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Abstract 

This study uses a sequential welfare maximization approach to allocate the water of the Orange-Senqu 

within South Africa to urban, industrial and agricultural consumers. Cooperative game theory concepts are 

applied, such as core Shapley value and nucleolus, to investigate incentive structures for different 

cooperation cases in the basin. It can be shown that a grand coalition increases the collective welfare by 

5 % compared to that case in which all players act unilateral. The nucleolus solution is in the core and 

could be a negotiated settlement within the grand coalition. 
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1 Introduction  

There exist worldwide 261 transboundary river basins and water systems. The water of transboundary 

rivers have to be shared between two or more countries which can be very difficult, especially for the case 

that water is short and needed. Water of a transboundary river could be used without effectual agreement 

with other the riparian states which is often a reason for conflicts. The major rivers that are subjected to 

water conflicts are the Jordan River, Litani River, Nile River and the Euphrates and Tigris Rivers. On the 

other hand, it is also possible to allocate water by using a method which is accepted by the riparian states. 

Topics of water management become more and more important to solve international water issues, 

because an effectively organized integrated transboundary water resource managemen can avoid conflicts 

in regions with shared and decreasing water resources.  

In this study we analyze the situation in Lesotho and regions of South Africa which use water from the 

Orange-Senqu River and its tributaries. The allocation of water bases on the approach of welfare 

maximization. Several cooperation game theory concepts are used to share the benefits to the players 

which are organized in a coalition.  

Initially, we review the related scientific literature. Afterwards relevant information and data are given 

about the considered region in section three and four, respectively. In the following section five, we 

introduce and describe the model being used to calculate the economic benefits for different cooperation 

scenarios. Afterwards, we focus on the issue of incentives for cooperation and bargaining power and 

describe the results of applied cooperation game theory approaches.  
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2 Literature Review  

Wu and Whittington (2006) published a case study about the water use of the Nile River. They use 

concepts of cooperative game theory to evidence that each riparian state will benefit in a scheme in which 

all member states cooperate  together within the framework of a grand coalition. Furthermore they use the 

core, Shapley Value and nucleolus to quantify an efficient sharing of aggregated net economic welfare of 

the coalitions. 

Kucukmehmetoglu and Guldmann (2004) formulated a similar water allocation optimization model for the 

Euphrates and Tigris River basin that maximizes the aggregated net benefits of Turkey, Syria, and Iraq. 

The model is used to calculate the net economic benefit under different cooperative conditions between 

the riparian countries. The authors evidence an incentive to join in a cooperative water allocation plan 

scheme. 

This Euphrates and Tigris River Basin Model is extended by adding the time dimension in 

Kucukmehmetoglu (2009). Also reservoir capacities are incorporated into the model. As a result of model 

application, it is observed that basin-wide cooperative reservoir strategies avoid building of excessive 

reservoirs capacities which cause unnecessary investment costs and evaporation losses.  

Madani and Hipel (2007) put their focus on the Near East Conflict between Israel and the Arab countries 

Jordan, Lebanon, Palestine, and Syria. They applied the Graph Model for Conflict Resolution (GMCR) to 

the Jordan River Conflict. The game models find the equilibrium of the game and suggest possible 

coalitions.  

Kilgour and Dinar (2001) analyzed the river basin of the Ganges in India and Bangladesh and turn their 

attention on variable stream flows and for this reason occurring inefficiencies of fixed distribution rules. 

They developed a flexible distribution rule for the river water. In this work the authors were able to show 

that variable allocations surpass fixed allocation by improving the welfare of the involved players.  

In the study from Raquel et al. (2007), game theory was applied to a multi-attribute decision-making 

conflict for the Alto Rio Lerma Irrigation District. In this region, located in the state of Guanajuato in 

Mexico, economic utility from agricultural output should be adapted with related negative environmental 

impacts. The two players are farmers and the community overall. They implemented a special algorithm 

and software program (GLEAMS) to simulate the ascendancies of different cropping patterns and 

chemical burden. The linear programming model was implemented to determine the optimal cropping 

pattern for each groundwater extraction scenario. It was also shown that the optimal decision depends on 

the relative importance weights assigned to the conflicting players.  
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3 Orange-Senqu River Basin  

The Orange River is a transboundary river which flows in a westward direction (2,200 km) into the 

Atlantic Ocean. The main tributaries of the Orange are the Senqu (springs up in Lesotho) and the Vaal 

River. The drainage area of the river is called the Orange River basin. About 19 million people live there. 

The basin spreads out over 896,368 km² and is the largest basin south of the Zambezi. It stretches out over 

the four countries: South Africa, Lesotho, Botswana and Namibia. Because of the low average rainfall 

level in this area (about 330 mm/a) the average water availability is less than 1,000 cubic meters per capita 

and year. Therefore the Falkenmark Index identifies water scarcity in this region.
2
  

 

Figure 1: Orange River Basin (source: Earle et al., 2005, p. 7) 

 

                                            
2
 For comparison: in Germany or France renewable water resources range from 2,300 to 3,000 m³ per 

capita and year. 
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As shown in Figure 1, there are big differences between the conditions in the basin. The natural runoff 

differs between 480 million cubic meters a year in the arid western area and 4,000 million cubic meters a 

year in Lesotho. The average rainfall of about 2,000 mm annually exceeds the evaporation of about 

1,200 mm in the eastern parts of the basin while there are hyper-arid conditions in the eastern parts of the 

basin where the annual evaporation rate being about 3,000 mm is much higher than the annual 

precipitation rate which is about 50 mm there (Heyns, 2004). Because of the spatial and temporal 

variability of rainfall and evaporation, water stress exists in many parts of the basin (Earle et al., 2005). 

Table 1 lists the expected mean annual runoffs within the sub-catchments of the Orange-Senqu River. As a 

result of endorheic areas and transmission losses, all the generated runoff in a sub-catchment will not 

contribute to river flow. For instance transmission losses in the Fish River (Namibia) are very high and 

result in a significant reduction of the runoff volume that will eventually reach the Orange Senqu River. 

Therefore a second column named “MAR adjusted” is added to provide an indication of the runoff volume 

that is expected to reach the Orange-Senqu River. Approximately 11,400 million cubic meters is expected 

to reach the Orange-Senqu River. Due to the extremely dry conditions in the Lower Orange river with low 

flow velocity and large volumes of the flow that lead to high evaporation and seepage losses, water 

volumes decreases by approximately 615 million cubic meters additionally. Therefore it is expected that 

only approximately 10,800 million cubic meters will reach the Orange-Senqu river mouth (ORASECOM, 

2007, p.29).  

