery
owner is assumed logarithmic:

u(x) = log x,

where x it the catch. It is well known that the logarithmic function implies the absence in the model of

intertemporal utility substitution effects.

The one-period growth function of the fish stock is given by the relation

st+1 = bsαt , 0 < α < 1 ≤ b,

where s is the level of the fish stock. The positive constant b
1

1−α is the saturation level, or the natural
equilibrium level, of the biomass. In the sequel, b is normalized to one. Constant α is interpreted as the
(inverse) growth potential of the fish stock; the smaller is α (closer to 0), the higher is the regeneration

capacity of the fish stock. Harvesting reduces the fish stock; we call residual stock the amount of fish
available for growth into the next period.

Denote V[xy] : R+ → R the total discounted utility of the fishery owner over an infinite horizon, as a
function of the fish stock, if the amount of his catch is given by the function x and the residual stock is given

by the function y.

The value function V[xy] satisfies the recursion

V[xy](s) = log x+ δVxy (y
α) (1)

where δ is the one-period discount factor, 0 ≤ δ < 1.

A useful result from the symmetric Great Fish War model is recalled as follows (see Breton and Keoula
2010):

Proposition 1 If the catch and residual stock are both stationary linear functions of the fish stock,

x(s) = ls

y(s) = qs

then the value function takes the log-linear form V[xy](s) = A+ 1
1−αδ log s, where

A = (1− δ)
−1

(
log l +

αδ

1− αδ
log q

)
.

Our coalition game is based on four assumptions:

A1 Countries have different time preferences,

A2 only one coalition forms,



Les Cahiers du GERAD G–2010–73 3

A3 there is no transfer of harvest between coalition members, and

A4 players in the coalition have the same strategic importance.

Since the discount factor δ is the only parameter that characterizes players, assuming asymmetric players
amounts to allowing every player to have a discount factor of her own, denoted δi, i = 1, 2, ..., n.

In the fishery economics literature, differing discount factors among players have been interpreted as
divergences in the objectives of the management of the fishery. The lower the discount factor, the lower the

proportion of biomass saved up for the following periods. Here, countries with lower discount factors have
lower incentives to invest in the resource, and higher incentives to consume the resource immediately.

The second assumption is in line with the 1995 revised United Nations Law of the Sea, which admonishes
countries to cooperate in the management of the high seas fisheries, without precluding any interested country
to have access to them (see Bjorndal et al. 2000).This assumption is also consistent with existing fishery

management organizations.1

The third assumption rules out a transfer mechanism as a way to sustain cooperation. This reinforces

the pure utility form of the individual payoffs, casting any cooperative scheme as a cooperative game of
asymmetric players with non-transferable payoffs. Players in a coalition only negotiate a set of cooperative
fishing strategies, and each player then consumes her own catch over time.

The fourth assumption amounts to assuming that the coalition strategy maximizes the total utility of the
members of the coalition, giving equal weights to all its members.

In the following section, we first derive results under a non-cooperative and a fully cooperative structure.

3 Cooperative vs non-cooperative solutions with asymmetric
players

3.1 The noncooperative solution

The fishery is populated by n competing countries (players) of types δ1, δ2, ..., δn. Define the parameters

βi ≡
αδi

1− αδi
.

Notice that each βi : (0, 1) → R+ is an increasing function of the parameter αδi.

Assume that a dynamic non-cooperative equilibrium exists, and that each player’s value function takes
the log-linear form

V N
i (s) = AN

i + (1 + βi) log s, i = 1, ..., n.

The n players’ value functions then satisfy the inter-temporal equilibrium conditions:

V N
i (s) = eqx

log xi + δiV
N
i

(s−
n∑

j=1

xj)
α


= eqx

log xi + δiA
N
i + βi log(s−

n∑
j=1

xj)

 , i = 1, ..., n, (2)

where eqx is an equilibrium operator such that no player has an incentive to unilaterally deviate from the
solution vector x = (x1, x2, . . . , xn)

′.

1See for instance the Northwest Atlantic Fisheries Organization (NAFO - 12 members), the Western and Central Pacific
Fisheries Commission (WCPFC - 25 members), and the International Commission for the Conservation of Atlantic Tunas
(ICCAT - 47 members).
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First order conditions for interior solution of each player lead to the system:

1

xi
− βi

s−
∑n

j=1 xj
= 0, i = 1, . . . , n

which implies:

βixi +

n∑
j=1

xj = s, i = 1, ..., n. (3)

Rewriting (3), one gets the linear system DNx = s1n, where 1n ∈ Rn is the vector (1, 1, ..., 1)
′
and

DN =


1 + β1 1 . 1 1

1 1 + β2 . 1 1
. . . . .
1 1 . 1 1 + βn

 ,

yielding the equilibrium fishing rule x =
(
DN

)−1
s1n.

Therefore, the equilibrium fishing rule of each player is a stationary linear function of the current stock

and can be written xi = lNi s, i = 1, ..., n. In the same way, the residual stock is also a linear function of
the stock that can be expressed as s −

∑n
i=1 xi = qNs, where qN and lNi , i = 1, ..., n are constants. Using

Proposition 1, this verifies our assumption about the form of the value functions, and

AN
i = (1− δi)

−1
(
log lNi + βi log q

N
)
, i = 1, ..., n.

Denote σN ≡ 1 +
∑n

i=1
1
βi
, we then obtain (see Appendix A.1):

detDN = σNΠn
i=1βi

qN =
1

σN

lNi =
1

βi
qN , i = 1, ..., n.

One can get some interpretation of the βi’s (βi > 1) by drawing a parallel to the valuation of growing
perpetuities. The fish stock is a rental asset with a constant inverse growth potential α. Notice that the
inverse growth potential affects the current fish stock exponentially, unlike a growth rate r which would have
had a multiplicative effect through 1 + r. Hence, it appears that αδi is a modified discount factor. The

corresponding discount rate is thus 1−αδi
αδi

, equal to β−1
i , which can be termed “bionomic2 discount rate”

while βi is the “bionomic multiplier”.

3.2 The cooperative solution

The cooperative solution of the Great Fish War is obtained by first solving for a Pareto optimality condition.

Denoting V C
i (i = 1, ..., n) the individual payoff function of a cooperative player, the identification of Pareto-

optimal outcomes boils down to choosing weights γi > 0, i = 1, ..., n and corresponding joint strategy x that
solve the maximization problem (see Leitmann, 1974, Yeung and Petrosyan, 2006):

max
x

{
n∑

i=1

γiV
C
i

}
.

The γi’s are bargaining parameters in the sense that their choice reflects the relative importance given to
the payoffs of the different players in the maximization program.3 According to Assumption A4, we elect to
remain agnostic about the bargaining powers of the players in this coalitional fish war game and to set all

γi’s to 1, over the infinite horizon of the game.

2The qualifier is used after Clark (1990, p. 28), for situations determined by both biological and economic parameters.
3These bargaining parameters could also vary over time.
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Assume that the value function of each player when using the joint optimal strategy takes the log-linear
form:

V C
i (n) = AC

i + (1 + βi) log s.

The total payoff of the coalition then satisfies:

n∑
i=1

(
AC

i + (1 + βi) log s
)

= max
x


n∑

i=1

log xi + δiV
C
i

(s−
n∑

j=1

xj)
α


= max

x


n∑

i=1

log xi + δiA
C
i + βi log(s−

n∑
j=1

xj)

 .