Table 1 illustrates the average annual runoff in the unit millimeters and the percentage contribution of 

total runoff in the Orange-Senqu river for each sub-catchment, too. 
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 Mean Annual 

Runoff (MAR), 

x10
6
 m³/a 

MAR 

adjusted, 

x10
6
 m³/a 

% total 

runoff 

runoff, 

mm/a 

Vaal River Catchment  

Upper Vaal  1,977 1,977 17.3 51.2 

Vaal Barrage  257 257 2.2 29.7 

Middle Vaal  1,076 1,076 9.4 17.8 

Lower Vaal  191 191 1.7 3.6 

Riet/ Modder  406 406 3.5 14.7 

Sub-total  3,907 3,907 34.1 20.6 

Orange River Catchment 

Senqu  4,038 4,038 35.3 163.2 

Upper Orange  1,450 1,450 12.7 29.8 

Caledon  1,217 1,217 10.6 79.8 

Lower Orange RSA  420 330 2.9 1.0 

Lower Orange Botswana  insufficient data set 

Lower Orange Namibia  29 7 0.1 1.5 

Fish River  706 494 4.3 5.2 

Sub-total  7,860 7,536 65.9 10.1 

Total  11,767 11,443 100 - 

Table 1: Summary of natural flow (source: ORASECOM, 2007, p. 29) 

  

On the one hand, the Lower Orange sub-catchment areas (Fish River excluded) which represents 35 % of 

the total Orange River catchment area generates only 3 % of the runoff reaching the Orange River. In 

contrast, 35 % of the runoff is generated in the Senqu catchment which in turn represents as little as 2.6 % 

of the total Orange River catchment area (ORASECOM, 2007). 

The scarcity and unequal distribution of freshwater resources is one of the fundamental factors posing a 

threat to the economic and social development of Southern Africa (Heynes, 2004). The natural runoff is 

approximately 10,800 million cubic meters a year, while the actual runoff reaches about 5,500 million 

cubic meters a year. The deviance between the natural und actual runoff is mainly caused by the extensive 
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water utilization especially in the Vaal River area. The total water demand in the basin is about 

6,500 million cubic meters a year. The major consumer is the agricultural sector which accounts for 64 % 

of total water requirements in the basin, followed by the domestic water supply sector accounting for 23 % 

of total basin water needs for urban supply. Rural and other water supply (especially mining) account for 

only 6 % and 7 % of total water needs (Earle et al., 2005). However the abstractions from the Vaal River 

are most important for the water balance of the Orange River. The Vaal River flows through the industrial 

heartland. There lives about 48 % of the population of South Africa and most of South Africa’s heavy 

industry and mining activities are situated in that region (Heynes, 2004). About 77 % of the abstracted 

water from the Vaal River is in use for the urban sector and only 11 % is used in the agricultural sector for 

irrigation while in the other regions of the Orange Senqu River basin (Earle et al., 2005). To cover (future) 

water demand of the Vaal River basin, the Lesotho Highland Water Project (LHWP)
3
 has been established 

between Lesotho and South Africa. It is one of the world´s largest international inter-basin transfer 

schemes (Department of Water Affairs and Forestry, 2004b). Mokorosi and van der Zaag (2007) list some 

of the resulting benefits of the LHWP:  

- Urban water supply can expand for the Gauteng water users  

- Royalties for the Lesotho government  

- Construction jobs for people which gain an income 

- Generating hydroelectric power  

- Avoided thermal emission, due to hydropower electric generation.  

But there also will be costs which have to be paid, if the LHWP operates:  

- The government of South Africa and Lesotho have to finance the project, therefore high capital 

costs occur  

- Displaced communities lose their land and property (arable, pastoral, ancestral)  

- Communities which are living within the vicinity of the dams lose their cultural values  

- Communities living (immediate) downstream of the dam lose their fish stocks, medicinal and wild 

plants  

- Downstream Orange River water users in South Africa and Namibia have to bear the 

consequences of reduced flows and modified flow regime. 

Beside the water transfers of the LHWP, Figure 2 gives an overview of the biggest canals and tunnels for 

water transfers and the most important dams in the Orange River catchment. 

                                            
3
LHWP bases on a bilateral agreement between the Kingdom of Lesotho and the Republic of South Africa. It is a 

inter-basin transfer scheme that transfers water from the highlands of the Kingdom of Lesotho to the economic 

heartland of South Africa, Gauteng. The scheme consists of series dams, transfer and delivery tunnels, Presently 

only phase 1 of the project has been completed. 
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Figure 2: Important dams at the Orange Senqu river catchment (own illustration) 

 

Lesotho and Water Management Areas of South Africa 

Due to the poor data base of the riparian countries Namibia and Botswana, this study focuses on the 

catchment area lying in Lesotho and South Africa.  

Within South Africa, the Orange-Senqu River basin includes five Water Management Areas (WMAs). 

These are the Upper Vaal, Middle Vaal, Lower Vaal, Upper Orange and Lower Orange. By the LHWP 

scheme, water is transferred to the province Gauteng in South Africa. This province is mainly located in 

the Western Crocodile and Marico WMA. All these WMAs and Lesotho represent the seven considered 

players of the Orange River Basin Model. 
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Figure 3: Orange River Basin and Water Management Areas (source: Department of Water Affairs and 

Forestry, 2004b) 

 

Upper Vaal WMA  

The Upper Vaal WMA lies upstream of the Vaal and the Mooi River and extends to the headwater of the 

Vaal, Klip, Wilge and Liebenbergsvlei River. Its catchment area of 55,565 km
2
 covers parts of Gauteng, 

Mpumalanga, Free State and North-West provinces. Important dams like Vaal Dam, Grootdraai Dam and 

Sterkfontein Dam are included in the WMAs (Department of Water Affairs and Forestry, 2002b, p. x).  

The Upper Vaal is the most developed, industrialized and populous of the regarded WMAs beside 

Crocodile West and Marico WMA. On the one hand, large quantities of water are transferred into the 

WMA from the upper WMAs Usutu to Mhlatuze and Thukela as well as from the Senqu (Orange) River 

in Lesotho (LHWP). On the other hand, the WMA releases large quantities of water along the Vaal River 

to the Middle Vaal and Lower Vaal WMAs and transfers water to the Crocodile West and Marico, and the 

Olifants WMAs (Department of Water Affairs and Forestry, 2002b, p. vii). 
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Middle Vaal WMA  

The Middle Vaal WMA is located downstream of the confluence of the Vaal and the Rietspruit River and 

upstream of Bloemhof Dam. It is delimited by the headwaters of the Schoonspruit River in the north and 

the Vet River in the south. The Middle Vaal WMA covers a catchment area of 52,563 km
2
 and includes 

parts of Free State and North-West provinces (Department of Water Affairs and Forestry, 2002c, p. x).  

In the main, water requirements by urban, mining and industrial sectors within the WMA have to be 

satisfied by water releases from the Upper Vaal WMA. Thus, water quality in the Vaal River is strongly 

influenced by usage in the Upper Vaal. Local resources are mainly used for irrigation and smaller towns. 

In addition water is transferred via the Vaal River through this WMA, from Upper to Lower Vaal WMA 

(Department of Water Affairs and Forestry, 2002c, p. vii).  

Lower Vaal WMA  

The Lower Vaal WMA lies downstream of Bloemhof Dam and upstream of Douglas Weir and extends to 

the headwaters of the Harts, Molopo and Kuruman River in the north and the Vaal River Downstream of 

Bloemhof in the south. An area of 51,543 km
2
 is covered by the WMA. It is located in the North West and 

Northern Cape Provinces, with its sout-eastern corner in the Free State, and adjoin to Botswana in the 

north, as well as on the Crocodile (West) and Marico, Middle Vaal, Upper Orange and Lower Orange 

WMAs (Department of Water Affairs and Forestry, 2004a, p. 32).  

The used water in the Lower Vaal WMA is covered to over 90 % through releases from the Upper Vaal 

WMA and from Bloemhof Dam. About 80 % of the water is used for irrigation, mainly by the Vaalharts 

irrigation scheme (Department of Water Affairs and Forestry, 2002c, p. vii).  

Upper Orange WMA  

The Upper Orange River catchment has its headwaters in the Maluti Mountains in the Lesotho Highlands. 

In Lesotho the River is called Senqu, which contributes to the water resources of the Upper Orange WMA 

but is not part of it. The Modder and Riet River are tributaries of the Vaal and form a part of the WMA. 

The Caledon River marks the north-western boundary of Lesotho with South Africa. The Caledon River is 

a major tributary of the Orange River. It joins the Orange a short distance upstream of Gariep Dam. 

Upstream of this junction the Orange River is joined by the Kraai River at Aliwal North. This WMA 

embraces a catchment area of 103,671 km
2
. Lesotho is included in the Upper Orange WMA and covers 

30,492 km
2
. The total area is 134,163 km

2
 (Department of Water Affairs and Forestry, 2002d, p. viii).  

Almost 60 % of the water resources originated from the Senqu River in Lesotho are associated with the 

Upper Orange WMA. Hence, developments in Lesotho have a substantial impact on the Upper Orange 

WMA. The two main storage reservoirs in South Africa are created by the Gariep and Vanderkloof Dams 
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and are domiciled in this WMA. Nearly 66 % of the total yield realized by the dams in Lesotho and in the 

Upper Orange WMA are transferred to the Upper Vaal, and send up to the Lower Orange (Department of 

Water Affairs and Forestry, 2002d, p. vi). 

Lower Orange WMA  

The Northern Cape Province is dominated by the Lower Orange WMA. Only a very small part of the 

WMA belongs to the Western Cape Province, east of Fraserburg and south of Gariep. The catchment area 

of the WMA amounts to 99,349 km². The Vaal River joins the Orange River at Douglas. The Ongers and 

the Sak Rivers coalesce from the south at Prieska and downstream of Kakamas. The Molopo River 

converges with the Orange River downstream of the Augrabies Falls. The Fish River is a non-perennial 

river. It accrues from Namibia and joins the Orange River in the Richtersveld (Department of Water 

Affairs and Forestry, 2002a, p. ix). Water requirements in the WMA surmount the available yield from 

resources within the WMA. 95 % of the requirements are supplied by water delivered from the Upper 

Orange WMA. High evaporation losses from the Orange River are characteristical for the region. Water 

from the Lower Orange is also abstracted by Namibia. (Department of Water Affairs and Forestry, 2002a, 

p. vii). 

Crocodile West and Marico WMA 

The Crocodile West and Marico Water Management Area (WMA) lies predominantly within the North 

West Province, but also covers the north-eastern region of Gauteng, and the south-western of the Northern 

Province. The two major rivers in the Crocodile West and Marico Water Management Area are the 

Crocodile River and the Groot Marico River. These form part of the Limpopo River drainage system, 

which ultimately drains eastwards to the Indian Ocean. There are a number of large urban areas in this 

WMA, notably the northern suburbs of Johannesburg, Midrand and Pretoria. (Department of Water 

Affairs and Forestry, 2002e, p.5). It is one of the most developed in the country, because of the big urban 

and industrial areas in Northern Johannesbourg and Pretoria, extensive irrigation schemes downstream of 

Hartbeespoort Dam and large mining developments in the north of Magaliesberg. Because of the extensive 

developments and level of human activities, water use exceed available water sources in this catchment. 

Therefore huge amounts of water are supplied from the Vaal River system, mainly to serve the 

metropolitan regions and mining. (Department of Water Affairs and Forestry, 2008, p.i) The urban sector 

is responsible for the highest water consumption. Urban use comprises an estimated 37% of total water 

use. However rural water use is limited in this WMA and is estimated to comprise only about 3.3% of 

total water use. The irrigation sector is the second largest water consumer which accounts for about 33% 

of total water use. The highest share of industrial water use has the mining sector with an average water 

use of about 8% of total water use. (Department of Water Affairs and Forestry, 2008, p.x)  
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Kingdom of Lesotho 

The Kingdom of Lesotho is an enclave which is enclosed by the Republic of South Africa. Lesothos 

economy is based on the export of diamonds and water to South Africa. Lesotho’s consumptive use of its 

available water resources is low (about 1% consumptive use of total available water). The most benefit of 

the available water resources results from the transfer of water to South Africa by using the LHWP 

scheme. As part of LHWP project, Lesotho uses some water for non-consumptively purposes to generate 

electricity from hydropower stations. Lesotho’s royalty income from water delivery and electricity sales 

make the water of the Orange-Senqu river to an important factor of the national economy. (Earle et al., 

2005, p.16) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4 Data  

Specific values about storage and providing capacities, information about connections to neighboring 

nodes and a linear demand function for each sector are determined for each node. The criterion of water 
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quality is not taken into account. A detailed illustration of the data is shown in the Appendix (Fehler! 

Verweisquelle konnte nicht gefunden werden.). 

Demand 

The demand for water is subdivided by three main user groups, agricultural, industrial and urban sector. 

The agricultural water use mainly includes requirements for irrigation while industrial use includes 

required cooling water for thermal power stations as well as required process water for major industries, 

mines and other bulk users. The urban use contains not only the urban domestic water use, but also the 

rural domestic water requirements (Department of Water Affairs and Forestry, 2002c, p. 5-3). The 

demanded quantity depends on climate conditions (especially rainfall and evaporation), landscape, 

population and economic conditions in each node and sector. For instance the urban and industrial water 

uses in the Upper Vaal WMA exceed the agricultural water use in this region while the agricultural sector 

is the dominant user in the Lower Orange WMA.  

The demand elasticity and price of water at reference demand is required to determine the demand 

function for each node and sector. These assumed parameters are listed in Table 2. The industrial and 

urban water prices are based on the Annual Report 2009 of the Department of Water Affairs and Forestry. 