Assuming an interior solution, the first order conditions are:

1

xi
−

∑n
j=1 βj

s−
∑n

j=1 xj
= 0, i = 1, ..., n

or equivalently
n∑

j=1

βjxi +

n∑
j=1

xj = s, i = 1, ..., n. (4)

Denote β̂ ≡
∑n

i=1 βi

n . System (4) becomes DCx = s1n, where

DC =


1 + nβ̂ 1 1 . 1

1 1 + nβ̂ 1 . 1
. . . . .

1 1 1 . 1 + nβ̂

 ,

and it is easy to see that optimal fishing strategies are linear in the stock s and independent of the identity
of the player, so that

xi = lCs, i = 1, ..., n

s−
n∑

j=1

xj = qCs

where lC and qC are constants. Again, using Proposition 1, this verifies our assumption about the form of
the players’ value function, with

AC
i = (1− δi)

−1(log lC + βi log q
C), i = 1, ..., n.

Denote σC ≡ 1 + 1
β̂
. The determinant of DC is easily factored as:

detDC =
(
nβ̂
)n

σC

and the coefficients lC and qC are readily determined as:

qC =
1

σC
=

β̂

β̂ + 1
(5)

lC =
1

nβ̂
qC =

1

n
(
β̂ + 1

)
This result is of some interest. Under cooperation, all players use the same fishing rule. Notice that this

is not an assumption, but the result of the optimization of the coalition’s joint payoff function. There is
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an externality effect, represented by the averaging parameter β̂, whereby each player has to bear with the
others that may be more or less patient than her, and catch the same amount. Since, moreover, the players’
one-period utility functions are alike, what differentiates them is how they value their captures over time by

their individual discount factors. Even though the fishing rules are the same, the cooperative approach does
not eliminate the effect of asymmetry and the total discounted utilities of players are different.

Notice that the cooperative fishing strategy only depends on the parameter β̂. Indeed, one can check

that this strategy coincides with the one obtained by assuming that all players in the coalition have the same
discount factor δ̂, which is however not an average of the players’ discount factor, but rather such that the
corresponding bionomic multiplier is equal to the arithmetic average of the individual members’ bionomic

multipliers:

δ̂ = α
β̂

β̂ + 1
.

Notice moreover that, even tough the horizon is infinite, it is not possible to find a common constant
discount factor such that the total welfare of the coalition is equal to the discounted sum of players’ periodic
utilities. Indeed, the discount factor representing the coalition’s aggregate time-preference is the function

δ(s) of the fish stock satisfying

δ(s) =

∑n
i=1 A

C
i + (1 + βi) log s− log

(
lCs
)∑n

i=1 A
C
i + (1 + βi) log (qCs)

α .

Figure 1 illustrates this relation in an example with two players with different time preferences.

0.8

0.805

0.81

0.815

0.82

0.825

0.83

0.835

0.84

0.845

0.85

0 0.2 0.4 0.6 0.8 1

size of the fish stock

aggregate discount factor

Figure 1: Aggregate discount factor as a function of the fish stock for a coalition of n = 2 heterogeneous
players. Parameter values are α = 0.7, δ1 = 0.9, δ2 = 0.5.

For this reason, the characterization of dynamically consistent cooperative solutions among players with

different discount factors is often problematic. Our approach, using individual value functions instead of that
of a representative agent, ensures that the collective optimal strategy is time-consistent.

3.3 Comparison of cooperative and non cooperative payoffs and harvests

In the analyses of cooperative versus non cooperative games of symmetric players, it has been established
that cooperative players fish less than what they would in a pure Nash game but cooperative payoffs are
greater than non-cooperative payoffs (see for example Kwon (2006), Breton and Keoula (2010)). We now

proceed to check if these results still hold with asymmetrical players.

3.3.1 Residual and steady-state stock

According to the well known relation between the harmonic and arithmetic mean:

β̂ >
n∑n

i=1
1
βi

,
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we get directly

σC = 1 +
1

β̂
< 1 +

∑n
i=1

1
βi

n

< 1 +
n∑

i=1

1

βi
= σN

from which we obtain that in the general n-player case, the residual stock is higher under cooperation than

under competition, that is, qc > qN . Since the steady-state of the fish stock is given by s = q
α

1−α , we then
recover the classical result that the steady state of the fish stock under cooperation is larger than the steady
state in the pure Nash game (Levhari and Mirman, 1980, Plourde and Yeung,1989).

3.3.2 Catches

For the catches, we want to check to what extent the relation lc < li, i = 1, ..., n is still valid, i.e.:

1

βi
qN >

1∑n
j=1 βj

qc, i = 1, ..., n. (6)

Consider for example two groups of equal size n
2 , where players of group i share a common discount factor

δi. Condition (6) then amounts to: 
1
β1

(
1

1+ n
2β1

+ n
2β2

)
> 1

n+β1+β2

1
β2

(
1

1+ n
2β1

+ n
2β2

)
> 1

n+β1+β2


or equivalently {

2β2
2 + n (β2 − β1) > 0

2β2
1 + n (β1 − β2) > 0

}
.

The equations 2β2
i +n (βi − βj) = 0 represent two parabolas, tangent at the origin, that divide the positive

quadrant into three sectors. Figure 2 illustrates the case where n = 10. It shows that for the two groups
of players in the cooperative equilibrium to harvest simultaneously less than what they would individually
harvest in the non cooperative game, their β’s (and thus their discount factors) have to be close enough.

Otherwise, when the discrepancy between their discount factors is relatively high, it is only the players with
the lowest discount factor that harvest less in cooperation, because they have to reduce their capture down
to the common level of all players.

3.3.3 Payoffs

We now investigate if the grand coalition is always profitable, as it is the case for symmetric players. This
amounts to checking if the following relation holds:

Ac
i +Bc

i log s > AN
i +BN

i log s, i = 1, ..., n.

Since Bc
i = BN

i , this is equivalent to Ac
i > AN

i , or

log
1∑n

j=1 βj
+ (1 + βi) log

∑n
j=1 βj

n+
∑n

j=1 βj
> log

1

βi
+ (1 + βi) log

1

1 +
∑n

j=1
1
βi

, i = 1, ..., n. (7)

Again, we specialize this relation to a set of two groups of asymmetric players characterized by β1 and β2, of
equal sizes n1 = n2 = n

2 . Then condition (7) boil down to:

log

(
2βi

n (β1 + β2)

)
> (1 + βi) log

(
2β1β2 (β1 + β2 + 2)

(β1 + β2) (nβ1 + nβ2 + 2β1β2)

)
, i = 1, 2.
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Figure 2: Comparison of the catch for the cooperative and non-cooperative case according to parameter
values, n1 = n2 = 5.

The left panel of Figure 3 illustrates the solution to this system of inequalities for n = 10. Again, we see
that the parameter space is divided in three regions; cooperation is profitable for both groups of players when

their discount factors are close enough. Otherwise, when the discrepancy between their discount factors is
high, only the players with the highest discount factor have a higher payoff under cooperation than under the
Nash equilibrium (notice that in that region, they also catch more under cooperation than under competition).

The right panel of Figure 3 shows that in some regions, cooperation is profitable for players even when they
catch less than under competition (see also the discussion in Appendix A.2 of the profitability function for
the coalition versus fringe game).

Figure 3: Comparison of the payoffs for the cooperative and non-cooperative case according to parameter
values.

We conclude that the usual result for symmetric players’ coalitions that cooperation is welfare enhancing
for all players does not stand out when players don’t have the same discount factor; for instance, when
the players are divided into two homogeneous groups, it is achieved only if the difference in time-preference

between the two groups is not too large. Since profitability is a necessary condition for a coalition to form,
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this means that the existence of a cooperative solution is not guaranteed. In Figure 3), for instance, a
cooperative solution only exists in the shaded region.