The agricultural water price is assumed according to Hassan (2003). Industrial and urban price elasticity 

of demand derive from Heerden (2007), the agricultural elasticity derive from Gibbons (1987). 

Table 2: Reference prices and price elasticity of demand in the Orange-Senqu river basin (own illustration) 

Sector  Agriculture  Industry  Domestic  

Price of Water, €/m
3
  0.38095  0.64760  0.60952  

Price Elasticity of Demand  - 0.25  - 0.20 -0.30 

 

Surface water sources  

The surface water source which is generated by the difference between precipitation and evaporation in 

each catchment is also an important input parameter in the modeling. It is determined for each node. This 

water which is generated in each catchment flows as surface or sub-surface runoff in the Orange-Senqu 

river and afterwards downstream in the river bed of the Orange-Senqu. The pattern of surface water source 

declines from east to west generally in accordance with the declining precipitation volumes associate with 

increasing evaporation rates (Department of Water Affairs and Forestry, 2002c, p. 6-1). According to this 

climatic circumstances, the annual surface water sources in the Upper Vaal (2,562 million cubic meters) 

and Upper Orange (3,613 million cubic meters) exceed the one in the Lower Vaal (160 million cubic 
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meters) and Lower Orange (5 million cubic meters). To simplify the analysis, potential interactions 

between groundwater and surface are not taken into account.  

Storage capacities  

The storage capacities which are defined for each reservoir node quantify the ability to store a certain 

amount of water. Thus it is possible to retard water in one time period and drain it in later periods when its 

use is more beneficial. The quoted storage capacities include storages of major dams and farm dams in a 

node. The biggest capacities exhibit the eastern WMAs Upper Vaal (5,796.2 million cubic meters) and 

Upper Orange (11,796.2 million cubic
 
meters) since the biggest dams are located in these WMAs (Gariep 

Dam with 5,340 million cubic meters and Vanderkloof Dam with 3,717 million  cubic meters in Upper 

Orange, Vaal Dam with 2,188 million cubic meters in Upper Vaal). The maximum storage ability per 

node amounts to 5,353.3 million cubic meters (Gariep).  

Interconnections  

The interconnections have to be distinguished between natural and man-made connections. Natural 

connections are the Vaal and Orange Rivers and their tributaries with an assumed infinite flow capacity 

while man-made connections are artificially constructed water pipelines and canals. The capacities of 

these connections are derived from the Department of Water Affairs and Forestry. There are 24 canals or 

pipelines regarded in the investigation area with capacities from 0.05 million to 9.15 million cubic meters 

per year. Transportation costs are aligned with Hirshleifer et al. (1969) as 850 €/(million m
3
*km) for man-

made connections. Detailed information of connections and transportation costs are shown in the 

Appendix (Fehler! Verweisquelle konnte nicht gefunden werden.). Transfers within a node are not 

regarded.  
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5 Modeling  

To simulate the economic benefit, we use an inter-temporal network model with nodes and their natural 

and man-made interconnections. Additionally three specific demand functions representing the 

agricultural, industrial and urban sectors are assigned to each node. The economic benefit of water usage 

is calculated for each possible cooperation scenario. The WMAs are subdivided into three to 16 key areas 

per WMA, which are catchment areas of tributaries, dams or irrigation schemes. Every key area represents 

a node, thus, overall there are 52 nodes distinguished in the investigation area.  

We consider WMAs of South Africa and Lesotho being the seven players of the model:  

- Upper Orange 

- Lower Orange 

- Upper Vaal  

- Middle Vaal 

- Lower Vaal 

- Crocodile West and Marico 

- Lesotho  

The player's nodes and interconnections are illustrated in Figure 4. 

Each player is able to act unilaterally or to join a coalition with any other neighbored party. So there are 

27 different alternatives of grouping. The welfare is calculated for each group and depends on the 

allocation of water. Optimal water management of each player or coalition leads to a welfare 

maximization see equation (1).
4
  

∑ ∑ ∑ 







+=

t i i

titi TCGEBv ,, max  (1) 

 

The welfare or economic benefit ν  by consumption consists of two main factors: the gross economic 

benefit (GEB) in each node i at time t and the cost of water transportation (TC) to every node i at time t.  

To evaluate the GEB, we use linear demand functions that indicate the relation between price and 

demanded quantity of water ( i ,s ,tu ) for each sector s and each time t. Based on specific reference 

quantities 
ref

siu , , specific reference prices 
ref

sp
 
and specific price elasticity of demand εs for each sector in 

the Orange-Senqu River basin, we calculate linear demand functions.

                                            
4
 The calculation is performed with the General Algebraic Modeling System (GAMS). 
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Figure 4: The network structure of the Orange-Senqu River Basin Model (own illustration))
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The slope siZ ,  of the linear demand function of water consumption as well as the price in which water is 

not consumed anymore can be calculated by the following equations (2) and (3):  

ref

sis

ref

s
si

u

p
Z

,

, ⋅
=
ε

 (2) 

ref

sisi

ref

ssi uZpY ,,, ⋅−=
 

(3) 

The gross economic benefit of each node i at each time t is represented by the area below the demand 

function. The mathematical formulation is stated by formula (4):  

( )
*
i ,s ,tu

i ,t i ,s i ,s i ,s ,t i ,s ,t
s 0

GEB Y Z u du
 
 = + ⋅
  

∑ ∫  (4) 

 

Transportation costs (TCj,i), being the second important component to estimate benefit of water 

consumption, depend on the physical conditions in the river basin and are equal to pumping costs. These 

pumping costs will be not necessary, if the water flows by gravity to the node i. Therefore transportation 

costs do not exist. This is the case for the flow of water in the river bed and for many transfers in artificial 

canals and pipelines. On the other hand, we have to consider pumping costs for that cases in which the 

water has to overcome altitude differences. We assume by using equation (5) that the specific pumping 

costs (Cj,i) per cubic meter stay on a constant level for all possible discharges.  

( )∑ ⋅=
j

tijijti qCTC ,,,,  (5) 

 

The specific pumping costs (Cj,i,) can be calculated by using equation (6). It depends on the following 

parameters:  

- ρ: density of water  

- g: gravitational acceleration  

- Hj,i : pumping height between the nodes j and i  

- cel: electricity costs per MWh  

- η: efficiency factor of the transfer  

η

ρ elij

ij

cHg
C

⋅⋅⋅
= ,

,  (6) 
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Beside the objective function for maximizing the benefit of water consumption, several physical and 

technical constraints are also considered to determine flow characteristics in the model.  

The most important condition is the volume balance delineated in equation (7). It ensures volume 

continuity. Therefore only available water can be consumed in each node. 

��,� �
��
�
�	 ��,�
� � �,� � � ��,�,�

�
� � ��,�,�

�
� � ��,�,�

�
 �� � 1  

��,�
� � �,� � � ��,�,��
� � ��,�,��

� � ��,�,��
� � ��,�,��

�� � 1� (7) 

 

 In detail, the symbols of the mass balance stand for:  

- tim ,  is the quantity of water which is stored in node i in period t,  

- initim , is the available water stored in the reservoir in node i at the beginning of time t=1 

- i ,tN is the natural inflow at node i in period t 

- ∑
j

tijq ,,
represents the sum of inflows from all nodes j to node i in period t, 

- ∑
j

tjiq ,,
is the sum of outflows from nodes i to all nodes j,  

- ∑
s

tsiu ,, is the sum of water consumption at node i in all sectors s in period t 

- ∑
j

tijb ,,
 represents the sum of backflows from all sectors s at nodes j into node i in period t.  

Figure 5 illustrates the flow components of the volume balance. Three nodes are pictured whereat the 

reference node i has a predecessor (i-1) and a follower one (i+1). The water on the river bed passes the 

predecessor, reference and follower node. A natural inflow which is caused by the drainage of the 

precipitation in respective catchment is considered for each node. Furthermore water is demanded in the 

three sectors, agriculture (ag), urban (ur) and industry (ind), in the reference node while it is assumed that 

demand do not exist in the predecessor and follower node. The demand in the three sectors causes a 

backflow in each case back to the reference node where water was diverted by consumers. It is also 

assumed that the nodes are linked by connections where water has a specified flow direction.  
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Figure 5: Illustration of volume balance (own illustration) 

 

Transportation capacities also have to be considered for flows between nodes. Flows must not exceed the 

maximum transportation capacity (��,����) on the one hand. The transportation capacity is infinite for 

natural and several artificial connections while the capacity is finite for the most artificial connections. On 

the other hand, a minimum flow (��,����) should be realized especially for natural connections to meet 

ecological water demands. The constraints for limiting the flow between two nodes are displayed in 

equations (8) and (9).  

max

,,,0 jitji Lq −≥  (8) 

tjiji qL ,,

min

,0 −≥  (9) 

 

A lot of nodes contain reservoirs that enable the storage of water in the respective node. The possible 

storage level in each node is bounded by a maximum ( ����) and minimum storage level ( ����) which is 

determined by the Dead Storage in the reservoirs. The limiting of storage is expressed analytically by 

equations (10) and (11): 

max

,0 iti Sm −≥  (10) 

tii mS ,

min0 −≥
 

(11) 

 

 

 

i-1 i i+1

i,ag i,ur i,ind

qi-1,i,t qi,i+1,t

Ni-1,t Ni,t Ni+1,t

ui,ag,t bi,ag,t

ui,ur,t
ui,ind,t

bi,ur,t

bi,ind,t



20 

Beside the flow between nodes and storage in each node, the demand for each node and sector can be also 

bounded by the maximum (
max

,siD ) and minimum sector demand (
min

,siD ) which is delineated by formulas 

(12) and (13): 

max

,,,0 sitsi Du −≥  (12) 

tsisi uD ,,

min

,0 −≥
 

(13) 

  

The demand influences the level of backflow directly for each node. After consumption, the wastewater is 

purified in a sewerage plant and is discharged back in the river. Depending on the present condition, water 

can be used at the same node again or downstream. Due to the characteristic water cycle, we assume that a 

share of consumed water in period t-1 (�!�) flows back into the Orange-Senqu River in period t. For every 

usage sector exits a specific factor that determines the backflow quantity. (14) gives a schematic overview 

and the following term as mathematical expression.  

��,�,� � �!� · ��,�,� (14) 
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6 Possible Cooperation Cases and Sequential Welfare Calculation 

The South African’s WMAs and Lesotho have the opportunity to cooperate within various cooperation 

scenarios.  It is possible to distinguish between the “acting unilateral” case (I) in which all the players act 

independent and coalitions do not exist between the players, the sub-coalition case (S) in which one 

coalition is formed between two or more players (but not between all the players) in the Orange-Senqu 

River basin , and finally the grand coalition case (G) in which all the players of the basin are organized in 

one coalition.  

The grand coalition case is the simplest one to optimize the economic benefit. Optimization of this 

economic benefit is done in only one optimization step that includes all the nodes of the Orange-Senqu 

river basin. However the optimization is done in accordance with the flow direction of the river for the 

sub-coalition and unilateral acting cases.  

For the case that all seven players act unilaterally, we define following order for the optimization: 

1. Lesotho (L) 

2. Upper Vaal WMA (UV) 

3. Crocodile West and Marico WMA (CWM) 

4. Middle Vaal WMA (MV) 

5. Lower Vaal WMA (LV) 

6. Upper Orange WMA (UO) 

7. Lower Orange WMA (LO) 

Therefore seven optimization steps are required to calculate the economic benefit of all considered 

players.
5
 Firstly the economic benefit of Lesotho is maximized. The outflows from that catchment and the 

fixed consumed water amounts in Lesotho are the input data for the next optimization step in which the 

economic benefit of the Upper Vaal WMA is maximized. This procedure is continued until the final 

optimization step.  

It is assumed that sub-coalitions can only be found between bordering players
6
. Therefore a coalition is 

not possible for instance between Lesotho and Lower Orange WMA. The procedure which is used to 

calculate the optimized economic benefits of each individual player for the unilateral case can be also 

applied for the cooperation case in which one sub-coalition exist between two or more players. Table 3 

lists the 27 distinguish sub-coalition cooperation scenarios that can be founded between the players.  

 

                                            
5
 Of course the hydrological constraints have to be valid for all the nodes in the basin in all optimization steps. 

6
 Two players will be bordering players, if the downstream player receives water from the upstream player directly. 
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Table 3: List of possible sub-coalitions (own table) 

2-er coalition {LV,LO}; {MV,LV}, {UO,LO}, {UV,CW}; {UV,MV} 

3-er coalition {L,UV,CW}; {L,UV,MV}, {LV,UO,LO}, {MV,LV,LO}, [UV,CW,MV}, 

{UV,MV,LV} 

4-er coalition {L,UV,CW,MV}; {L,UV,CW,UO}; {L,UV,MV,LV}; {MV,LV,UO,LO}; 

{UV,CW,MV,LV}; [UV,MV,LV,LO} 

5-er coalition {L,UV,MV,LV,UO}; {UV,MV,LV,UO,LO}; {UV,CW,MV,LV,LO}; 

{L,UV,CW,MV,UO}; {L,UV,CW,MV,LV} 

6-er coalition {L,UV,MV,LV,UO,LO}; {UV,CW,MV,LV.UO,LO}; {L, UV,CW,MV,LV,UO} 
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7 Modeling Results  

Table 4 lists the economic benefits calculated by using the described model. The second and third column 

contains the distinguish cooperation scenarios. The first and last row illustrates the results of the unilateral 

acting and ground coalition case, respectively. The possible coalitions which are present between these 

two rows represent other possible sub-coalitions that can be found in the Orange-Senqu river basin. 