In the next section, we investigate the possibility of obtaining an equilibrium solution under partial
cooperation, that is, a coalition structure consisting in one coalition of m members and n−m outsiders.

4 Partial coordination: a coalition versus a fringe

Now assume that there are n players of types δ1, δ2, ..., δn in the fishery. Players of types δ1, δ2, ..., δm (m ≤ n)

cooperate and maximize their total discounted payoff. Players of types δm+1, δ2, ..., δn do not cooperate and
maximize their individual payoffs, given the strategy of the other players. We will again assume that all
players’s equilibrium value functions take the log-linear form AF

i + (1 + βi) log s. Using the results from the

preceding section, it is straightforward to show that, against a given fishing strategy of the outsiders, the best
response of the coalition members is a total capture x0 that is equally divided among all coalition members.
The coalition then solves:

max
x0

m log
(x0

m

)
+

m∑
i=1

δi

AF
i + (1 + βi) log(s− x0 −

n∑
j=m+1

xj)

 (8)

The first order condition for an interior solution:

m

x0
−

∑m
i=1 βi

s− x0 −
∑n

j=m+1 xj
= 0

implies (
1 +

1

m

m∑
i=1

βi

)
x0 +

n∑
j=m+1

xj = s. (9)

The n − m remaining players play among them and against the coalition a non-cooperative game for
which the total payoff of each player i satisfies:

AF
i + (1 + βi) log s = eqx

log xi + δiA
F
i + βi log(s− x0 −

n∑
j=m+1

xj)

 , i = m+ 1, ..., n.

The first order conditions for interior solutions are:

1

xi
− βi

s− x0 − xi −
∑

j ̸=i xj
= 0, i = m+ 1, ..., n

or, equivalently,

βixi + x0 +

n∑
j=m+1

xj = s. (10)

Denote β =
∑m

i=1 βi

m . Together, equations (9)-(10) imply the linear system Dmx = s1n, where:

Dm =


1 + β 1 1 . 1
1 1 + βm+1 1 . 1
. . . . .
1 1 1 . 1 + βn


and x = (x0, xm+1, ..., xn)

′
. It is easy to see that this reduces to a non-cooperative solution of a game

involving n − m + 1 players, where the coalition acts as a single player characterized by the parameter β.
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Using the results of Section 3.1, the equilibrium fishing rule of each player is a linear function of the current
stock, xi = lFi s and the assumption about the form of the value functions is verified with

AF
i = (1− δi)

−1
(
log lFi + βi log q

F
)
, i = 1, ..., n,

qF =
1

σF

lFi =
1

mβ
qF , i = 1, ...m,

lFi =
1

βi
qF , i = m+ 1, ..., n

where

σF ≡ 1 +
1

β
+

n∑
j=m+1

1

βj
.

4.1 Profitability and stability of coalitions

Profitability, as defined by Carraro and Marchiori (2003) is a necessary condition for a coalition to form.
A coalition is profitable if each cooperating player gets a payoff larger than what she would get when no

coalition is formed. In our case, this reduces to

AF
i > AN

i , i = 1, ...,m

or equivalently (
σF

σN

)βi+1

>
βi

mβ
.

We already saw that profitability is not guaranteed, even for the grand coalition, when players have different
discount factors.

Following d’Aspremont et al. (1983), sufficient conditions for stability of a coalition consist in two con-
ditions: internal stability, which requires no defection temptation from individual coalition members, and
external stability, which requires that outsiders not be tempted to join the coalition.

In order to evaluate the welfare impact of defection or adhesion, players need to form conjectures on how
their rivals will react to such moves. Under Nash conjectures, players assume that the membership strategies

of the other players will not change following their move. Under rational (farsighted) conjectures, players
recognize the fact that their move may trigger others to defect or join the coalition. In the following section,
we study a special case where there are only two types of players, where each player is characterized by its

discount factor. Thus, n1 players use a discount factor δ1 and n2 players use a discount factor δ2, where
n1 + n2 = n. The coalition is of size m such that m = m1 +m2, with m1 (respectively m2) players of types
δ1 (respectively δ2). Outsiders of each type are in numbers n1 −m1 and n2 −m2.

4.2 The case study: two types of players in the coalition vs fringe model

Again denote by βi the ratio αδi
1−αδi

, i = 1, 2. Using the results of the previous section, the total discounted

utility for Player i is a log linear function of the current stock that depends on the size and the composition
of the coalition, and is given by

Ak
i (m1,m2) + (1 + βi) log s

where k ∈ {c, o} indicates whether the player of type i belongs to the coalition or is an outsider. We then

have:

β =
m1β1 +m2β2

m1 +m2
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σF = 1 +
1

β
+

n1 −m1

β1
+

n2 −m2

β2

Ac
i (m1,m2) = −(1− δi)

−1(logmβσF + βi log σ
F )

Ao
i (m1,m2) = −(1− δi)

−1(log βiσ
F + βi log σ

F ).

It will be convenient to extend the domain of the functions Ak
i , k ∈ {c, o} to the positive quadrant

excluding the origin (0,0) so that the extended functions are then continuous and differentiable with respect
to m1 and m2. Notice that Ac

i (1, 0) and Ac
i (0, 1) coincide with the non-cooperative equilibrium parameter

AN
i .

Define the coalition profitability function for a player i inside or outside of a coalition as the difference

between her payoff and what she would obtain in a non-cooperative equilibrium:

πk
i (m1,m2) = Ak

i (m1,m2)−Ac
i (1, 0), i = 1, 2.

Figure 4 is a representation of the profitability function for both types of insiders, where it is apparent that
profitability of coalition members is increasing in m1 and m2 when m1 and m2 are sufficiently large. Figure 5
shows that, as expected, outsiders always benefit from the formation of a coalition. Moreover, their payoff is

always higher than that of insiders of the same type.
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Figure 4: Profitability functions of insiders, α=0.8, δ1=0.7, δ2=0.9, n1 = n2 = 10.
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Figure 5: Profitability functions of outsiders, α=0.8, δ1=0.7, δ2=0.9, n1 = n2 = 10.

Proofs of these properties are provided in Appendix A.2.

4.3 Stability of coalitions under Nash conjectures

Our aim here is to characterize stable coalitions when players use Nash conjectures. Here, there are two
coupled internal and external conditions for a coalition (m1,m2) to be stable:
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• Internal stability: Payoffs of coalition members are larger than what they would achieve by defecting,
which is equivalent to

Ac
1(m1,m2) > Ao

1(m1 − 1,m2) and Ac
2(m1,m2) > Ao

2(m1,m2 − 1).

• External stability: Payoffs of outsiders are at least as high as what they would achieve by joining the
coalition, which is equivalent to

Ao
1(m1,m2) ≥ Ac

1(m1 + 1,m2) and Ao
2(m1,m2) ≥ Ac

2(m1,m2 + 1).

For most parameter values, these conditions are hard to meet. Like in the case of symmetric players, the
values of the parameters have to be high enough to get non trivial coalitions. These can be homogeneous (two

players of the same type) or heterogeneous. The main results are summarized in the following propositions.

Proposition 2 : In the Great Fish War model with two types of asymmetric players, the maximum stable
coalition under Nash conjectures is of size 2.

Proof. See Appendix A.3.

In other words, under Nash conjectures and two types of asymmetric players, the puzzle of small coalition
remains unresolved. Moreover, as we shall see with the two following propositions, the size-two coalitions
that can form only happens for extreme values of parameters, as is the case for symmetric players.