Calculated welfare for all these cooperation scenarios are written down in the followings nine columns. 

The benefits of the players which act unilaterally in the respective cooperation scenarios are illustrates in 

the range that begins with the fourth column headed by “L” and ends with the tenth column headed by 

“LO”. Of course, the values of all players exist for the unilateral acting case in which no coalition exist in 

the basin while no value exists for the grand coalition case, because nobody act unilaterally. For instance 

Lesotho which is the most upstream player in the Orange-Senqu river basin generates an annual economic 

benefit by water consumption of about 103 Mio. EUR for each coalition scenario in which Lesotho is not 

a member. The column which is headed by “Coalition” contains the economic benefit of the coalition. The 

following column headed by “Char.Fct” includes the values of the characteristic function. This 

characteristic function results from the benefit of the coalition reduced by the economic benefit that 

members generate in the unilateral acting cooperation case. Therefore this parameter can be interpreted as 

the benefit of the coalition for those members. The highest values of the characteristic function can be 

reached, if the Upper Vaal WMA, Middle Vaal WMA and Lower Vaal WMA join to one sub-coalition. 

The additional benefit based on higher water availability in the Lower Vaal WMA catchment while water 

availability decreases in the Crocodile West and Marico WMA. Therefore economic benefit of Crocodile 

West and Marico WMA will decline by about 40% compared to that case in which all players act 

unilaterally, if the Upper Vaal WMA, Middle Vaal WMA and Lower Vaal WMA cooperate together in 

one coalition. The annual benefits of Crocodile West and Marico WMA can even be lower, if also the 

Lower Orange WMA joins the coalition with the Upper, Middle and Lower Vaal WMAs. Therefore 

Crocodile West and Marico WMA has a high incentive to hinder the Upper, Middle and Lower Vaal 

WMAs in founding a sub-coalition without Crocodile West and Marico WMA.  

The final column (thirteenth column) headed by “Total” contains the generated economic benefits of the 

whole considered basin. An annual benefit of about 5,251 million EUR can be generated for the grand 

coalition case which is the highest economic achievable benefit in the basin. This benefit exceeds the one 

which can be generated for the unilateral acting case by about 5%.  
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Table 4: Calculated economic benefits for coalitions and unilaterally acting players (own table) 

Row Coalition 
Calculated Welfare in Mio EUR/a 

L UV CW MV LV UO LO Coalition Char. Fct. Total 

1 Unilateral Acting 103.01 1,493.45 1,430.26 460.74 237.32 742.11 524.41 - - 4,991.31 

2 2er LV+LO 103.01 1,493.45 1,430.26 460.74 - 742.11 - 775.07 13.34 5,004.64 

3 MV+LV 103.01 1,493.45 1,430.26 - - 742.11 529.30 764.72 66.67 5,062.86 

4 UO+LO 103.01 1,493.45 1,430.26 460.74 237.32 - - 1,389.32 122.80 5,114.10 

5 UV+CW 103.01 - - 460.75 222.52 742.10 524.01 2,959.39 35.67 5,011.78 

6 UV+MV 103.01 - 1,427.68 - 238.24 742.11 524.45 1,954.33 0.14 4,989.82 

7 3er L+UV+CW - - - 459.65 187.62 742.11 521.44 3,062.42 35.69 4,973.25 

8 L+UV+MV - - 1,427.68 - 238.24 742.11 524.45 2,057.34 0.14 4,989.82 

9 LV+UO+LO 103.01 1,493.45 1,430.26 460.74 - - - 1,631.22 127.37 5,118.68 

10 MV+LV+LO 103.01 1,493.45 1,430.26 - - 742.11 - 1,307.22 84.75 5,076.06 

11 UV+CW+MV 103.01 - - - 222.52 742.10 524.01 3,420.14 35.68 5,011.78 

12 UV+MV+LV 103.01 - 856.05 - - 742.11 544.41 2,520.45 328.94 4,766.03 

13 4er L+UV+CW+MV - - - - 222.54 742.11 523.98 3,523.16 35.70 5,011.80 

14 L+UV+CW+UO - - - 461.14 192.79 - 522.24 3,804.52 35.68 4,980.70 

15 L+UV+MV+LV - - 856.05 - - 742.11 544.41 2,623.46 328.94 4,766.03 

16 MV+LV+UO+LO 103.01 1,493.45 1,430.26 - - - - 2,161.41 196.83 5,188.13 

17 UV+CW+MV+LV 103.01 - - - - 742.11 532.46 3,745.76 123.99 5,123.35 

18 UV+MV+LV+LO 103.01 - 729.07 - - 741.95 - 3,199.84 483.92 4,773.87 

19 5er L+UV+MV+LV+UO - - 856.05 - - - 544.18 3,365.57 328.94 4,765.79 

20 UV+MV+LV+UO+LO 103.01 - 745.04 - - - - 3,972.59 514.55 4,820.64 

21 UV+CW+MV+LV+LO 103.01 - - - - 742.11 - 4,295.14 148.96 5,140.26 

22 L+UV+CW+MV+UO - - - - 217.48 - 523.80 4,265.46 35.89 5,006.74 

23 L+UV+CW+MV+LV - - - - - 742.11 532.05 3,848.82 124.04 5,122.99 

24 6er L+UV+MV+LV+UO+LO - - 745.01 - - - - 4,077.57 516.53 4,822.58 

25 UV+CW+MV+LV+UO+LO 103.01 - - - - - - 5,144.47 256.17 5,247.48 

26 L+UV+CW+MV+LV+UO - - - - - - 532.34 4,590.93 124.04 5,123.28 

27 Grand Coalition - - - - - - - 5,251.97 260.66 5,251.97 
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8 Efficient Benefit Sharing using Game Theoretic Approaches  

In the last section 7, the economic benefits of coalitions and players which are not member of the 

respective coalition are listed. In this section, we use concepts of cooperative game theory to organize an 

efficient benefit sharing between the members of each coalition. Generally it is possible to distinguish 

between non-cooperative and cooperative game theory concepts. In a non-cooperative game, there are no 

coordinated interactions between the players of the game, so that coalitions between players cannot be 

realized.
7
 In this study, the distinguish players can interact with each other and can join to coalition. 

Therefore concepts of non-cooperative game theory are not suitable for that issue which is investigated in 

that working paper. In contrast, concepts of cooperative game theory allow to consider different 

agreements and to analyze the incentive structure of the players to cooperate with other players within a 

framework of a coalition. Cooperative games are characterized by (Becker and Easter, 1997, p. 56):  

• a set of rules (amount of actions allowed to players),  

• a solution concept (allocate benefits to every player for each outcome), and 

• behavior rules (reactions to operations of other players). 

There are various methods to calculate the imputation that each player would get from the benefit of the 

coalition. The core, the Shapley Value and nucleolus, being specific cooperative game theoretical 

concepts, are used in this analyze. 

The core represents the set of allocations that satisfy: 

• feasibility (sum of payoffs to every player in a coalition could not be greater than the achieved 

economic benefit by the coalition),  

• pareto-efficiency (sum of payoffs to every player in a coalition could not be fewer than the 

achieved economic benefit by the coalition), 

• individual rationality (payoff of each player that join a coalition should be greater than or equal to 

the benefit benefit which the player achieved minimally by acting unilateral), and 

• group rationality (payoff to each player in the grand coalition should be at least equal to the payoff 

that the respective player achieve in each sub-coalition).  

Therefore, the core represents the incentive to bring the players to a cooperative scheme in a grand 

coalition. These conditions have to be fulfilled for an existing core. The analytical expression of the core 

is delineated by equation (15). S represents the set of players which links to a sub-coalition while G 

represents the set of all players which participate in the grand coalition (Holler and Illing, 2006).  

                                            
7
 To solve this problem, concepts of axiomatic-, behaviouristic- and strategic trial games could be used. 
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The core will be calculated using GAMS. Therefore a further variable Z is introduced. The mathematical 

maximization problem is: 
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Various parameters and variables are used in the optimization problem (16): 

• )(Gv  
represents the economic benefit of the grand coalition 

• )(Sv  
represents the economic benefit of the sub-coalition S 

• ∑
i

ix  represents the sum of payoffs to player i  

• Z is an auxiliary variable 

 

Ideal is a core in consisting of only one payoff vector exactly. In that case, the auxiliary variable Z 

becomes the value zero. If Z becomes a positive value, a huge amount of possible payoff solutions will 

exist. In contrast, there will be no core if Z becomes negative.  

The computed Z in this analysis becomes a positive value and amounts to 4.49 million EUR. Therefore a 

huge amount of possible payoff solutions exist within the core. We calculate the boundaries of the core to 

determine its extension by using independent linear maximization and minimization problems for each 

player. Table 5 gives an overview about each player’s room to negotiate. Player i’s lower bound 

represents the minimum amount of received benefit for taking part in the cooperative scheme, otherwise i 

will not stay in the grand coalition. The upper bounds of the core represent a set of maximum allocations 

that a player can at most desire while conserving all other players incentive to stay in the cooperative 

scheme. An imputation that exceeds the upper bound would violate the individual or group rationality 

constrain. Simplified it can be said that the lower and upper bounds of the core reflect the bargaining 

power of each player. The higher the bounds, the greater the bargaining power. For example, Upper Vaal 
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WMA could get a significant premium for its participation in a cooperative scheme, because its lower 

bound is higher than its benefit from acting unilaterally. However the Crocodile West and Marico WMA 

receive fewer benefits in the grand coalition case than in the case in which all players act unilaterally. This 

is especially caused by the risk that Upper, Middle and Lower Vaal could found a coalition without 

Crocodile West and Marico WMA. Therefore Crocodile West and Marico WMA has to pay side payments 

to hinder this coalition. The lower bound of Middle Vaal, Lower Vaal and Upper Orange WMA is closely 

below the benefits which the players will generate if all the players in the basin act unilaterally.  

The column which is headed by “Gen. Benefit” illustrates the benefits which are generated by water 

consumption in the respective catchment in the grand coalition case. The real benefits which are bounded 

by the lower and upper bound of the core result from the benefits of consumption and received or paid 

side payments. Therefore Lesotho, Upper Vaal, Middle Vaal und Upper Orange WMA receives side 

payments from the other players in the coalition, because their lower bounds exceed the benefits that are 

only generated by consumption. However Crocodile West and Marico, Lower Vaal and Lower Orange 

have to pay side payments to the other player, because their generated benefits by consumption exceed 

their upper bound of the core.  

Table 5: Boundary of the core (own table) 

Player Lower Bound Upper Bound  Gen. Benefit Act Unilateral
8
 

Economic Value in Mio. EUR/a 

Lesotho 103.01 107.49 98.65 103.01 

Upper Vaal WMA 1784.99 2258.48 1438.25 1493.45 

Crocodile West and Marico 729.07 1174.40 1439.75 1430.26 

Middle Vaal 459.65 558.33 426.64 460.74 

Lower Vaal 228.07 339.48 436.91 237.32 

Upper Orange 741.95 853.82 690.78 742.11 

Lower Orange 535.51 661.03 720.99 524.41 

 

The second concept we use is the Shapley value. It is used to analyze how often an administrative district 

is a pivot-player, and can therefore enforce its interests (Holler and Illing, 2006). The Shapley value which 

was introduced by Shapley (1953) is a power index and gives a focal point solution for each case in 

contrast to the core. With the following formula (18), the Shapley value can be calculated:  

( ) ( ) ( ) ( ) { }( )[ ]∑
⊂∈

−−
−−

=Φ
NSSi

i iSvSv
n

sns
v

; !

!!1
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8
 Generated benefits for the unilateral acting case in which a coalition does not exist in the whole basin 
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Player i’s marginal contribution to the sub-coalition S is defined as ( ) { }( )[ ]iSvSv −− . The weight 

parameter 
( ) ( )s 1 ! n s !

n!

− −
 is the probability that the sub-coalition S contains precisely all the agents that 

precedes i in a random ordering of grand-coalition N. 

Note that regarding to water allocation games, the Shapley value contains the problematic assumption of 

symmetry. Each coalition with the same number of players will have the same probability of occurrence. 

Furthermore each player will have the same probability to join these coalitions and it is assumed by using 

this calculation rule that all theoretically possible sub-coalition can be found. For the investigation in this 

working paper, only 27 distinguish coalition cases, 1 unilateral acting case, 25 sub-coalitions and 1 grand 

coalition, are possible to form, because sub-coalitions could only be found between directly neighboring 

catchments. Therefore several calculation rules are included in this approach. For instance if coalition S 

exist while coalition (S-{i}) does not exist, it will be assumed for the latter coalition case that all players in 

the basin act unilateral.  

 

Nevertheless the Shapley value is useful to get a benchmark of fairness of benefit distribution. It imposes 

equal treatment of players who contributes the same to the coalitions (Wu and Whittington, 2006, p. 10). 

According to this concept, the distribution of the benefit of a coalition to the player is the same like the 

value of the player for the coalition. The calculation of the Shapley value is possible in every case and not 

bounded by group and individual rationality conditions but a useful interpretation could just be realized if 

the core exists. 