Proposition 3 : In the Great Fish War model with two types of asymmetric players, the condition for a
homogeneous coalition of size 2 of players of type 1 to be stable under Nash conjectures is that

β2 >
log 2

1− log 2
n2

and β1 is sufficiently high.

Proof. see Appendix A.4

As can be observed in the proof, these conditions are necessary and sufficient for internal stability. In
addition, external stability for players of type 1 is always satisfied, and is in fact a consequence or Proposition

2. External stability for players of type 2 is satisfied for β1 large enough.

Proposition 4 : In the Great Fish War model with two types of asymmetric players, a heterogeneous coali-

tion of size 2 is stable under Nash conjectures if β1 and β2 are sufficiently close and sufficiently high.

It is worthwhile noticing that one of the conditions for the existence of a heterogeneous stable coalition
is that the players be relatively similar. Table 1 presents some illustrative results with symmetric and
asymmetric players.

We explain the results while giving the keys to reading the table. Rows 1 to 7 present benchmark scenarios

of symmetric players with a total number of 8 players and different values of αδ. Recall (Kwon 2006) that a
size-two coalition is the only non trivial stable coalition, if any, that can be formed under Nash conjectures
for symmetric players, and that the threshold value for a stable coalition of size two to exist is α̂δ =0.9318

for n = 8.

Rows labeled i-j are formed by combining data from rows i and j where n1 players are of the same type as
the players in row i and the rest are of the type of the players in row j. The symmetry in number of players

of each type need not hold, as can be seen in rows 2-4 bis and 2-4 ter. These are cases of size asymmetry, as
opposed to intrinsic asymmetry that translates into differing δi’s (see Lohoues 2006, chap 2).

Row 1-4 reports a case where there is no non-trivial stable coalition. One can notice that, on that row,
αδ1 < α̂δ while αδ2 > α̂δ.
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Table 1: Nash stable coalitions for various instances with 8 players.

Number of players αδ1 αδ2 Stable coalitions
under Nash conjectures

1 n = 8 0.9025 -

2 n = 8 0.9215 -

3 n = 8 0.9310 -

4 n = 8 0.9405 2

5 n = 8 0.9603 2

6 n = 8 0.9613 2

7 n = 8 0.9652 2

1-4 n1= n2= 4 0.9025 0.9405 -

2-4 n1= n2= 4 0.9215 0.9405 (2,0)

2-4 bis n1= 6, n2= 2 0.9215 0.9405 -

2-4 ter n1= 3, n2= 5 0.9215 0.9405 (2,0)

3-4 n1= n2= 4 0.9310 0.9405 (0,2), (2,0)

5-7 n1= n2= 4 0.9603 0.9652 (0,2), (2,0)

6-7 n1= n2= 4 0.9613 0.9652 (0,2), (2,0), (1,1)

Row 3-4 is another case where αδ2 > α̂δ > αδ1, albeit closer. The results show two homogeneous non
trivial stable coalitions of size 2, namely (2, 0) and (0, 2). This is a case of multiple equilibria.

The outcome changes when αδ1 becomes lower in row 2-4, where only one non-trivial coalition (2, 0)

is possible. For this latter case, it is striking that the type 1 players would form the only coalition of
size two since αδ1 < α̂δ and αδ2 is the largest. Yet, the conditions for external stability discussed in the
proof of Proposition 3 hint to more restrictive conditions on the parameters αδ1 and αδ2 for the existence

of a homogeneous stable coalition (0, 2). The relationship to the threshold for asymmetric players seems
to be opposite to that observed for symmetric players, but all that can be said with certainty is that the
phenomenon is more complex, as shown in the following rows accounting for size-asymmetry.

Indeed, rows 2-4 bis and 2-4 ter are examples of different proportions of players with the same parameter

values as in row 2-4. They show that, with a rise in the proportion of players of type 1, the non trivial
coalition (2, 0) vanishes, while it is preserved with a rise in the proportion of players of type 2.

The last rows, 5-7 and 6-7, show the possibility of the emergence of a non-homogeneous coalition of size
two, namely the coalition (1, 1), as αδ1and αδ2 become higher and closer. We see that the model can even

predict three different coalitions of size 2.

4.4 Farsighted stable coalitions

Farsighted stable coalitions are obtained iteratively, starting from the trivially internally stable empty coali-

tion, and checking the internal stability of increasingly larger coalitions. This iterative procedure is illustrated
in Figure 6, where we consider six players divided into two equal groups (n1 = n2 = 3). The first column
under the headings m1 and m2 displays all the possible coalition structures. The second column displays the

payoff coefficients Ak
i for each type of player. The third column displays the incentives for players of each

type to leave the coalition. These incentives are not immediate rewards from such a move, but are computed
as a result of successive deviations triggered by it. The columns under the heading “Potential deviation of

Player i” show the end result of the process when there is an incentive for a player to deviate. Internally
stable coalitions are highlighted. Internally and externally stable coalitions are highlighted in a darker shade.

Note first that trivial coalitions (0,1) and (1,0) are equivalent in fact to the void coalition and are in-
ternally stable by default. Notice also that coalitions that are internally stable under Nash conjectures are

necessarily also internally stable under farsighted conjectures. This is the case for homogeneous coalitions of
size two, (0,2) and (2,0), which are stable under Nash conjectures for the particular parameter values under
consideration.
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Now consider for instance the coalition (1,3). A deviation of the player of type 1 does not end up with
the coalition (0,3), but with the coalition (0,2), because (0,3) itself is not stable as can be seen from the
positive incentive (15.63) of a player of type 2 to deviate. So, by deviating, a player of type 1 ends up being

an outsider to the coalition (0,2) and her final gain or incentive is negative (-0.55). The same end result is
observed for a player of type 2 contemplating a deviation from the coalition (1,3), with an even more acute
disincentive to deviate (-18.17). Thus, the final outcome, as can be seen in the column “Effective deviation”

is (1,3), meaning that no player of type 1 or type 2 has an incentive to deviate under rational conjectures.
Coalition (1,3) is therefore farsighted internally stable.

An interesting case appears with coalition (2,3). Here, the end result of a deviation of a player of type
1 is (1,3) and that of a player of type 2 is (2,2). From the computation of the incentives, both type players
have positive incentives to deviate, and these potential deviations give rise to two different end results. We

have elected in the table to solve those cases of multiple possible equilibria by assuming a deviation from a
player of the type having the highest incentive. The other case of multiple equilibrium is coalition (3,2). We
discuss below the impact of such indeterminacy in equilibrium outcomes.

When all the farsighted internally stable coalitions have been constructed, externally stable coalitions are
obtained by inspection, recording all those who cannot enlarge to another internally stable coalition. In this

example, the set of internally and externally stable farsighted coalition is {(1, 3), (2, 2), (3, 1)} . Notice that
this result is not changed if we assume a deviation from another player in case of multiple equilibria, even if
some values of players’ incentives to deviate may change.

Poten�al Poten�al Effec�ve

m
1

m
2

Ac
1

Ac
2

Ao
1

Ao
2

Player 1 Player 2 result

0 1 - -413.2 -248.0 -413.2 - - (0 1)

0 2 - -410.5 -226.1 -375.9 - -2.62 (0 2)

0 3 - -391.5 -203.1 - - 15.63 (0 2) (0 2)

1 0 -248.0 - -248.0 -413.2 - - (1 0)

1 1 -249.8 -404.1 -224.3 -372.8 1.86 -9.05 (0 1) (0 1)

1 2 -240.4 -385.1 -200.6 -332.4 14.28 -28.09 (0 2) (0 2)

1 3 -225.6 -357.7 -175.8 - -0.55 -18.17 (1 3)

2 0 -245.9 - -222.8 -370.1 -2.10 - (2 0)

2 1 -236.5 -378.7 -198.2 -328.3 -11.49 8.55 (2 0) (2 0)

2 2 -221.6 -351.1 -172.9 -285.1 -4.56 -19.05 (2 2)

2 3 -202.9 -317.6 -146.4 - 27.04 32.41 (1 3) (2 2) (2 2)

3 0 -232.6 - - -324.4 9.82 - (2 0) (2 0)

3 1 -217.6 -344.5 - -280.3 -5.20 -25.64 (3 1)

3 2 -198.7 -310.6 - -234.2 25.74 30.30 (2 2) (3 1) (3 1)

3 3 -176.6 -271.6 - - 3.67 -8.71 (2 2) (2 2)

Incen�vesPayoffs

P1 P2

Figure 6: Illustration of the determination of farsighted stable coalitions for 6 players. Parameter values are
α = 0.95, δ1 = 0.97, δ2 = 0.98.

In order to illustrate the impact of the criterion used to select the outcome when multiple equilibria
occur, Table 2 reports on the stable coalitions for various instances using two different criteria. In the first,
we assume that players conjecture that, when two players have an incentive to defect, the one with the highest
incentive will deviate first. In the second, we assume that players conjecture that both players are equally

likely to deviate first, and average the farsighted payoff that they would obtain in either case. Table 2 shows
some instances where the list of internally stable farsighted coalitions remain unchanged, and others where
this list changes. Coalitions that are both internally and externally stable are in bold face.

Notice that in all the examples in Table 2, discount parameters of the two types of players are relatively

close, making the asymmetry assumption weak in some sense. To assess to what extent the predictions on the
list of farsighted stable coalitions are sensitive to the beliefs players hold on undecided cases of intermediate
multiple outcomes in realistic cases, we extend the experiments in Table 2 to cases of parameter constellations

that are more realistic according to some indications in the fishery economics literature.



Les Cahiers du GERAD G–2010–73 15

Table 2: Some instance of farsighted stable coalitions according to the assumptions on cases of indetermina-
tion.

Parameters Highest incentive deviates first Both equally likely
n1= n2 = 3 (0,2), (2,0), (1,3), (3,1), (2,2) Idem
α = 0.82, δ1= 0.97, δ2= 0.98
n1= n2 = 8 (8,0), (7,2), (2,7), (6,3), (3,6), Idem
α = 0.82, δ1= 0.95, δ2= 0.97 (5,4), (4,5), (8,7),(7,8),
n1= n2 = 5 (5,1), (1,5), (4,2), (2,4), (3,3), Idem
α = 0.95, δ1= 0.98, δ2= 0.99 (3,0), (0,3), (2,1), (5,4), (4,5)
n1= n2 = 5 (0,4), (4,0), (0,2), (2,0), Idem
α = 0.97, δ1= 0.98, δ2= 0.99 (3,2), (2,3), (3,5), (5,3), (4,4)
n1= 5, n2 = 8 (3,0), (0,3), (2,2), (2,5), (4,4) (3,0), (0,3) (2,2) (2,5), (3,4)
α = 0.95, δ1= 0.98, δ2= 0.99 (2,8), (4,7), (5,1), (0,6) (2,8), (4,6), (3,7), (5,1), (0,6)
n1= 5, n2 = 8 (0,8), (2,7), (3,6) (0,8), (2,7), (3,6)
α = 0.82, δ1= 0.90, δ2= 0.95 (4,4), (5,3) (4,4), (5,3), (5,8)

For the growth potential α, considering that the estimation in Spence (1975) for a blue whale fishery is
0.82, and noting that whales are low reproductive rate species, we focus on values less than or equal to 0.80.
More precisely, values of α chosen for our experiments are 0.6, 0.7 and 0.8.

For the discount factor, we refer to a study by Asche (2001), where fishermen discount rates varies from

7% to 50%. This implies discount factors ranging from 0.66 to 0.93. It is also known that a discount rate
of 7% can be applied in the United States to assess federal coastal fishery management programs.4 On that
basis, one would expect a higher rate when it comes to high seas fisheries. Another concern is to test cases

where players are really asymmetric. Thus, for δ1 and δ2 (δ1 < δ2), we tried the discrete values 0, 7, 0.8 and
0.9 resulting in 3 possible pairs (δ1, δ2). Finally, values of n1 and n2 that are used are 3, 5 and 8, resulting
in 9 possible pairs (n1, n2).

None of the 81 cases explored in these experiments resulted in the variations observed in the last two
examples of Table 2. All of them give identical results with respect to the list of coalitions, regardless of the

assumptions on how to disentangle undecided cases of intermediate multiple outcomes.

5 Conclusion

To our knowledge, this paper is the first one to derive analytical results for the asymmetric case of the
coalition versus fringe Great Fish War Model. We find that all cooperative players use the same fishing rule
and that the equilibrium fishing rule of each player (playing cooperatively or not) is a linear function of the

current fish stock. There is an externality effect, whereby each cooperative player has to bear with the others
that may be more or less patient than her and catch the same amount. Even though the fishing rules are
the same, the total payoffs of cooperative players are different. The conventional wisdom of cooperative vs

non-cooperative outcomes, namely that cooperation is always beneficial to all players, is no longer valid.

In the case of two groups of different players, the model predicts up to three stable coalitions of size two

– two homogeneous and one heterogeneous – under Nash conjectures for some extreme parameter values,
where players’ time preference are very similar. We show that coalition sizes cannot be greater than two: the
puzzle of small coalitions remains unresolved.

Multiple equilibria also show up for farsighted players. Simulations show that the potential of large
coalitions remains but that results are sensitive to the way players computes their payoffs in some undecided

cases of intermediate multiple outcomes. However, the scope of these latter cases is limited to less plausible
parameter values. Indeed, when players differ significantly in their time preference, the predictions of the

4see Woodward et al, 2005, p. 53, note 11
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model under farsightedness are robust to alternative assumptions on the computation of intermediate cases
of indeterminacy.

A Appendix

A.1 Computation of detDN

detDN =

∣∣∣∣∣∣∣∣
1 + β1 1 . 1 1

1 1 + β2 . 1 1
. . . . .
1 1 . 1 1 + βn

∣∣∣∣∣∣∣∣
n.

Construct an equivalent determinant of order n+1 by adding a first row of ones and completing the first

column by zeros: ∣∣∣∣∣∣∣∣∣∣
1 1 1 1 1 1
0 1 + β1 1 . 1 1
0 1 1 + β2 . 1 1
. . . . . .
0 1 1 . 1 1 + βn

∣∣∣∣∣∣∣∣∣∣
n+1

Subtract the first row from each of the rows 2 to n+ 1, to get:∣∣∣∣∣∣∣∣∣∣
1 1 1 1 1 1
−1 β1 0 . 0 0
−1 0 β2 . 0 0
. . . . . .
−1 0 0 . 0 βn

∣∣∣∣∣∣∣∣∣∣
n+1.