Table 6 illustrates the results of the calculated Shapley values for the seven considered players. Nearly 

55% of generated benefit in the basin should be allocated to the two WMAs, Upper Vaal and Crocodile 

West and Marico WMA. However the benefits of these two WMAs are not in the core, because the benefit 

of Crocodile West and Marico WMA exceed the upper bound while the benefit of Upper Vaal WMA is 

below the lower bound. Therefore the condition of group rationality is violated actually. The Upper 

Orange WMA, Middle Vaal WMA and Lower Orange WMA should receive more than one third of the 

generated benefits while the residual benefits of 8% are allocated to the Lower Vaal WMA (6%) and 

Lesotho (2%). Side payments are required to compensate the deviation between generated benefit by 

consumption in the catchment and the calculated benefits that each player should receive. Lesotho, Upper 

Vaal WMA Middle Vaal WMA and Upper Orange WMA receive such kind of payments which are made 

by Crocodile West and Marico WMA (178 million EUR), Lower Vaal (118 million EUR) and Lower 

Orange (138 million EUR) annually.  
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Table 6: Calculated shapley values for players (own table) 

Player 

Shapley Value Boundary of Core Side 

Payments 
Share in % 

Total Lower Bound Upper Bound 

Economic value in mio. EUR/a 

Lesotho 2.0% 106.37 103.01 107.49 7.73 

Upper Vaal 30.6% 1,608.37 1,784.99 2,258.48 170.12 

Crocodile West and 

Marico 
24.0% 1,261.82 729.07 1,174.40 -177.93 

Middle Vaal 10.6% 556.07 459.65 558.33 129.44 

Lower Vaal 6.1% 318.49 228.07 339.48 -118.42 

Upper Orange 15.6% 817.91 741.95 853.82 127.13 

Lower Orange 11.1% 582.92 535.51 661.03 -138.07 

 

The nucleolus was introduced by Schmeidler (1969) and is the second applied focal point solution concept 

which does not violate feasibility, pareto efficiency as well as individual and group rationality conditions. 

This solution concept minimizes the maximized surplus of a sub-coalition (see formula (18)) to prevent 

objections against the grand coalition.  

( )
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(18) 

 

Parameter (v(S)) stands for the economic benefit of a sub-coalition while parameter (xi) represents the 

allocated payoff to the player i, that are members of the sub-coalition, in the grand coalition case. 

Therefore the surplus of forming coalition S results from the divergence between the economic benefit of 

a sub-coalition (v(S)) and the sum of payoffs in the grand coalition case (∑ x%%&'  ) for those players which 

cooperate in sub-coalition S. The nucleolus which is appropriated in this working paper only considers the 

sub-coalition in which this surplus has the maximum value. The aim of the nucleolus is to determine the 

payoffs in the grand coalition in that way that the surplus of this sub-coalition will be minimized. Wang et 

al. (2003) present an optimization model to calculate the imputation that meets the solution concept of the 

nucleolus. The auxiliary variable (e) has an unlimited domain and should be minimized in the 

optimization model (4). 
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Table 7 illustrates the results of the nucleolus calculation. All payoffs are within the boundary of the core; 

therefore the feasibility, pareto efficiency, individual rationality and group rationality conditions are valid 

for this solution concept. About 43% of the gained benefit in the basin, which is equal to an annual value 

of about 2,250 million EUR, should be allocated to the Upper Vaal WMA. Each residual WMAs should 

receive less than 15% of the gained benefit in the basin. Upper Orange and Middle Vaal WMA should 

receive about 14% and 10% of total benefit respectively while Lower Vaal and Lesotho receives the 

lowest benefit, being below 5% of total one, in the basin. Side payments are required between the players 

of the basin, because there is a deviation between the determined benefit which the players should receive 

and the pure benefit by water consumption. Lesotho, Upper Vaal, Middle Vaal and Upper Orange WMA 

receive side-payments while the other WMAs have to pay this kind of payment. For instance Upper Vaal 

WMA achieves a benefit of 1,438.2 million EUR annually by consumption while this WMA is eligible for 

a benefit of about 2,249.7 million EUR. Therefore it should receive about 811.5 million EUR from the 

other players, mainly from the Crocodile West and Marico WMA which should remit about 708.4 million 

EUR annually to prevent a coalition between Upper, Middle and Lower Vaal.  

 

Table 7: Nucleolus of Grand Coalition (own table) 

Player 

Nucleolus Boundary of Core Side  

Payments Share in % Absolute Lower Bound Upper Bound 

Economic Value in mio. EUR/a 

Lesotho 2.0% 105.25 103.01 107.49 6.60 

Upper Vaal 42.8% 2249.72 1784.99 2258.48 811.47 

Crocodile West and 

Marico 13.9% 731.32 729.07 1174.40 -708.43 

Middle Vaal 10.1% 532.22 459.65 558.33 105.58 

Lower Vaal 4.5% 234.75 228.07 339.48 -202.16 

Upper Orange 14.2% 744.20 741.95 853.82 53.42 

Lower Orange 12.5% 654.51 535.51 661.03 -66.48 
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9 Conclusion 

In this study, we use the approach of welfare maximization and game theory to investigate the Orange-

Senqu catchment within South Africa and Lesotho. Therefore six water management areas from South 

Africa, Upper Vaal, Crocodile West and Marico, Middle Vaal, Lower Vaal, Upper Orange and Lower 

Orange, are considered beside Lesotho which are the seven players that can act in distinguish cooperation 

cases. To simulate the welfare, we use an inter-temporal network model with 52 nodes and their natural 

and man-made interconnections. Additionally, three specific demand functions representing the 

agricultural, industrial and urban sectors are assigned to each node. For each of the 27 possible coalitions, 

the economic benefit of water usage is calculated for each coalition and for each player that acts unilateral. 

To consider several physical and technical constraints, we integrate a volume balance, water transfer 

capacities, storage capacities and demand boundaries.  

Highest benefits of the basin could be generated by forming the Grand Coalition. This leads to an 

increasing by 5% compared to the unilateral acting case. Distinguish concepts of cooperative game theory, 

such as the core, Shapley-value and nucleolus, can be used to share the benefits of the coalition between 

those players. The core usually includes a high number of imputations. All the imputations being within 

the boundary of the core guarantee the realization of individual and group rationality. The Upper Vaal 

WMA is a critical player, because its lower bound exceeds the welfare of acting unilateral. Therefore this 

player must receive a premium to enter in a coalition. The Shapley value and nucleolus are focal point 

solutions in contrast to the core. Upper Vaal WMA has the highest bargaining power in both solution 

concepts. However Crocodile West and Marico WMA has to make high side-payments to prevent a 

coalition between the Vaal WMAs without Crocodile West and Marico WMA.  

To solve the welfare maximization problem using the linear mathematical program, an equilibrium model 

could be used alternatively. In addition to quantitative aspects of surface water further aspects such as 

water pollution or groundwater could be considered.  
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