Now a development along the first column yields:

detDN =
∏n

j=1
βj + (−1)3(−1)

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . 1 1
0 β2 0 . 0 0
0 0 β3 . . 0
. . . . . .
0 0 . 0 βn−1 0
0 0 0 . 0 βn

∣∣∣∣∣∣∣∣∣∣∣∣
n

+(−1)4(−1)

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . 1 1
β1 0 . . 0 0
0 0 β3 . . .
. . . . . .
0 0 . . βn−1 0
0 0 0 . 0 βn

∣∣∣∣∣∣∣∣∣∣∣∣
n

+...+ (−1)n+2(−1)

∣∣∣∣∣∣∣∣∣∣∣∣

1 1 1 . 1 1
β1 0 1 . 0 0
0 β2 0 . 0 0
. . . . . .
0 0 0 . 0 0
0 0 0 . βn−1 0

∣∣∣∣∣∣∣∣∣∣∣∣
n.

One notices that in each of the remaining determinants of order n to evaluate, there is a column (1 0 0 ...0)′

along which it can be developed. It is the first column for the term in (−1)3(−1), the second for the term in

(−1)4(−1) and so on, until the last column for the term in (−1)n+2(−1). It turns out that by accordingly
developing these determinants, one gets respectively

(−1)2
∏n

j=1 βj

β1
,
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(−1)3
∏n

j=1 βj

β2
,

..., (−1)n+1

∏n
j=1 βj

βn
.

Moreover, in the final simplification, each factor in (−1) is raised to an even power so that it vanishes.
Whence, using 1 +

∑n
i=1

1
βi

= σN ,

detDN = σN
∏n

j=1
βjσ

N .

A.2 Properties of the profitability functions

We study the impact of a marginal variation of the number of coalition members of a given type on the

profitability functions

πc
i (m1,m2) = Ac

i (m1,m2)−AN
i

πo
i (m1,m2) = Ao

i (m1,m2)−AN
i ,

or equivalently since AN
i does not depend on (m1,m2), on the functions

(1− δi)A
c
i (m1,m2) = − logmβσF − βi log σ

F

(1− δi)A
o
i (m1,m2) = − log βiσ

F − βi log σ
F

where

σF = 1 +
m1 +m2

β1m1 + β2m2
+

n1 −m1

β1
+

n2 −m2

β2
> 0.

Differentiate σF with respect to m1, yielding

−β2
1m

2
1 + β2

2m
2
2 + β2

1m2 + β1β2m2 (2m1 − 1)

β1 (β1m1 + β2m2)
2

< −β2
1m

2
1 + β2

2m
2
2 + β2

1m2

β1 (β1m1 + β2m2)
2 < 0

if m1 ≥ 1. We conclude that σF is a decreasing function of m1 for m1 ≥ 1. By symmetry, σF is a decreasing
function of m2 for m2 ≥ 1.

Now consider the expression

mβσF = (1 +
m1 +m2

m1β1 +m2β2
+

n1 −m1

β1
+

n2 −m2

β2
)(m1β1 +m2β2).

Differentiating with respect to m1 yields

1

β1β2

(
β1 (β2 (β1 + 1) + β1n2 + β2n1)−m2

(
β2
1 + β2

2

)
− 2β1β2m1

)
= β1 − 2m1 + n1 +

β1

β2
n2 −m2

β2
1 + β2

2

β1β2
+ 1

which is a linear decreasing function of m1.

We conclude that mβσF is a concave function of m1 which is decreasing if m1 is large enough, that is,

m1 > m∗
1 =

1

2β1β2

(
β1 (β2 + β1β2 + β1n2 + β2n1)−m2

(
β2
1 + β2

2

))
.

and becomes arbitrarily small when m1 grows to infinity. Put together, these results imply that the prof-
itability function of insiders is increasing with respect to m1 for sufficiently large m1, and by symmetry, is
also increasing with respect to m2 for sufficiently large m2. Notice that the threshold value for m1 where the
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profitability function becomes positive depends on the value of m2, β1, β2, n1 and n2 and is not necessarily
smaller than n1, even when m2 = n2, indicating that for some parameter values, there exist no profitable
coalition.

On the other hand, since σF is a decreasing function of m1 and m2 for mi ≥ 1, outsiders always benefit
from an increase in the size of the coalition. Moreover, their payoffs are always greater than those of insiders

of the same type:

− log βiσ
F − βi log σ

F −
(
− logmβσF − βi log σ

F
)
= log

β1m1 + β2m2

βi
> 0.

A.3 Stability of coalitions of size greater than 2

A coalition of m1 members of type 1 and m2 members of type 2 is internally stable if it satisfies

Ac
1(m1,m2) > Ao

1(m1 − 1,m2) and Ac
2(m1,m2) > Ao

2(m1,m2 − 1).

Define the stability condition for players of type 1 for a given m2 ≥ 0 by characterizing the function

g1(m1) = (1− δ1) (A
c
1(m1,m2)−Ao

1(m1 − 1,m2))

= log
β1

m1β1 +m2β2
+ (1 + β1) log

1 + m1+m2−1
(m1−1)β1+m2β2

+ n1−m1+1
β1

+ n2−m2

β2

1 + m1+m2

m1β1+m2β2
+ n1−m1

β1
+ n2−m2

β2

.

To simplify notation, denote x ≡ β2

β1
> 0, M = m1 +m2 ≥ 1, Ni = ni −mi ≥ 0 and B = m1 + xm2. The

stability condition for a player of type 1 becomes

g1(m1) = − logB + (1 + β1) log
1 + M−1

β1(B−1) +
N1+1
β1

+ N2

xβ1

1 + M
β1B

+ N1

β1
+ N2

xβ1

= − logB + (1 + β1) log
B

(B − 1)

(B − 1) (N2 + x (β1 +N1)) + x (B +M − 2)

BN2 + x (M +Bβ1 +BN1)

≥ 0.

Assume without loss of generality that x > 1 (players of type 1 have the lowest discount factor), implying
B > M ≥ 1. We then have

log
B

(B − 1)

(B − 1) (N2 + x (β1 +N1)) + x (B +M − 2)

BN2 + x (M +Bβ1 +BN1)

<
B

(B − 1)

(B − 1) (N2 + x (β1 +N1)) + x (B +M − 2)

BN2 + x (M +Bβ1 +BN1)
− 1

=
x

B − 1

B2 − 2B +M

BN2 +Mx+Bxβ1 +BxN1

by the inequality log(1 + y) < y for all y > 0.

Compute

(1 + β1)

(
x

B − 1

B2 − 2B +M

BN2 +Mx+Bxβ1 +BxN1

)
− 1

= −BN2 (B − 1) + x (− (B − 2) (B −M) + β1 (B −M) +BN1 (B − 1))

(B − 1) (BN2 +Mx+Bxβ1 +BxN1)
.

Assume that N1 ≥ 1; it comes

(1 + β1)

(
x

B − 1

B2 − 2B +M

BN2 +Mx+Bxβ1 +BxN1

)
− 1
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≤ −BN2 (B − 1) + x (B −M +M (B − 1) + β1 (B −M))

(B − 1) (BN2 +Mx+Bxβ1 +BxN1)
≤ 0,

so that, for N1 ≥ 1

g1(m1) = − logB + (1 + β1) log
1 + M−1

β1(B−1) +
N1+1
β1

+ N2

xβ1

1 + M
β1B

+ N1

β1
+ N2

xβ1

< − logB + 1

which is negative for B ≥ 3. We just proved that a coalition of 3 members or more cannot be internally stable
if N1 ≥ 1, that is, if there is at least one outsider of type 1.

Now suppose that N1 = 0. The stability function becomes:

g1(m1) = − logB + (1 + β1) log
B

(B − 1)

(B − 1) (N2 + xβ1) + x (B +M − 2)

(BN2 +Mx+Bxβ1)
.

For a fixed number of coalition members, differentiate the stability function with respect to the number of

players of type 2, yielding

(β1 + 1)
B − 1

−2x−N − xβ1 +BN +Bx+Mx+Bxβ1
− (1 + β1)

(BN + x (M +Bβ1))
B

= −B
β1 + 1

BN2 +Mx+Bxβ1
< 0.

Thus, for a given number of coalition members, the stability function of players of type 1 decreases with

the number of type 2 players. As a consequence, for a given m2, its value is bounded above by the stability
function of the coalition including all the players (N2 = N1 = 0).

Now differentiate the stability function of a player of type 1 in the grand coalition w.r.t. x, yielding

− B + β1

B (B − 1)
+

(1 + β1) (B +M − 2 + x+ β1 (B + x− 1))

((B − 1) (xβ1) + x (B +M − 2))
− (1 + β1) (M + β1 (B + x))

(x (M +Bβ1))

= −
β2
1

(
B −M + 2BM +B2 (B − 3)

)
+BM (M − 1)

B (B − 1) (Bβ2
1 (B − 1) + (B − 2) (M +Bβ1) +Mβ1 (2B − 1) +M2)

−
β1

(
2 (B −M) +B2 (M − 1) +BM +B2 (B − 3) +M2

)
B (B − 1) (Bβ2

1 (B − 1) + (B − 2) (M +Bβ1) +Mβ1 (2B − 1) +M2)

which is negative for B ≥ 3. This means that, when all players are in a coalition, the stability function is
decreasing in x and the largest value is attained at x = 1, where B = M.

Finally, we get

g1(m1) < − logB + (1 + β1) log
B

B − 1

(B − 1) (xβ1) + x (B +M − 2)

Mx+Bxβ1

< − logB + (1 + β1) log
B

B − 1

(B − 1)β1 + (2B − 2)

B +Bβ1

= − logB + (1 + β1) log

(
1 +

1

β1 + 1

)
< − logB + 1

which is negative for B ≥ 3. Therefore a coalition of 3 members or more cannot be internally stable if N1 = 0.

We have shown that no coalition of more than two members can be stable if it contains at least one player
of type 1. It remains to show that homogeneous coalitions of more than two members of players of type 2
are not stable. It suffices to write the stability condition

(1− δ2) (A
c
2(0,m2)−Ao

2(0,m2 − 1)) = (1 + β2) log
1 + m2−1

(m2−1)β2
+ n1

β1
+ n2−m2+1

β2

1 + m2

m2β2
+ n1

β1
+ n2−m2

β2

− logm2
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= (1 + β2) log

(
β1

β1 + β1β2 − β1m2 + β1n2 + β2n1
+ 1

)
− logm2

<
β1 (β2 + 1)

β1 (β2 + 1) + β1 (n2 −m2) + β2n1
− logm2

< 1− logm2

and notice that the bound is negative for m2 > e = 2. 718 3 > 2.

A.4 Existence of homogeneous coalitions of size 2

Suppose without loss of generality that m1 = 2 and m2 = 0. Assuming n1 > 2, we want to find conditions

so that

Ac
1(2, 0)−Ao

1(1, 0) > 0

Ac
1(3, 0)−Ao

1(2, 0) ≤ 0

Ac
2(2, 1)−Ao

2(2, 0) ≤ 0.

Notice that the first condition also corresponds to the profitability condition.

A.4.1 Internal stability

The purpose here is to find conditions so that Ac
1(2, 0)−Ao

1(1, 0) > 0. Define the function

g2 (β1) = (1− δ1) (A
c
1(2, 0)−Ao

1(1, 0)) = (1 + β1) log
1 + n1

β1
+ n2

β2

1 + n1−1
β1

+ n2

β2

− log 2

and extend its domain to (0,∞) (recall that β1 > 1). Notice that lim
β1→∞

g1 = β2

β2+n2
− log 2, which is positive

if β2 > log 2
1−log 2n2. Therefore, a sufficient condition for the coalition to be internally stable is that β1 be

sufficiently high and β2 > log 2
1−log 2n2.

To show that this condition is also necessary, we show that for β2 sufficiently high, g2 is a strictly increasing

function of β1 taking on negative values when β1 → 0, while otherwise g2 is strictly negative over (0,∞).

First notice that for n1 > 2, lim
β1→0

g1 = log n1

2(n1−1) < 0. Differentiating g2 with respect to β1 yields:

g′2 (β1) =
−β2 (β2 + n2) (β1 + 1)

(β1β2 − β2 + β1n2 + β2n1) (β1β2 + β1n2 + β2n1)
+ log

β1β2 + β1n2 + β2n1

β1β2 + β1n2 + β2n1 − β2

=
−β2 (β2 + n2) (β1 + 1)

(β1β2 − β2 + β1n2 + β2n1) (β1β2 + β1n2 + β2n1)
− log

(
1− β2

β1β2 + β1n2 + β2n1

)
= y

(β1 + 1) (β2 + n2)

β2 (n1 − 1) + β1 (β2 + n2)
− log (1 + y)

where y = − β2

β2(β1+n1)+β1n2
> −1. Using the well known inequality on logarithms

y > log(1 + y) >
y

1 + y
for y > −1 and y ̸= 0,

we get

g′1(β1) >
β2((n1 − 2)β2 − n2)

(β2(n1 − 1) + β1n2 + β1β2)(β2n1 + β1n2 + β1β2)

which is positive if β2 > n2

n1−2 , n1 > 2.

For β2 > log 2
1−log 2n2, g2 is therefore a continuous strictly increasing function of β1 that takes on negative

values before taking on positive values.
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For n2

n1−2 ≤ β2 < log 2
1−log 2n2, the function is strictly increasing and never takes on positive values since

lim
β1→∞

g1 < 0.

Now suppose 1 < β2 < n2

n1−2 , which implies that n2 > n1 − 2. Differentiate g2 w.r.t. β2, yielding

d

dβ2

(
(1 + β1) log

β1β2 + β1n2 + β2n1

−β2 + β1β2 + β1n2 + β2n1
− log 2

)
=

β1n2 (β1 + 1)

(β1β2 + β1n2 + β2n1) (β2 (β1 − 1) + β1n2 + β2n1)
> 0.

As a consequence, g2 is increasing in β2 < n2

n1−2 and

g2 (β1) < (1 + β1) log
β1

(
n2

n1−2

)
+ β1n2 +

(
n2

n1−2

)
n1

−
(

n2

n1−2

)
+ β1

(
n2

n1−2

)
+ β1n2 +

(
n2

n1−2

)
n1

− log 2

= (1 + β1) log
−β1 + n1 + β1n1

(n1 − 1) (β1 + 1)
− log 2

Now differentiate this bound w.r.t. n1, yielding

d

dn1

(
(β1 + 1)

(
log

(n1 − β1 + β1n1)

(β1 + 1) (n1 − 1)

))
= − β1 + 1

(n1 − 1) (n1 + β1 (n1 − 1))
< 0.

As a consequence, the bound is decreasing in n1 > 3 and

g2 (β1) < (1 + β1) log
2β1 + 3

2β1 + 2
− log 2

= (1 + β1) log

(
1

2β1 + 2
+ 1

)
− log 2

<
1 + β1

2β1 + 2
− log 2

< 0

showing that the stability condition cannot be satisfied when β2 < n2

n1−2 .

A.4.2 External stability

To establish external stability, we need to show that no player of type 1 and no player of type 2 is willing to
join the coalition (2, 0), which is equivalent to the two conditions:

Ac
1(3, 0)−Ao

1(2, 0) ≤ 0

Ac
2(2, 1)−Ao

2(2, 0) ≤ 0.

i Starting with the expanded expression of

g3 ≡ (1− δ1) (A
c
1(3, 0)−Ao

1(2, 0)) = (1 + β1) log
β2(n1 − 1) + β1n2 + β1β2

β2(n1 − 2) + β1n2 + β1β2
− log 3,

one easily establishes from the inequalities on the logarithms that:

β2(1 + β1)

β2(n1 − 1) + β1n2 + β1β2
− log 3 < g3 <

β2(1 + β1)

β2(n1 − 2) + β1n2 + β1β2
− log 3

and check that the first term of the upper bound of the previous inequality is less than 1 for n1 ≥ 3,
which implies that g3 is indeed negative for n1 ≥ 3.
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ii Define

g4 (β1) = (1− δ2) (A
c
2(2, 1)−Ao

2(2, 0))

= (1 + β2) log

(
(2β1 + β2) (β2 (β1 − 1) + β1n2 + β2n1)

(2β1 + β2) (−β2 + β1β2 + β1n2 + β2n1)− 2β2
1 − β2

2

)
+ log

β2

2β1 + β2
.

One can readily check that limβ1→0 g4 = (1 + β2) log
(

n1−1
n1−2

)
> 0 and that limβ1→∞ g4 = −∞. We show

that g4 is a strictly decreasing function of β1, so that there exists a threshold β∗
1 such that g4 (β1) < 0 for

β1 > β∗
1 .

Differentiate g4 (β1), yielding

g′4 (β1) =
β2 (β2 + 1)

2β2
1 (n2 − 1) + β2

2 (n1 − 2) + 2β1β2 (n1 − 1) + β1β2
2 + 2β2

1β2 + β1β2n2

×2β2
1 (β2 + 2n1 + n2 − 2)− 4β1β2 (β2 − n1 + n2 + 1)− β2

2 (β2 + 2n1 + n2 − 2)

(2β1 + β2) (β2 (β1 − 1) + β1n2 + β2n1)

− 2

2β1 + β2

= − K

(β2 (β1 + n1 − 1) + β1n2) (2β1 + β2)

× 1

(β1β2 (β2 + 2n1 + n2 − 2) + 2β2
1 (n2 − 1) + 2β2

1β2 + β2
2 (n1 − 2))

.

where

K = 4β3
1 (β2 + n2 − 1) (β2 + n2)

+2β2
1β

2
2 (2n1 + n2 − 3)

+2β2
1β2 (n2 − 1) (4n1 + n2 − 4)

+2β1β
3
2 (2β2 + 2n2 + 1)

+2β1β
2
2 (2n1 (n1 − 3) + n2 (2n1 − 1) + 4)

+β3
2 (β2 (β2 + 2n1 + n2 − 1) + 2n1 (n1 − 2) + n2 + 2) .

showing that the derivative is negative for n1 > 2 and n1 > 1. As a consequence the external stability
condition is satisfied for β1 sufficiently high.

A.5 Existence of the heterogeneous coalition (1,1)

Without loss of generality, we study the stability conditions for a player of type 1, assuming n1 ≥ 2 and
n2 ≥ 1, that is, we want to find sufficient conditions so that

Ac
1(1, 1) > Ao

1(0, 1)

Ac
1(2, 1) ≤ Ao

1(1, 1)

Internal stability We want to find conditions so that Ac
1(1, 1) > Ao

1(0, 1). Define

g5 (β1) = (1− δ1) (A
c
1(1, 1)−Ao

1(0, 1))

= (1 + β1) log
(β1 + β2) (β1β2 + β1n2 + β2n1)

−β2
2 − β2

1 + (β1 + β2) (β1β2 + β1n2 + β2n1)
+ log

β1

β1 + β2
.

Notice that lim
β1→0

g5 (β1) = −∞ for n1 ≥ 2. and that lim
β1→+∞

g5 (β1) = ∞. We show that g5 is a strictly

increasing function of β1. Differentiate g5 (β1) :
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g′5 (β1) = (1 + β1)

(
β2

−β2
1 − β2

2 + β1β2
2 + β2

1β2 + β2
1n2 + β2

2n1 + β1β2n1 + β1β2n2

)
+(1 + β1)

(
−β3

2 − 2β1β
2
2 + β2

1β2 + β2
1n1 + β2

1n2 − β2
2n1 − β2

2n2 + 2β1β2n1 − 2β1β2n2

(β1 + β2) (β1β2 + β1n2 + β2n1)

)
+

(
1

β1

β2

β1 + β2

)
+ log

(
β2
1 + β2

2

−β2
1 − β2

2 + β1β2
2 + β2

1β2 + β2
1n2 + β2

2n1 + β1β2n1 + β1β2n2
+ 1

)
> (1 + β1)

(
β2

−β2
1 − β2

2 + β1β2
2 + β2

1β2 + β2
1n2 + β2

2n1 + β1β2n1 + β1β2n2

)
+(1 + β1)

(
−β3

2 − 2β1β
2
2 + β2

1β2 + β2
1n1 + β2

1n2 − β2
2n1 − β2

2n2 + 2β1β2n1 − 2β1β2n2

(β1 + β2) (β1β2 + β1n2 + β2n1)

)
+

(
1

β1

β2

β1 + β2

)
+

β2
1 + β2

2

(β1 + β2) (β1β2 + β1n2 + β2n1)

=
K

β1 (β1 + β2) (β1β2 + β1n2 + β2n1) (β2
1 (β2 + n2 − 1) + β2

2 (β1 + n1 − 1) + β1β2 (n1 + n2))

where

K = β5
1 (β2 + n2 − 1) + 2β4

1β2 (β2 + n1 + n2)

+β3
1β2

(
β2 (3n1 + n2 − 2) + n1 + n2

2

)
+β2

1β
2
2

(
2β2 (n2 − 1) + n1 + 2n2 (n1 − 1) + β2

2 + n2
2 + 2β2n1

)
β1β

3
2 (n1 − 1) (3β2 + n1 + 2n2) + β4

2n1 (n1 − 1) .

It follows that g5 (β1) is a strictly increasing function of β1, and that the coalition is internally stable for

sufficiently high values of β1, assuming n1 ≥ 2.

External stability We now find conditions such that Ac
1(2, 1) ≤ Ao

1(1, 1). Define

g6(β1) = (1− δ1) (A
c
1(2, 1)−Ao

1(1, 1)) = log
β1

2β1 + β2
+

(1 + β1) log
(2β1 + β2)

(
−β2

1 − β2
2 + (β1 + β2) (β1β2 + β1n2 + β2n1)

)
(β1 + β2) (−2β2

1 − 2β2
2 + β1β2 (2β1 + β2 − 2) + (2β1 + β2) (β1n2 + β2n1))

.

Using x ≡ β2

β1
, the condition becomes

g6(β1) = log
1

x+ 2
+ (1 + β1) log

(x+ 2) (x+ 1) (n2 + xβ1 + xn1)− (x+ 2)
(
x2 + 1

)
(x+ 1) (x+ 2) (n2 + xβ1 + xn1)− 2 (x+ 1) (x+ x2 + 1)

≤ 0.

Compute

limx→1g6(β1) = − log 3 + (1 + β1) log

(
1

β1 + n1 + n2 − 2
+ 1

)
< − log 3 + (1 + β1)

(
1

β1 + n1 + n2 − 2

)
< − log 3 + 1 < 0.

Therefore, g5(β1) is negative when x → 1.

To conclude, sufficient conditions for the existence of a heterogeneous coalition of size 2 is that β1 and β2

be close and sufficiently high.
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